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The problem of the center for cubic differential systems with
two affine non-parallel invariant straight lines of total
multiplicity three

Alexandru Şubă

Abstract. In this paper, we show that a center-focus critical point of cubic differential
systems with two affine non-parallel invariant straight lines of total multiplicity three is
a center type if and only if the first five Lyapunov quantities vanish.
2020 Mathematics Subject Classification: 34C05.
Keywords: cubic differential system, multiple invariant line, the problem of the center.

Problema centrului pentru sistemele diferenţiale cubice cu
două drepte afine invariante şi concurente de multiplicitate
totală trei

Rezumat. În această lucrare se arată că punctul critic de tip centru-focar al sistemelor
diferenţiale cubice cu două drepte afine invariante şi concurente de multiplicitate totală
trei este centru, dacă şi numai dacă primele cinci mărimi Liapunov se anulează.
Cuvinte-cheie: sistem diferenţial cubic, dreaptă invariantă multiplă, problema centrului.

1. Introduction and statement of main results

We consider the real polynomial differential systems
𝑑𝑥

𝑑𝑡
= 𝑃 (𝑥, 𝑦) , 𝑑𝑦

𝑑𝑡
= 𝑄 (𝑥, 𝑦) , gcd(𝑃,𝑄) = 1 (1)

and the vector fields X = 𝑃 (𝑥, 𝑦) 𝜕
𝜕𝑥

+𝑄 (𝑥, 𝑦) 𝜕
𝜕𝑦

associated to systems (1).
Denote 𝑛 = max {deg (𝑃) , deg (𝑄)}. If 𝑛 = 2 (respectively, 𝑛 = 3, 𝑛 = 4), then the

system (1) is called quadratic (respectively, cubic, quartic).
An algebraic curve 𝑓 (𝑥, 𝑦) = 0, 𝑓 ∈ C[𝑥, 𝑦] (a function 𝑓 = exp[ 𝑔

ℎ
], 𝑔, ℎ ∈ C[𝑥, 𝑦])

is called invariant algebraic curve (exponential factor) of the system (1) if there exists a
polynomial 𝐾 𝑓 ∈ C[𝑥, 𝑦], deg(𝐾 𝑓 ) ≤ 𝑛−1 such that the identityX( 𝑓 ) ≡ 𝑓 (𝑥, 𝑦)𝐾 𝑓 (𝑥, 𝑦)
holds. In particular, a straight line L ≡ 𝛼𝑥 + 𝛽𝑦 + 𝛾 = 0, 𝛼, 𝛽, 𝛾 ∈ C is called
invariant for the system (1) if there exists a polynomial 𝐾L ∈ C[𝑥, 𝑦] such that the
identity 𝛼𝑃(𝑥, 𝑦) + 𝛽𝑄(𝑥, 𝑦) ≡ (𝛼𝑥 + 𝛽𝑦 + 𝛾)𝐾L (𝑥, 𝑦), (𝑥, 𝑦) ∈ R2, i.e. X(L) ≡
L(𝑥, 𝑦)𝐾L (𝑥, 𝑦), (𝑥, 𝑦) ∈ R2, holds. If a straight line L is described by the equation
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Şubă A.

𝑦 = 𝛼𝑥 + 𝛽, 𝛽 ≠ 0 (respectively, 𝑥 = 𝛼), then L is invariant for (1) if the following
identity in 𝑥:

(𝛼𝑃(𝑥, 𝑦) −𝑄(𝑥, 𝑦)) |𝑦=𝛼𝑥+𝛽 ≡ 0 (2)

(respectively, in 𝑦: 𝑃(𝛼, 𝑦) ≡ 0) holds.
If 𝑚𝑝 (L) (respectively, 𝑚𝑎 (L)) is the greatest natural number such that L𝑚𝑝 (L)

(respectively, L𝑚𝑎 (L) ) divides X(L) (respectively, 𝐸 (X) = 𝑃 · X(𝑄) − 𝑄 · X(𝑃)), then
we say that the invariant straight line L has parallel multiplicity (algebraic multiplicity,
or in brief, multiplicity) 𝑚𝑝 (L) (respectively, 𝑚𝑎 (L)).

Remark 1.1. 1 ≤ 𝑚𝑝 (L) ≤ 𝑛 and 𝑚𝑝 (L) ≤ 𝑚𝑎 (L).

The number 𝑚𝑡 (L) = 𝑚𝑎 (L) − 𝑚𝑝 (L) + 1 is called transversally multiplicity of the
line L.

Some notions on multiplicity (algebraic, integrable, infinitesimal, geometric) of an
invariant algebraic line and its equivalence for polynomial differential systems are given
in [1].

The cubic differential systems with multiple invariant straight lines (including the line
at infinity) were studied in [5], [6], [10], [11], [12], [14].

Let 𝑓1, . . . , 𝑓𝑟 ( 𝑓𝑟+1 = exp(𝑔𝑟+1/ℎ𝑟+1), . . . , 𝑓𝑠 = exp(𝑔𝑠/ℎ𝑠)) be invariant algebraic
curves (exponential factors) of (1) and let 𝐾 𝑓 𝑗 , 𝑗 = 1, 𝑠, be its cofactors [2]. The system
(1) is called Darboux integrable if (1) has a first integral (an integrating factor) of the
form 𝐹 (𝑥, 𝑦) = 𝑓

𝛼1
1 · · · 𝑓 𝛼𝑠

𝑠 (𝜇(𝑥, 𝑦) = 𝑓
𝛼1

1 · · · 𝑓 𝛼𝑠
𝑠 ), 𝛼 𝑗 ∈ C, 𝑗 = 1, 𝑠. Note that the

constants 𝛼1, . . . , 𝛼𝑠 are not all equal to zero.
It is easy to show that𝐹 (𝑥, 𝑦) (𝜇(𝑥, 𝑦)) is a Darboux first integral (a Darboux integrating

factor) if and only if the following identity

𝛼1𝐾 𝑓1 + 𝛼2𝐾 𝑓2 + · · · + 𝛼𝑠𝐾 𝑓𝑠 ≡ 0(
𝛼1𝐾 𝑓1 + 𝛼2𝐾 𝑓2 + · · · + 𝛼𝑠𝐾 𝑓𝑠 + 𝜕𝑃

𝜕𝑥
+ 𝜕𝑄

𝜕𝑦
≡ 0

)
holds in 𝑥 and 𝑦.

