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Abstract. The mathematical model of the immune response to infectious diseases with
the influences of environmental factors is investigated. The conditions for the existence
and uniqueness of the solution to the mathematical model for ¢ > 0 have been established.
Stationary solutions have been identified, along with the conditions for their existence
and asymptotic stability. The results are illustrated using a model example.
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Modelarea matematica a raspunsului imun la bolile infectioase

sub influenta factorilor de mediu

Rezumat. Modelul matematic al raspunsului imun la bolile infectioase sub influenta
factorilor de mediu este investigat. Au fost stabilite conditiile de existenta si unicitate
a solutiei modelului matematic pentru ¢+ > 0. Solutiile stationare au fost identificate
Tmpreund cu conditiile de existentd si stabilitate asimptoticd. Rezultatele sunt prezentate
folosind un exemplu model.

Cuvinte-cheie: raspuns imun, boald infectioasd, model matematic, solutie stationard,
stabilitatea solutiilor, ecuatii diferentiale cu Intarziere, modelul Marchuk, model al siste-

mului imunitar.

1. INTRODUCTION

Numerous works, including those [1]-[4], [8], [9] and others, are devoted to the

mathematical modelling of the immune response. G.Bell proposed a predatory-prey

model in an immune response to infections by antigens (viruses, bacteria

or foreign cells)

[1]. In 1980, G.I. Marchuk published a mathematical model that reflects the humoral

immune response of the human body and is described by a system of delay differential

equations [2]:
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dv

dt

dc *

ar = aé(m)VFr — puc(C - C),

dF (D

— =pC —nyFV — usF,

a P ny Hf

dm

dt
where variables represent the core factors of the infectious process. The immune response

=(B-yF)V,

=0V — w,m,

involves the production of specific objects (antibodies, F(¢)), which are generated by a
cascade of plasma cells C(¢f). Antibodies are capable of neutralizing or destroying
foreign materials (antigens), the amount V' (¢) of which changes over time ¢ > ¢y = 0. The
models also include the relative mass of the affected target organ m(t), which serves as a
generalized measure of organ damage caused by the virus, and £(m) = 1 form € [0, m*]
and £(m) = (m —1)/(m* = 1) for m* < m < 1, having m* € (0, 1) and considering for
m € [0, m*] the immune system functions normally; V. (¢) = V(¢ — 1), F(t) = F(t — 7).

The delay factor 7 > 0 plays a crucial role in the model as it sets the time from the
moment of infection to the activation of immune response mechanisms. More complex
delay models have been developed for the immune response to hepatitis B and C, tuber-
culosis, and other diseases [2]-[6]. Various aspects of immune response dynamics have
been studied in the works of U. Forys and M. Bodnar [4].

The course of infectious diseases, such as hepatitis and acute respiratory diseases, is
influenced by factors such as air pollution, water contamination, industrial waste, noise
pollution, chemical pollution and other environmental pollutants. The model represented
in the current work and described subsequently takes into account an integral factor E (¢),

which is the sum of m factors E;(¢) and is represented as follows:
E(t)=a1E(t) + ...+ amEn(1),

where a; > 0,a; + ... +a,, = 1.
Let us assume that the change of E (f) occurs according to the generalized Hutchinson
equation [5], [7], which has the following form:

dE(t) E(t-A))"
7_;»(1_(7) )E(t),t>0, (2

where r > 0 - coefficient of linear growth, 0 < A - the average time for the restoration
of ecological balance, amount of which is E* > 0. Using the parameter n > 0, a more

accurate shape of the curve can be selected for a better representation of the system



Bihun Y. and Ukrainets O.

dynamics. This flexibility allows the modelling of specific scenarios or data, ensuring a
closer match to observed behavior in immune response or external factors dynamics (see
Fig.1).
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Figure 1. The dynamics of the generalized Hutchinson model for
n=1,23,45andr=05A=1E"=0.25

The change over time of the factors V, E, F, C and the measure m, 0 < m(t) < 1 —
the extent of organ damage against which the antigen V is directed — is proposed to be
described by a system of equations:

dv

& (B-yF)V

o = (B-yF)V,

dcC

o @é(m)VoFr — uc(C-C*) - &.E,

(3)
dF
i pC = (ur +nyV)F,

dm
dt
The initial conditions for the system (3) solution have the following form:

V(t) = 0,1 € [-7,0),V(0) = Vo > 0;

=oV-umm+eyE,

4
F(f) = Fo(t) > 0, € [-7,0]: C(0) = Cy = 0:m(0) = my € [0, 1). @

The work explores issues of the existence and nonnegativity of solutions, identifies

stationary solutions, establishes coefficient conditions for their stability, and conducts

numerical modelling of the immune response for the model (3).