In this work we consider the cubic systems of the form
¤𝑥 = 𝑦 + 𝑎𝑥2 + 𝑐𝑥𝑦 + 𝑓 𝑦2 + 𝑘𝑥3 + 𝑚𝑥2𝑦 + 𝑝𝑥𝑦2 + 𝑟𝑦3 ≡ 𝑃(𝑥, 𝑦),
¤𝑦 = −(𝑥 + 𝑔𝑥2 + 𝑑𝑥𝑦 + 𝑏𝑦2 + 𝑠𝑥3 + 𝑞𝑥2𝑦 + 𝑛𝑥𝑦2 + 𝑙𝑦3) ≡ 𝑄(𝑥, 𝑦),

gcd(𝑃,𝑄) = 1.
(3)

The critical point (0, 0) of the system (3) is of a center-focus type, i.e. is either a focus
or a center. The problem of distinguishing between a center and a focus is called the
problem of the center or the center-focus problem.
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It is known that (0, 0) is a center for (3) if and only if the system has a nonconstant
analytic first integral 𝐹 (𝑥, 𝑦) (an analytic integrating factor 𝜇(𝑥, 𝑦)) in a neighborhood
of (0, 0). Also, it is known that there exists a formal power series 𝐹 (𝑥, 𝑦) = 𝑥2 +
𝑦2 + ∑

𝑗≥3 𝐹𝑗 (𝑥, 𝑦) such that the rate of change of 𝐹 (𝑥, 𝑦) along trajectories of (3) is a
linear combination of polynomials {(𝑥2 + 𝑦2) 𝑗}∞

𝑗=2, i.e. 𝑑𝐹
𝑑𝑡

=
∑∞

𝑗=2 𝐿 𝑗−1(𝑥2 + 𝑦2) 𝑗 . The
quantities 𝐿 𝑗 , 𝑗 = 1,∞, are polynomials with respect to the coefficients of the system (3),
called to be the Lyapunov quantities. For example, the first Lyapunov quantity looks as

𝐿1 = (𝑏𝑑 − 𝑎𝑐 + 2𝑏 𝑓 − 2𝑎𝑔 + 𝑑𝑔 − 𝑐 𝑓 + 3𝑘 − 3𝑙 + 𝑝 − 𝑞)/4.

The origin (0, 0) is a center for (3) if and only if 𝐿 𝑗 = 0, 𝑗 = 1,∞.
The problem of the center is completely solved for quadratic systems (𝑘 = 𝑙 = 𝑚 = 𝑛 =

𝑝 = 𝑞 = 𝑟 = 𝑠 = 0) [4] and for symmetric cubic systems (𝑎 = 𝑏 = 𝑐 = 𝑑 = 𝑓 = 𝑔 = 0)
[8]. For other polynomial differential systems the necessary and sufficient conditions for
the center-focus critical point to be a center were obtained in some particular cases (see,
for example, [2], [7]).

The problem of coexistence in cubic systems of the distinct invariant straight lines and
critical points of center type was studied in [2], [3], [9]. In [3] (see also [2]) it was
proved that if the cubic system (3) has four distinct invariant straight lines of the form
1 + 𝛼 𝑗𝑥 + 𝛽 𝑗 𝑦 = 0, 𝑗 = 1, 2, 3, 4 (𝑦 ± 𝑖𝑥 = 0, 1 + 𝛼 𝑗𝑥 + 𝛽 𝑗 𝑦 = 0, 𝑗 = 1, 2) and the
Lyapunov quantity vanishes: 𝐿1 = 0 (𝐿1 = 𝐿2 = 0), then the origin is a center. In the
cases when (3) has three distinct invariant straight lines then (0, 0) is a center if the first
seven Lyapunov quantities vanish 𝐿 𝑗 = 0, 𝑗 = 1, ...7.

In this article we investigate the problem of the center for (3) with two invariant affine
straight lines of total multiplicity three. Our main result is the following one:

Main Theorem. Let the cubic system have two distinct affine non-parallel invariant
straight lines L1, L2 and a critical point 𝑀0(𝑥0, 𝑦0) with pure imaginary eigenvalues.
If 𝑚(L1) = 2, then 𝑀0 is a center if and only if the first five Lyapunov quantity vanishe
(𝐿1 = 𝐿2 = 𝐿3 = 𝐿4 = 𝐿5 = 0).

2. Conditions of the existence of invariant straight lines

Let the system (3) have an invariant straight line L1. Using a transformation of the
form 𝑥 → 𝜔(𝑥𝑐𝑜𝑠𝛼 − 𝑦𝑠𝑖𝑛𝛼), 𝑦 → 𝜔(𝑥𝑠𝑖𝑛𝛼 + 𝑦𝑐𝑜𝑠𝛼), we do L1 to be described by the
equation L1 ≡ 𝑥 − 1 = 0. The identity 𝑃(1, 𝑦) ≡ 0 gives us

𝑘 = −𝑎, 𝑚 = −𝑐 − 1, 𝑝 = − 𝑓 , 𝑟 = 0. (4)
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For system {(3), (4)} the identity (2) has the form

𝐴0 + 𝐴1𝑥 + 𝐴2𝑥
2 + 𝐴3𝑥

3 ≡ 0,

where

𝐴0 = −𝛽(𝛼 + 𝑏𝛽 + 𝑓 𝛼𝛽 + 𝑙𝛽2),
𝐴1 = −1 − 𝛼2 − (𝑑 + 2𝑏𝛼 + 𝑐𝛼 + 2 𝑓 𝛼2)𝛽 − (𝑛 − 𝑓 𝛼 + 3𝑙𝛼)𝛽2,

𝐴2 = −𝑔 − 𝑞𝛽 − 𝛼(𝑎 + 𝑑 − 𝛽 − 𝑐𝛽 + 2𝑛𝛽) − 𝛼2(𝑏 + 𝑐 − 2 𝑓 𝛽 + 3𝑙𝛽) − 𝑓 𝛼3,

𝐴3 = −𝑠 + (𝑎 − 𝑞)𝛼 + (1 + 𝑐 − 𝑛)𝛼2 + ( 𝑓 − 𝑙)𝛼3.

The system {𝐴0 ≡ 0, 𝐴1 ≡ 0, 𝐴2 ≡ 0, 𝐴3 ≡ 0, 𝛽 ≠ 0} has the solution

𝑔 = 𝛼(𝑑 + 𝑐𝛼 − 𝑎) − (𝑞 − 𝛼 − 𝑐𝛼)𝛽 + 𝛼(2 − 𝛼2)/𝛽,
𝑙 = −(𝛼 + 𝑏𝛽 + 𝑓 𝛼𝛽)/𝛽2,

𝑛 = 𝑓 𝛼 + (2𝛼2 − 1 − 𝛽(𝑑 − 𝑏𝛼 + 𝑐𝛼 − 𝑓 𝛼2))/𝛽2,

𝑠 = 𝛼(𝑎 − 𝑞 + 𝛼 + 𝑐𝛼) + 𝛼2(𝑑 + 𝑐𝛼)/𝛽 + 𝛼2(1 − 𝛼2)/𝛽2.

(5)

Therefore, the system {(3),(4),(5)} has the invariant straight lines L1 ≡ 𝑥−1 = 0, L2 ≡
𝛼𝑥 − 𝑦 + 𝛽 = 0, 𝛽 ≠ 0.

The invariant straight line L1 has parallel multiplicity two if 𝑃(1, 𝑦) |{(4),(5)} ≡ 0, i.e.
if

𝑎 = 𝑐 + 2 = 𝑓 = 0. (6)

The equalities {(4), (5), (6)} give us the first set of conditions

𝑎 = 𝑐 + 2 = 𝑓 = 𝑘 = 𝑚 − 1 = 𝑝 = 𝑟 = 0, 𝑙 = −(𝛼 + 𝑏𝛽)/𝛽2,

𝑔 = (2𝛼 − 𝛼(𝛼 + 𝛽)2 + 𝛽(𝑑𝛼 − 𝑞𝛽))/𝛽, 𝑛 = (2𝛼2 − 𝑑𝛽 + 2𝛼𝛽 + 𝑏𝛼𝛽 − 1)/𝛽2,

𝑠 = 𝛼(𝛼 − 𝛼(𝛼 + 𝛽)2 + 𝛽(𝑑𝛼 − 𝑞𝛽))/𝛽2,

(7)

so that, the straight lines L1, L2 are invariant for (3) and 𝑚𝑝 (L1) = 2.
If 𝑚𝑎 (L1) ≥ 2 > 𝑚𝑝 (L1) = 1, then it is necessary that 𝑥2 divide for {(3),(4),(5)} the

polynomial

𝜅(𝑥, 𝑦) = 𝑥(𝛼𝑥 − 𝑦) (𝑦2(𝛼 + 𝑏𝛽 + 𝑓 𝛼𝛽 + 𝑓 𝛽2) − 𝑥𝑦(𝛼2 − 𝑑𝛽 − 𝑐𝛼𝛽 − 𝛽2 − 𝑐𝛽2 − 1)
+𝑥2(𝛼 − 𝛼3 + 𝑑𝛼𝛽 + 𝑐𝛼2𝛽 + 𝑎𝛽2 − 𝑞𝛽2 + 𝛼𝛽2 + 𝑐𝛼𝛽2))/𝛽2.

This implies that

𝑏 = − 𝑓 (𝛼 + 𝛽) − 𝛼/𝛽. (8)

Taking into account (4) and (5), we obtain that

𝛽4(𝐸 (X)/((−1 + 𝑥) (−𝑦 + 𝑥𝛼 + 𝛽))) |𝑥=1 = 𝑓1(𝑦) 𝑓2(𝑦),
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where

𝑓1(𝑦) = 𝛼3 − 𝛼 − 𝛽(1 + 𝑑𝛼 + 𝑐𝛼2 − 𝑞𝛽 + 𝛼𝛽 + 𝑐𝛼𝛽)
+(𝛼2 − 1 − 𝛽(𝑑 + 𝛼 + 𝑐𝛼))𝑦 + 𝑓 𝛽2𝑦2,

𝑓2(𝑦) = 𝑎𝛽2(𝑑 + 𝑞 − 𝑎) + (𝑐 + 2) (𝛼 + 𝛽) (𝛼3 − 𝛼 − 𝛽 − 𝑑𝛼𝛽 + 2𝛼2𝛽 + 𝑞𝛽2 + 𝛼𝛽2)
−𝛼𝛽(𝑐 + 2)2(𝛼 + 𝛽)2 + 2((𝛼2 − 1) (𝑎 + 𝑓 𝛼2) − 𝛽(𝑎𝑑 − 𝑎𝛼 + 2 𝑓 𝛼 + 𝑑𝑓 𝛼2

−3 𝑓 𝛼3) − 𝑓 𝛽2(1 + 𝑎𝛼 + 𝑑𝛼 − 𝑞𝛼 − 3𝛼2) − 𝑓 𝛽3(𝑎 − 𝑞 − 𝛼)
−𝛽(𝑐 + 2) (𝛼 + 𝛽) (𝑎 + 𝑓 𝛼2 + 𝑓 𝛼𝛽))𝑦( 𝑓 𝛽2(𝑎 − 𝑑 − 𝑞)
+(𝑐 + 2) (𝛼2 − 1 − 𝑑𝛽 + 𝛼𝛽 − 𝑓 𝛼𝛽2 − 𝑓 𝛽3) − 𝛽(𝛼 + 𝛽) (𝑐 + 2)2)𝑦2.

If { 𝑓1(𝑦) ≡ 0, 𝛽 ≠ 0}, then gcd(𝑃,𝑄) = 𝑥 − 1, i.e. the system (3) is degenerate.
In the case { 𝑓2(𝑦) ≡ 0, 𝛽 ≠ 0} we obtain the equalities (6) and the following three set

of solutions

𝑎 = −(𝑐 + 2) (𝛼 + 𝛽), 𝑑 = ((𝛼 + 𝛽) (𝛼 − 2𝛽 − 𝑐𝛽) − 1)/𝛽, 𝑓 = 0; (9)

𝑑 = ((𝛼 + 𝛽) (𝛼 − 2𝛽 − 𝑐𝛽) − 1)/𝛽, 𝑞 = (1 − 𝛼2 + 𝑎𝛽 − 𝛼𝛽)/𝛽; (10)

𝑎 = −(𝛼 + 𝛽) (2 + 𝑐 + 𝑓 𝛼 + 𝑓 𝛽), 𝑞 = −(𝑑𝑓 𝛽2 + 2𝛽(𝑑 + 𝛼 + 2𝛽)
+(𝑐 + 2) (1 − 𝛼2) + 𝑐𝛽(𝑑 + 3𝛼 + 4𝛽)
+𝛽(𝛼 + 𝛽) (𝑐2 + 4 𝑓 𝛽 + 2𝑐 𝑓 𝛽) + 𝑓 2𝛽2(𝛼 + 𝛽)2)/( 𝑓 𝛽2).