2. NONNEGATIVITY AND EXISTENCE OF A SOLUTION

It has been proven that the solution to the problem (3), (4) is nonnegative, which

corresponds to the medical nature of the immune response process. It is known that the
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solution to equation (2) with initial condition Ey(z) > 0 for ¢ > 0 exists for ¢ > 0 and is
bounded, that means 0 < E(1) < M.

Theorem 2.1. Let the coefficients of the system of equations (3) be nonnegative, and

suppose there exists a solution for t > 0 and the condition
gcM < pu.C* ®)

is satisfied. Then the solution of system (3) with initial conditions (4) is nonnegative for
t>0.

Proof. The solution of the equation (2) with initial function Ey(z) > 0 for the r € [—A, 0]
exists for ¢ > 0 and limited [7] by

0<E({)<M,t>0. (6)

From the first equation of (3) after integration we obtain the following:

t
Vi) =Voexp( [ (- yF()ds) 2 0.
0
From that follows that V(¢) > 0 for t > 0, if Vy > 0 and V(¢) > 0 for Vj > 0. From the
equation for the m(t), we obtain

m(t) = moe Hm" + / e Hm=3) (v () + £mE(s) ds) > 0. (7)
0

Since m(0) = 0, V(t) = 0 and E(t) > 0, then m(¢) > 0 for r+ > 0. The initial function
V(t) = 0 for ¢ < 0, then on the interval [0, 7]

o —ueC + u.C* — g.E. 8)

The solution of the equation (8) is the following:
t
C(t) =C* 4+ (Co— C*)e He! — €C/ e_“M(t_‘Y)E(s) ds,
0
Since E(t) < M fort > 0, then

> 0.

el (j _grmery y cr - EM
Hce Hc

C(t)>C"-

From the condition F(0) > 0 we obtain F(¢) > 0 on some interval (0, ;). Let us assume

that #; < 7 and F(¢;) = 0. Then % = 0. At the same time,

dr(n)

T pC(t1) —nyF(t)V(t1) — pcF (1) = pC(11) > 0,

10
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which contradicts the assumption. Thus, F(¢) > 0 for ¢t € [0, 7]. Since £(m) > 0 and, on
the interval [7,27], F(t — 7)V(¢t — 7) > 0, then

dc . .

—p = EmO)V( - F(1 =7) = pe(C = C7) = cE 2 —pe(C = C7) —ecM.
From the estimate of the solution of the equation for F(t) on [0, 7], it follows that C(¢) > 0
on [7,27]. Accordingly, F(¢) > 0 on that interval. Using the step method, the positivity

of C(¢) and F(¢) is similarly proven on [271, 37], and so forth for subsequent intervals. m

Theorem 2.2. Let the coefficients and initial conditions at t = 0 for the solutions of
equations (2) and (3) be positive numbers. Then there exists a unique solution to the
problem (2), (3), defined on [0, o0) and differentiable on (0, 7) U (1, ).

Proof. For equation (2), at each step [kA, (k + 1)A],k = 0,1,..., a linear equation
dE

¢ = qE(t) with a continuous function g(t), > 0 is obtained. Therefore, there exists a
unique solution to the equation (2) for # > 0, which is differentiable if the initial function
EyeC [—A, 0] .

Let V(0) > 0. Then there exists a solution V(¢) on some interval (0, a). Moreover, by
Theorem 2.1, V(t) > 0. From this it follows that F(z) > 0 for ¢t € (0,a). Thus on that
interval

v =BV - yFV < BV.
dt

The solution to the linear equation ”lll—‘t/ = BV is defined for all + > 0. According to
Wintner’s theorem [6], the solution V(¢) of the first equation of (3) is defined for # > 0.
Since the function Vj(¢) has a first-order discontinuity at t+ = 0, the function V(¢) is
continuous for (0, o0) and differentiable over intervals (0, 7) and (7, o).

From the form of the solution m(¢) according to formula (7), it follows that the solution
m(t) is defined for > 0 and m € C'(0, c0).

The existence and uniqueness of solution F € C'(0, o) is received from the differen-
tiability of the right-hand side of the equation for F factor and an inequality

dF

o = PC—(nyF+up)F < pC,

using Winter’s theorem.

11
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3. STATIONARY SOLUTIONS AND THEIR STABILITY
By substituting E (1) = E(1) + E*, t = sA, equation (2) is transformed into the form

dZES) =—rnAE(s— 1) + f(E(s — 1)),

where lim,_,o @ = (. The roots of the characteristic equation A + rnAe~1 = 0 have

negative real parts if the following condition is satisfied [7]
0<rnA<m/2. ©)

According to the theorem on stability by linear approximation, the solution E = E* of
equation (2) is asymptotically stable under the fulfilment of the condition (9).
The stationary solutions of system (3) are derived by the system of equations

(B-yF)V =0,
aVF — u.(C—-C*)—g.E =0,
pC — (ug +myV)F =0,

oV — wymm+ e, E =0,

(10)

The medical justification of the solutions requires &(m) = 1, which is achieved when
m < m* means that the damage to the target organ does not exceed the critical level.