(11)

Equalities (6) lead us to a particular case of the set (7) and each of the equalities (9),
(10), (11), together with (4), (5) and (8) give us, respectively, the following three series
of conditions

𝑎 = −(2 + 𝑐) (𝛼 + 𝛽), 𝑏 = −𝛼/𝛽, 𝑑 = ((𝛼 + 𝛽) (𝛼 − 2𝛽 − 𝑐𝛽) − 1)/𝛽, 𝑓 = 0,
𝑔 = (𝛼 + 𝛼𝛽(𝑐 + 1) (𝛼 + 𝛽) − 𝑞𝛽2)/𝛽, 𝑘 = −𝑎, 𝑙 = 0, 𝑚 = −𝑐 − 1, 𝑟 = 0,
𝑛 = (𝛼 + 2𝛽 + 𝑐𝛽)/𝛽, 𝑝 = − 𝑓 , 𝑠 = −(𝛼(𝑞𝛽 + (𝛼 + 𝛽) (𝛼 + 2𝛽 + 𝑐𝛽)))/𝛽;

(12)

𝑏 = −(𝛼 + 𝑓 𝛼𝛽 + 𝑓 𝛽2)/𝛽, 𝑑 = ((𝛼 + 𝛽) (𝛼 − 2𝛽 − 𝑐𝛽) − 1)/𝛽, 𝑚 = −𝑐 − 1,
𝑔 = (𝛼 − 𝛽 − 𝑎𝛼𝛽 − 𝑎𝛽2)/𝛽, 𝑘 = −𝑎, 𝑙 = 𝑓 , 𝑛 = (𝛼 + 2𝛽 + 𝑐𝛽)/𝛽,
𝑝 = − 𝑓 , 𝑞 = (1 − 𝛼2 + 𝑎𝛽 − 𝛼𝛽)/𝛽, 𝑟 = 0, 𝑠 = −𝛼/𝛽;

(13)

𝑎 = −(𝛼 + 𝛽) (2 + 𝑐 + 𝑓 𝛼 + 𝑓 𝛽), 𝑏 = −(𝛼 + 𝑓 𝛼𝛽 + 𝑓 𝛽2)/𝛽, 𝑟 = 0,
𝑔 = (2 𝑓 𝛼 + (𝑐 + 2) (1 + 𝑑𝛽) + (𝛼 + 𝛽) (𝑑𝑓 𝛽 − (𝑐 + 2) (𝛼 − 2𝛽 − 𝑐𝛽))
− 𝑓 (𝛼 + 𝛽)2(𝛼 − 4𝛽 − 2𝑐𝛽) + 𝑓 2𝛽(𝛼 + 𝛽)3)/( 𝑓 𝛽), 𝑘 = −𝑎, 𝑙 = 𝑓 ,

𝑛 = −(1 − 𝛼2 + 𝑑𝛽 + 𝑐𝛼𝛽)/𝛽2, 𝑝 = − 𝑓 , 𝑞 = −(𝑑𝑓 𝛽2 + 2𝛽(𝑑 + 𝛼 + 2𝛽)
+(𝑐 + 2) (1 − 𝛼2) + 𝑐𝛽(𝑑 + 3𝛼 + 4𝛽) + 𝛽(𝛼 + 𝛽) (𝑐2 + 4 𝑓 𝛽 + 2𝑐 𝑓 𝛽)
+ 𝑓 2𝛽2(𝛼 + 𝛽)2)/( 𝑓 𝛽2), 𝑠 = 𝛼( 𝑓 𝛼 + 2𝑑𝛽 + 2𝛽(𝛼 + 2𝛽) + (𝑐 + 2) (1 − 𝛼2)
+𝑐𝛽(𝑑 + 3𝛼 + 4𝛽) − (𝛼 + 𝛽) ( 𝑓 (𝛼 − 2𝛽) (𝛼 + 𝛽) − 𝛽(𝑐2 + 𝑑𝑓 ))
+𝑐 𝑓 𝛽(𝛼 + 𝛽)2)/( 𝑓 𝛽2), 𝑚 = −𝑐 − 1

(14)

such that the straight lines L1, L2 are invariant for (3) and 𝑚𝑎 (L1) ≥ 2.
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3. Sufficient conditions of the center

Lemma 3.1. The following set of conditions is sufficient for the origin (0, 0) to be a center
for the system (3)

𝑎 = 𝛾(𝛾 − 𝛽)/𝛽, 𝑏 = (𝛽 − 𝛾)/𝛽, 𝑐 = −(𝛽 + 𝛾)/𝛽, 𝑑 = (2𝛾2 − 2𝛽𝛾 − 1)/𝛽,
𝑓 = 0, 𝑔 = ((𝛽 − 𝛾) (𝛾2 − 1) − 𝑞𝛽2)/𝛽, 𝑘 = 𝛾(𝛽 − 𝛾)/𝛽, 𝑙 = 0, 𝑚 = 𝛾/𝛽,
𝑛 = 0, 𝑝 = 0, 𝑟 = 0, 𝑠 = 𝑞(𝛽 − 𝛾);

(15)

Proof. In conditions (15) the system (3) has the integrating factor of the form

𝜇(𝑥, 𝑦) = L𝛼1
1 L𝛼2

2 ,

where L1 = 𝑥 − 1, L2 = (𝛽 − 𝛾)𝑥 + 𝑦 − 𝛽, 𝛼1 = −2, 𝛼2 = −1. □

Lemma 3.2. The following six sets of conditions are sufficient for the origin (0, 0) to be
a center for the system (3)

𝑏 = 𝑓 = 𝑔 = 𝑙 = 𝑝 = 𝑞 = 𝑟 = 𝑠 = 0, 𝑑 = (𝛽2 − 1)/𝛽,
𝑎 − 𝛽 = 𝑐 + 3 = 𝑘 + 𝛽 = 𝑚 − 2 = 𝑛 + 1 = 0;

(16)

𝑏 = 1, 𝑐 = 0, 𝑑 = −1/𝛽, 𝑓 = 0, 𝑔 = −2, 𝑘 = −𝑎, 𝑙 = 0,
𝑚 = −1, 𝑛 = 1, 𝑝 = 0, 𝑞 = (1 + 𝑎𝛽)/𝛽, 𝑟 = 0, 𝑠 = 1;

(17)

𝑎 = −1/(𝛽(1 + 𝛽2)), 𝑏 = 1, 𝑐 = −2𝛽2/(1 + 𝛽2), 𝑑 = −1/𝛽, 𝑓 = −𝛽/(1 + 𝛽2),
𝑔 = −2, 𝑘 = 1/(𝛽(1 + 𝛽2)), 𝑙 = −𝛽/(1 + 𝛽2), 𝑚 = (𝛽2 − 1)/(1 + 𝛽2),
𝑛 = (1 − 𝛽2)/(1 + 𝛽2), 𝑝 = 𝛽/(1 + 𝛽2), 𝑞 = 𝛽/(1 + 𝛽2), 𝑟 = 0, 𝑠 = 1;

(18)

𝑎 = 𝛾2(1 + 𝛽𝛾 − 𝛾2)/(2𝛽(1 − 𝛾2)), 𝑐 = 𝛾(𝛽𝛾 + 𝛾2 − 1)/(𝛽(1 − 𝛾2)),
𝑏 = ((𝛽 − 𝛾) (𝛾2 − 1) (𝛾2 − 2) − 𝛽𝛾2)/(2𝛽(1 − 𝛾2)),
𝑑 = (𝛾(𝛽 − 𝛾) (2𝛾2 − 3) − 1)/(𝛽(1 − 𝛾2)),
𝑓 = 𝛾((𝛽 − 𝛾) (𝛾2 − 1) − 𝛽)/(2𝛽(𝛾2 − 1)),
𝑔 = (𝛾2 − 2) ((𝛽 − 𝛾) (𝛾2 − 1) − 𝛽)/(2𝛽(𝛾2 − 1)),
𝑘 = 𝛾2(1 + 𝛽𝛾 − 𝛾2)/(2𝛽(𝛾2 − 1)), 𝑟 = 0, 𝑠 = (𝛽 − 𝛾)/𝛽,
𝑙 = 𝛾((𝛽 − 𝛾) (𝛾2 − 1) − 𝛽)/(2𝛽(𝛾2 − 1)),
𝑚 = (𝛽 − 𝛾 + 𝛾3)/(𝛽(𝛾2 − 1)), 𝑛 = 1/(1 − 𝛾2),
𝑝 = 𝛾((𝛽 − 𝛾) (𝛾2 − 1) − 𝛽)/(2𝛽(1 − 𝛾2)),
𝑞 = (1 + 𝛽𝛾 − 𝛾2) (𝛾2 − 2)/(2𝛽(𝛾2 − 1));

(19)

23



THE PROBLEM OF THE CENTER FOR CUBIC DIFFERENTIAL SYSTEMS

𝑏 = (𝛽 − 𝛾 − 𝑓 𝛽𝛾)/𝛽,
𝑐 = (2𝛽( 𝑓 − 𝛾) − 𝛾(𝑎 + 𝑓 ) (2𝑎𝛽 − 2 𝑓 𝛽 + 3𝛽𝛾 − 𝛾2 − 1))/(𝛽(𝛾

+(𝑎 + 𝑓 ) (𝛾2 − 1))), 𝑑 = ((3𝑎 − 𝛾) (𝛽 − 𝛾)𝛾 − 𝛾(1 − 𝑓 𝛽 + 3 𝑓 𝛾)
+(𝑎 + 𝑓 ) (1 + 2𝑎𝛽𝛾2 − 2 𝑓 𝛽𝛾2))/(𝛽(𝛾 + (𝑎 + 𝑓 ) (𝛾2 − 1))),

𝑔 = (𝛾 − 2𝛽 − 𝑎𝛽𝛾)/𝛽, 𝑘 = −𝑎, 𝑙 = 𝑓 , 𝑚 = (𝛽(𝑎 − 𝑓 + 𝛾)+
𝛾(𝑎 + 𝑓 ) (−1 + 2𝑎𝛽 − 2 𝑓 𝛽 + 2𝛽𝛾 − 𝛾2))/(𝛽(𝛾 + (𝑎 + 𝑓 ) (𝛾2 − 1))),

𝑛 = ((1 + 2𝛾(𝑎 + 𝑓 )) (𝛾2 + 𝑓 𝛽 − 𝑎𝛽 − 𝛽𝛾))/(𝛽(𝛾 + (𝑎 + 𝑓 ) (𝛾2 − 1))),
𝑝 = − 𝑓 , 𝑞 = (1 + 𝑎𝛽 + 𝛽𝛾 − 𝛾2)/𝛽, 𝑟 = 0, 𝑠 = ( 𝛽 − 𝛾)/𝛽,
((𝛽 − 𝛾)𝛾3 − 2𝛽( 𝑓 − 𝛾 − 𝑎𝛾2) − 𝛾2) (𝑎𝛽𝛾 + (𝑎 + 𝑓 ) (𝑎𝛽 − 𝛾2 − 𝑓 𝛽𝛾2)) = 0;

(20)

𝑎 = −𝛾(𝑐 + 2 + 𝑓 𝛾), 𝑏 = (𝛽 − 𝛾 − 𝑓 𝛽𝛾)/𝛽, 𝑘 = 𝛾(𝑐 + 2 + 𝑓 𝛾), 𝑙 = 𝑓 ,

𝑔 = (𝛽𝛾(𝑐 + 2)2 + (𝑐 + 2) (1 + 𝑑𝛽 + 𝛽𝛾 − 𝛾2 + 2 𝑓 𝛽𝛾2) + 𝑓 ((𝛽 − 𝛾) (𝛾2 − 2)
+𝑑𝛽𝛾 + 𝑓 𝛽𝛾3))/( 𝑓 𝛽), 𝑛 = ((𝛽 − 𝛾) (𝛽 + 𝑐𝛽 − 𝛾) − 𝑑𝛽 − 1)/𝛽2,

𝑚 = −𝑐 − 1, 𝑝 = − 𝑓 , 𝑞 = −((𝑐 + 2)2𝛽𝛾 + (𝑐 + 2) (𝑑𝛽 + 𝛽𝛾 + 2 𝑓 𝛽2𝛾 − 𝛾2

+1) + 𝑓 𝛽2(𝑑 + 𝑓 𝛾2))/( 𝑓 𝛽2), 𝑟 = 0, 𝑠 = (𝛾 − 𝛽) ((𝑐 + 2)2𝛽𝛾

+(𝑐 + 2) (1 + 𝑑𝛽 + 𝛽𝛾 − 𝛾2 + 𝑓 𝛽𝛾2) + 𝑑𝑓 𝛽𝛾 𝑓 (𝛽 − 𝛾) (𝛾2 − 1))/( 𝑓 𝛽2),
2(𝑐 + 2)2𝛽𝛾 + (𝑐 + 2) (1 + 𝑑𝛽 − 𝑓 𝛽 + 4 𝑓 𝛽𝛾2) + 𝑓 𝛽𝛾(𝑑 − 2 𝑓 + 2 𝑓 𝛾2).