For the problem (2),(3), there always exists such a stationary solution

eE* C enE*
- ,F1=Q,m1= =

Hc Hf Hm

Ei=E"V;=0,C;=C" -

(1)

that defines the state of a healthy organism under permissible environmental pollution
levels. The stationary solution (11) has a medical justification, if it is nonnegative. This

holds if the following conditions are met:
e E* < C'uc,emE™ < yum” (12)
Theorem 3.1. If condition (9), (12) and condition
B-vFi <0 (13)
are satisfied, then solution (11) is locally asymptotically stable.

Proof. Let us perform a substitution in system (3): £ = E+E*V=V,C= C+ C,F =
F+ Fy,m =m +mj. Let (V, F,C, m) be a solution of (10), then the linearized system

12
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corresponding to (3) for this solution takes the form
dv
dt
dC - —
— =aVF; +aFV; —u.C—-¢.E,

= (B-yF)V,

dF  — — _ _
n =pC—usF —ny(VF +VF),
dm — _

ar =oV—-uym+e,E.

If the conditions of the theorem are satisfied, the nonnegativity of the solution (11) is

evident. The characteristic equation for the linearized system (14) for solution (11) takes

the form
B—vyF —A4 0 0 0
(1 +rne ™) aFie™!" —pe =4 0 0 =
-nyF p pp—a 0
o 0 0 —m — A

=B-yF =) (e + ) (uy + ) (um + ) =0,

If conditions (9) and (13) are satisfied, the roots are negative, and the stationary solution
is locally asymptotically stable. It is worth noting that solution (11) can be interpreted as

the state of a healthy organism under an acceptable level of environmental pollution. =

Theorem 3.2. Let condition (13) hold, and for the initial values Cy and Vy the inequalities

M Fi—B) 2pecM
M o v <y = O ZB) | 2pec (15)
P nyB Me

are satisfied. Then, the function V(t) decreases for t > 0 and

C()>C*+

lim V(1) = 0.

Proof. Letc(t) =C(t)—C*,co = Co—C*. Fort € [0, 7] from second equation of model
(3) and initial functions (4); the following equation is received:
dc
dt

From the first inequality from (15) and the boundedness of the solution of equation (2)

=—ucc—¢E.

by the constant M is received:

e-M
He

t
c(t) = cope Mt — gc‘/ e MU= E(s) ds > coe Mt — (1 —e7Hel) > 2- (16)
0

13
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Thus, for ¢t € [0, 7]

2e.M
C(t) > C* + 222 (17)

c

On the interval [7, 27], taking into account that F'(z) > 0, we obtain

dc

= S EmF -Vt —7) - pec(t) —ecE(1) 2 —pec(r) — £cE(1),

from which assessment (16) is received. So forth for subsequent intervals [27, 37].
Since F(t) > 0 fort > 0 and 8 — yF* < 0, then function V(z) decreases on the interval

(0,¢1), t; > 0 and dVd—(tt‘) = 0. Then F(t;) = g and on the certain interval (¢1,1;) the
dV(t)

following conditions are satisfied: —— >0,
dF (1)
—<0. 18
dt ~ (18)
Let us consider the value of the derivative
dF(t1) . 2&ecM B
o = pC(t) —myF(1)V (1) = usF (1) > p(C” + /j ) —nBVo — Hy:

From the estimate (17) follows:

dr(n) _ (yFi-B  2pecE
—— =np +
dt Byn Bnpe

This contradicts estimate (18). Hence, the function V (¢) decreases for ¢ > 0 and the limit

-V =V"-V; >0,

for t — oo is the stationary solution V; = 0. [ |

Remark 3.1. In the monograph [2] number V* is called an immunological barrier. If,

during antigen infection, its degree does not exceed V*, then the disease will not develop.

The problem (2), (3) may have another stationary solution that corresponds to the state

of a chronic disease:

E,=E" F, = é
Y
vy = HepfB = pYicCr + pyecE”
Blap — pucny)
PR (19)
C, = afuy —ny-uc.C* +ny“eE
y(ap — peny)
5V2 + E2
my = —————.

Hm
A stationary solution (19) exists if either

ap > peny, pYRC™ < pepgB + pyecE”

or the inequality with the opposite sign is satisfied. If V, > 0, then C; > 0 accordingly.