(21)

Proof. In each of the sets of conditions (16)−(21), the system (3) has the integrating factor
of the form

𝜇(𝑥, 𝑦) = L𝛼1
1 L𝛼2

2 L𝛼3
3 (22)

and therefore, in all cases the origin (0, 0) is a center for (3). Indeed,
in Case (16):

L1 = 𝑥 − 1, L2 = 𝑦 − 𝛽, L3 = 𝛽𝑦 + 1, 𝛼1 = −3, 𝛼2 = −1, 𝛼3 = 1;

in Case (17):

L1 = 𝑥 − 1, L2 = 𝛽𝑥 + 𝑦 − 𝛽, L3 = exp[𝑦/(𝑥 − 1)],
𝛼1 = 2𝑎𝛽 − 2𝛽2 − 1, 𝛼2 = 2𝛽2 − 2𝑎𝛽 − 1, 𝛼3 = −2𝛽;

in Case (18):

L1 = 𝑥 − 1, L2 = 𝛽𝑥 + 𝑦 − 𝛽, L3 = 𝛽2𝑥 + 𝛽𝑦 − 𝛽2 − 1,
𝛼1 = −3, 𝛼2 = 1, 𝛼3 = −2;

in Case (19):

L1 = 𝑥 − 1, L3 = exp[𝛽𝛾(𝛾 − 𝑦) (2𝛽 − 𝛾 − 𝛽𝛾2 + 𝛾3)/(2(𝛾2 − 1) (𝑥 − 1))],
L2 = (𝛽 − 𝛾)𝑥 + 𝑦 − 𝛽, 𝛼1 = (1 − 2𝛽(2𝛾 − 𝛽) − 𝛾2(𝛾 − 𝛽)2)/(𝛾2 − 1),
𝛼2 = (1 + (𝛽 − 𝛾)2(𝛾2 − 2))/(𝛾2 − 1), 𝛼3 = −2/(𝛽𝛾);
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in Case (20):

L2 = (𝛽 − 𝛾)𝑥 + 𝑦 − 𝛽, L3 = exp[( 𝑓 𝛽2(𝑦 − 𝛾))/(𝑥 − 1)],
𝛼1 = (2𝛽2(𝛾 − 𝛽)𝛾2 𝑓 2 + 𝛽(2𝑎𝛽2 + 3𝛾 − 2𝑎𝛽𝛾 − 2𝛽𝛾2 + 𝛾3 + 2𝑎𝛽𝛾3

+𝛽2𝛾3 − 𝛽𝛾4) 𝑓 + 𝛾(𝑎𝛽 − 2𝑎2𝛽2 − 3𝛽𝛾 − 𝑎𝛽2𝛾 + 𝛾2 − 𝑎𝛽𝛾2

+𝛽2𝛾2 − 2𝛽𝛾3 + 𝛾4))/(𝛽𝛾(𝛾 + (𝑎 + 𝑓 ) (𝛾2 − 1))),
𝛼2 = (2𝛽(𝛽 − 𝛾)𝛾2 𝑓 2 + (𝛾 − 2𝑎𝛽2 + 2𝑎𝛽𝛾 + 2𝛽𝛾2 − 3𝛾3 − 2𝑎𝛽𝛾3

−𝛽2𝛾3 + 𝛽𝛾4) 𝑓 + 𝛾(𝑎 + 2𝑎2𝛽 − 𝛾 + 𝑎𝛽𝛾 − 3𝑎𝛾2 − 𝛽𝛾2

+𝛾3))/(𝛾(𝛾 + (𝑎 + 𝑓 ) (𝛾2 − 1))),
𝛼3 = (2𝑎𝛽 − 𝛾2 − 2 𝑓 𝛽𝛾2 + 𝛽𝛾3 − 𝛾4)/(𝛽2𝛾(𝛾 + (𝑎 + 𝑓 ) (𝛾2 − 1)));

in Case (21):

L1 = 𝑥 − 1, L2 = (𝛽 − 𝛾)𝑥 + 𝑦 − 𝛽,
L3 = exp[( 𝑓 𝛽2𝑦 + 𝛾2 − 𝑑𝛽 − 3𝛽𝛾 − 𝑐𝛽𝛾 − 𝑓 𝛽2𝛾 − 1)/(𝑥 − 1)],
𝛼1 = −((𝑐 + 2)2𝛽2𝛾(1 + 2𝛾2) + 𝛽(𝑐 + 2) (2𝛽2𝛾2 − 2𝛾4 + (1 + 𝑑𝛽) (1 + 3𝛾2)

+ 𝑓 𝛽(𝛽2 + 2𝛾2(1 + 𝛽2 + 𝛾2))) + 𝛽2𝛾𝑑2 + 𝛽𝛾𝑑 (3 + 2 𝑓 𝛽 + 𝛽2 + 𝑓 𝛽3 − 𝛾2

+2 𝑓 𝛽𝛾2) − 2𝛾(−(1 + 𝑓 𝛽) (1 + 𝑓 𝛽3 + 𝑓 𝛽3𝛾2) − 2𝛽2 + 𝛾2 + 𝑓 𝛽𝛾4))/(𝛽2𝛾),
𝛼2 = 𝛽((𝑐 + 2) ( 𝑓 𝛽 + 2𝛾2 + 2 𝑓 𝛽𝛾2) + 𝛾(1 + 𝑓 𝛽) (𝑑 + 2 𝑓 + 2 𝑓 𝛾2))/𝛾,
𝛼3 = −𝛽(𝑐 + 2) (1 + 2𝛾2) + 2𝛾 + 𝑑𝛽𝛾 + 2 𝑓 𝛽𝛾(1 + 𝛾2)/(𝛽2𝛾).

□

Lemma 3.3. The following three sets of conditions are sufficient for the origin (0, 0) to
be a center for the system (3)

𝑎 = 0, 𝑏 = 1, 𝑑 = −1/𝛽, 𝑓 = 0, 𝑔 = −1 − 𝑞𝛽, 𝑘 = 0,
𝑙 = 0, 𝑚 = −1 − 𝑐, 𝑛 = 1 + 𝑐, 𝑝 = 0, 𝑟 = 0, 𝑠 = 𝑞𝛽;

(23)

𝑎 = 0, 𝑏 = 1, 𝑐 = −2, 𝑑 = −1/𝛽, 𝑔 = −2, 𝑘 = 0, 𝑙 = 𝑓 ,

𝑚 = 1, 𝑛 = −1, 𝑝 = − 𝑓 , 𝑞 = 1/𝛽, 𝑟 = 0, 𝑠 = 1;
(24)