14
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The characteristic equation for system (19), corresponding to the stationary solution
X := (E3, V3, Ca, F>, my) takes the form:

-1 0 —-yVs
Ps(A) := —(tm + ) (A + rne ) « 2 Fye~17 —e — A aVye 17 =
-nyk; P nyVa—py—2

= (U + DA +rne ) + 1A% + +c2d + ¢3) =0,

where ¢ = pie + iy = nyVa, €2(A) = pepiy — (ny + ape ' + BV,
c3(2) = (@pe ™' = nuc)AV,.

If inequality (9) holds, the study of the asymptotic stability of the solution X reduces
to finding the conditions under which Re(1) < 0 for the roots of the quasi-polynomial
P3 = 0. Let us consider the case when 7 = 0, which is the case of an instantaneous
immune system response to the infection of the human body. In this case, the problem

reduces to studying the roots of a cubic equation
P3o(d) = A+ a1 % +axd + a3 =0, (20)

where ay = ¢y, a2 = pepy — ((1+B)ny +ap)Va, az = B(ap —nyuc)Va. Letus consider
the case of a strong immune response [2], when

ap > nype, 2D

in that case a3 > 0.

From the Routh-Hurwitz criterion [6], it follows that the necessary and sufficient
conditions for the asymptotic stability of solution X are the fulfilment of condition (21)
and

ap >0,a1a2—a3 > 0. (22)

From the analysis of the roots of the characteristic equation of the linearized system,
the conditions for the asymptotic stability and instability of solution (19) have been
found. Therefore, sufficient conditions for either maintaining a chronic disease state or

transitioning from a chronic condition to an acute form have been obtained.

4. NUMERICAL MODELLING

Numerical simulations of the immune response were conducted using the Wolfram
Mathematica computer algebra system, considering the influence of environmental fac-
tors. These simulations were based on the system (2), (3) with the following parameters:
B =106y =02a=09u =05C =1,p =09 ur =0.17,7 = 08,0 =
0.35, 4y = 04,r = 05,A = 1,E* =0.25,n = 1;Vy = 0.000001,Cy = Fy = 1,Ep =

15
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0.5, mp = 0. Simulations were performed under two distinct scenarios: Figures 2(a),
3(a) with e, = ¢, = 0, and Figures 2(b), 3(b) with &, = &, = 0.0001.

Figure 2(a) illustrates the change in the level of plasma cells C(z) without the influence

of the environmental factors E(z). In Figure 2b, under the influence of E(7), oscilla-
tions occur in the plasma cell population, and the weakened overall immune response is

demonstrated.
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Figure 2. Dynamics in the immune response model factor C(¢) without (a) and

with (b) the influence of environmental factors.

Figures 3(a) and 3(b) show the dynamics of the extent of damage m(¢) to the target
organ. With pollution (Figure 3b), there remains relatively minor damage to the target
organ according to the parameters set by this model example. The presence of the
ecological factor leads to an overall destabilizing effect on the system’s equilibrium.
When E(t) = 0, then m(¢) — 0 for t — oo.
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Figure 3. Dynamics in the immune response model factor m () without (a) and
with (b) the influence of environmental factors.

16



Bihun Y. and Ukrainets O.

REFERENCES

[1] BeLL, G.I. Predator—prey equations simulating an immune response. Math. Biosci., 1973, vol. 16,
291-314.

[2] MarcHuk, G.I. Mathematical modelling of immune response in infectious diseases. Springer-
Science+Bizness Media, 1997.

[3] Forys, U. Marchuk’s model of immune system dynamics with application to tumour growth. J. Theor.
Med., 2002, vol. 4, no. 1, 85-93.

[4] Bopnar, M., Forys, U. A model of immune system where time-dependent immune reactivity. Nonlinear
Analysis: Theory, Methods & Applications, 2009, vol. 70, no. 2, 1049-1058.

[5] Swmrth, H. An Introduction to delay differential equations with applications to the life sciences. Springer
Science+Business Media, 2011.

[6] HARTMAN, PH. Ordinary differential equations. John Wiley & Sons, New York, 1964.

[7]1 HALE, J. Theory of functional differential equations. New York, Springer Verlag, 1977, 103-140.

[8] Bobnar, M., Fory$, U. Periodic dynamics of the model of immune system. Appl. Math., Warsaw,
2000, vol. 27, no. 1, 113-126.

[9] Forys, U. Hopf bifurcations in Marchuk’s model of immune reactions. Math. Comput. Modelling,
2001, vol. 34, 725-735.

Received: September 30, 2024 Accepted: December 20, 2024

(Yaroslav Bihun, Oleh Ukrainets) Yuriy FEpkovycH CHERNIVTSTI NATIONAL UNIVERSITY,
28 UNIVERSYTETSKA STR., CHERNIVTSI, UKRAINE

E-mail address: y.bihun@chnu.edu.ua, o.ukrainets@chnu.edu.ua

17



	Introduction
	Nonnegativity and existence of a solution
	Stationary solutions and their stability
	Numerical modelling