25



THE PROBLEM OF THE CENTER FOR CUBIC DIFFERENTIAL SYSTEMS

𝑎 = 𝛾2(1 + 𝛽𝛾 − 𝛾2)/(2𝛽(1 − 𝛾2)),
𝑏 = (2𝛽 + 𝛽𝛾2(𝛾2 − 4) − 𝛾(𝛾2 − 1) (𝛾2 − 2))/(2𝛽(1 − 𝛾2)),
𝑐 = (𝛽𝛾2 + 2𝛾3 + 𝛽𝛾4 − 𝛾5 − 4𝛽 − 𝛾)/(2𝛽(1 − 𝛾2)),
𝑑 = (𝛾4(𝛾2 − 𝛽𝛾 − 4) + (1 + 𝛽𝛾) (5𝛾2 − 2))/(2𝛽(1 − 𝛾2)),
𝑓 = 𝛾(𝛽𝛾2 − 𝛾3 − 2𝛽 + 𝛾)/(2𝛽(𝛾2 − 1)),
𝑔 = (𝛾2 − 2) (𝛽𝛾2 − 𝛾3 − 2𝛽 + 𝛾)/(2𝛽(𝛾2 − 1)),
𝑘 = 𝛾2(1 + 𝛽𝛾 − 𝛾2)/(2𝛽(𝛾2 − 1)),
𝑙 = 𝛾(𝛽𝛾2 − 𝛾3 − 2𝛽 + 𝛾)/(2𝛽(𝛾2 − 1)),
𝑚 = (2𝛽 + 𝛾(𝛾2 − 1) (𝛾2 − 𝛽𝛾 − 1))/(2𝛽(1 − 𝛾2)),
𝑛 = (1 + 𝛾2) ((𝛽 − 𝛾) (𝛾2 − 1) − 𝛽)/(2𝛽(1 − 𝛾2)),
𝑝 = 𝛾((𝛽 − 𝛾) (𝛾2 − 1) − 𝛽)/(2𝛽(1 − 𝛾2)),
𝑞 = (1 + 𝛽𝛾 − 𝛾2) (𝛾2 − 2)/(2𝛽(𝛾2 − 1)), 𝑟 = 0, 𝑠 = (𝛽 − 𝛾)/𝛽.

(25)

Proof. If one of the conditions (23) - (25) holds, then the cubic system (3) has a first
integral 𝐹 (𝑥, 𝑦) of the form

L𝛼1
1 L𝛼2

2 L𝛼3
3 L𝛼4

4 . (26)

In Case (23):

L1 = 𝑥 − 1, L2 = 𝛽𝑥 + 𝑦 − 𝛽, L3 = exp[(𝛽(𝑐 + 2)𝑦 + 𝑞𝛽 − 1)/(𝑥 − 1)],
L4 = (𝑐 + 1)𝑥 + 1, 𝛼1 = (1 + 𝑐) (1 − 3𝑞𝛽 − 𝑐𝑞𝛽 + (2 + 𝑐)2𝛽2),
𝛼2 = −(1 + 𝑐) (2 + 𝑐)2𝛽2, 𝛼3 = (1 + 𝑐) (2 + 𝑐), 𝛼4 = −1 − 𝑐 − 𝑞𝛽;

in Case (24):

L1 = 𝑥 − 1, L2 = 𝛽𝑥 + 𝑦 − 𝛽, L3 = exp[𝑦/(𝑥 − 1)],
L4 = exp[(𝑥2 + 𝑓 𝛽𝑦2 − 1)/(𝑥 − 1)2], 𝛼1 = 2(1 + 𝛽2 + 𝑓 𝛽3),
𝛼2 = −2𝛽2(1 + 𝑓 𝛽), 𝛼3 = 2𝛽(1 + 𝑓 𝛽), 𝛼4 = −1;

in Case (25):

L1 = 𝑥 − 1, L2 = (𝛽 − 𝛾)𝑥 + 𝑦 − 𝛽,
L4 = ((𝛽 − 𝛾) (𝛾2 − 1) − 𝛽) (𝑥 + 𝛾𝑦) + 2𝛽,
L3 = exp[𝛽𝛾(𝛾 − 𝑦) (𝛾 + 𝛽𝛾2 − 𝛾3 − 2𝛽)/(2(𝑥 − 1) (1 − 𝛾2))],
𝛼1 = 𝛽(2 + 𝛽𝛾) (1 − 𝛽𝛾 + 𝛾2) ((𝛽 − 𝛾) (𝛾2 − 1) − 𝛽),
𝛼2 = 𝛽2𝛾(1 + 𝛽𝛾 − 𝛾2) (( 𝛽 − 𝛾) (𝛾2 − 1) − 𝛽),
𝛼3 = 2(𝛾2 − 1) (1 − 𝛽𝛾 + 𝛾2), 𝛼4 = 4𝛽2.

□

Lemma 3.4. The following sets of conditions are sufficient for the origin (0, 0) to be a
center for the system (3)
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𝑎 = 0, 𝑏 = 1, 𝑐 = (3𝛾2 − 2)/(1 − 𝛾2), 𝑑 = 𝛾3/(𝛾2 − 1), 𝑓 = 𝛾/(1 − 𝛾2),
𝑔 = (𝛾2 − 2)/(1 − 𝛾2), 𝑘 = 0, 𝑙 = 𝛾/(1 − 𝛾2), 𝑚 = (2𝛾2 − 1)/(𝛾2 − 1),
𝑛 = −1, 𝑝 = 𝛾/(𝛾2 − 1), 𝑞 = 0, 𝑟 = 0, 𝑠 = 1/(1 − 𝛾2);

(27)

𝑎 = (4𝛾3)/((𝛾2 − 3) (9 + 𝛾2)), 𝑏 = ((3 + 𝛾2) (5𝛾2 − 9))/((𝛾2 − 3) (9 + 𝛾2)),
𝑐 = −18/(9 + 𝛾2), 𝑑 = (𝛾(9 + 16𝛾2 − 𝛾4))/((𝛾2 − 3) (9 + 𝛾2)),
𝑓 = (6𝛾(3 + 𝛾2))/((3 − 𝛾2) (9 + 𝛾2)), 𝑙 = (6𝛾(3 + 𝛾2))/((3 − 𝛾2) (9 + 𝛾2)),
𝑘 = (4𝛾3)/((3 − 𝛾2) (9 + 𝛾2)), 𝑔 = (2(3 + 𝛾2) (2𝛾2 − 9))/((3 − 𝛾2) (9 + 𝛾2)),
𝑚 = (9 − 𝛾2)/(9 + 𝛾2), 𝑛 = (3((3 + 𝛾2)2 − 4𝛾2))/((𝛾2 − 3) (9 + 𝛾2)),
𝑝 = (6𝛾(3 + 𝛾2))/((𝛾2 − 3) (9 + 𝛾2)), 𝑞 = (𝛾(3 + 𝛾2)2)/((3 − 𝛾2) (9 + 𝛾2)),
𝑟 = 0, 𝑠 = (3 + 𝛾2)/(3 − 𝛾2);

(28)

𝑎 = 𝛿(1 + 𝛽𝛿)/𝜈, 𝑏 = (𝛽2𝛿2 − 𝛿2 − 𝛽𝛿 − 1)/(𝛽𝛿𝜈), 𝑐 = −(1 + 3𝛽𝛿 + 3𝛿2)/𝜈,
𝑑 = ((1 + 𝛽𝛿) (1 + 2𝛽𝛿 + 𝛽𝛿3) − 𝛿4)/(𝛽𝛿2𝜈), 𝑓 = −𝛿/𝜈, 𝑘 = −(𝛿(1 + 𝛽𝛿))/𝜈,
𝑔 = (𝜈 − 𝛽𝛿 − 2𝛽2𝛿2)/(𝛽𝛿𝜈), 𝑙 = −𝛿/𝜈, 𝑚 = (𝛿(𝛽 + 2𝛿))/𝜈, 𝑛 = (1 − 𝛿2)/𝜈,
𝑝 = 𝛿/𝜈, 𝑞 = −(1 + 𝛽𝛿)/(𝛿𝜈), 𝑟 = 0, 𝑠 = (𝛽𝛿)/𝜈, where 𝜈 = 1 + 2𝛽𝛿 + 𝛿2;

(29)

𝑎 = (𝛿 − 𝛽)/𝜎, 𝑏 = 𝛿(𝛽2 + 𝛽𝛿 − 𝛿2 − 1)/(𝛽𝜎), 𝑐 = (3 − 3𝛽𝛿 + 𝛿2)/𝜎,
𝑑 = (1 − (𝛽 − 𝛿) (𝛽 + 2𝛽𝛿2 − 𝛿3))/(𝛽𝜎), 𝑓 = − 𝛿/𝜎, 𝑘 = (𝛽 − 𝛿)/𝜎,
𝑔 = −𝛿(2𝛽2 + 𝛽𝛿 − 𝛿2 − 1)/(𝛽𝜎), 𝑙 = −𝛿/𝜎, 𝑚 = (𝛽𝛿 − 2)/𝜎,
𝑛 = (1 − 𝛿2)/𝜎, 𝑝 = 𝛿/𝜎, 𝑞 = (𝛽 − 𝛿)𝛿2/𝜎, 𝑟 = 0, 𝑠 = 𝛽𝛿/𝜎,
where 𝜎 = 2𝛽𝛿 − 𝛿2 − 1;

(30)

𝑏 = 2(1 + 𝑎2), 𝑐 = 2𝑎2 − 3, 𝑑 = (1 + 𝑎2)/𝑎, 𝑓 = −2𝑎, 𝑔 = −2, 𝑘 = −𝑎,
𝑙 = −2𝑎, 𝑚 = 2(1 − 𝑎2), 𝑛 = 4𝑎2 − 1, 𝑝 = 2𝑎, 𝑞 = −4𝑎3, 𝑟 = 0, 𝑠 = −2𝑎2;

(31)

𝑎 = (𝑢2 − 4 𝑓 2 − 1)/(8 𝑓 ),
𝑏 = (32 𝑓 2 + 16 𝑓 4 ∓ 32 𝑓 2𝑢 + 2𝑢2 − 𝑢4 − 1)/(4(1 ∓ 𝑢) (−1 + 4 𝑓 2 + 𝑢2)),
𝑐 = (4 𝑓 2 ± 12𝑢 − 3𝑢2 − 9)/(4(1 ∓ 𝑢)), 𝑑 = ((4 𝑓 2 − 1)2 + 𝑢2(𝑢2 − 56 𝑓 2 − 2)

∓𝑢((𝑢2 − 1)2 − 8 𝑓 2(7 + 6 𝑓 2 + 𝑢2)))/(8 𝑓 (1 ∓ 𝑢) (4 𝑓 2 + 𝑢2 − 1)),
𝑔 = (1 − 20 𝑓 2 − 𝑢2 ∓ 𝑢(4 𝑓 2 + 𝑢2 − 1))/(2(4 𝑓 2 + 𝑢2 − 1)),
𝑘 = (1 + 4 𝑓 2 − 𝑢2)/(8 𝑓 ), 𝑙 = 𝑓 , 𝑚 = (3𝑢2 ∓ 8𝑢 − 4 𝑓 2 + 5)/(4(1 ∓ 𝑢)),
𝑛 = (4 𝑓 2 − 𝑢2 − 1 ± 2𝑢)/(2(1 ∓ 𝑢)), 𝑠 = (4 𝑓 2 + 𝑢2 − 1)/(4(−1 ± 𝑢)),
𝑝 = − 𝑓 , 𝑞 = 𝑓 (1 + 4 𝑓 2 − 𝑢2)/(2(𝑢 ∓ 1)2), 𝑟 = 0.

(32)

Proof. In each of the sets of conditions (27)–(32), the system (3) has an integrating factor
of the form (26) 𝜇(𝑥, 𝑦) = L𝛼1

1 L𝛼2
2 L𝛼3

3 L𝛼4
4 .
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In Case (27):

L1 = 𝑥 − 1; L2 = 𝑥 − 𝛾𝑦 + 𝛾2 − 1, L3 = exp[(1 − 𝛾2) (𝑦 − 𝛾)/(𝛾(𝑥 − 1))],
L4 = 𝑥 − 𝛾𝑦 − 1, 𝛼1 = −3, 𝛼2 = 1,
𝛼3 = −𝛾2/(𝛾2 − 1)2, 𝛼4 = (𝛾2 − 2)/(1 − 𝛾2);

in Case (28):

L1 = 𝑥 − 1, L2 = (𝛾2 + 3)𝑥 − 2𝑦𝛾 + 𝛾2 − 3,
L3 = exp[3(𝛾 − 𝑦) (𝛾4 − 9)/(2𝛾(𝑥 − 1) (9 + 𝛾2))],
L4 = 3(3 + 𝛾2)𝑥 − 6𝑦𝛾 − 𝛾2 − 9, 𝛼1 = −3, 𝛼2 = 1,
𝛼3 = −2𝛾2(9 + 𝛾2)/(3(𝛾2 − 3)2), 𝛼4 = (18 + 3𝛾2 + 𝛾4)/(3(𝛾2 − 3));

in Case (29):

L1 = 𝑥 − 1, L2 = 𝑥 − 𝑦𝛿 + 𝛽𝛿, L3 = exp[1 + 𝛽𝛿 + 𝛿2 + 𝑦𝛽𝛿2/(𝑥 − 1)],
L4 = 𝛽𝛿(𝑥 − 𝑦𝛿) − 𝛿2 − 2𝛽𝛿 − 1, 𝛼1 = −3, 𝛼4 = 1,
𝛼2 = (1 + 2𝛽𝛿 + 𝛽2𝛿2 − 2𝛽𝛿3 − 𝛿4)/(𝛿2𝜈), 𝛼3 = (1 + 𝛽𝛿 + 𝛿2)/(𝛽𝛿3𝜈);

in Case (30):

L1 = 𝑥 − 1, L2 = 𝑦 − 𝛽 + 𝑥𝛿, L3 = exp[(1 + 𝑦𝛽 − 𝛽𝛿 + 𝛿2)/(𝑥 − 1)],
L4 = 𝛽(𝛿𝑥 + 𝑦) − 𝜎, 𝛼1 = −3, 𝛼2 = −(−1 + 2𝛽𝛿 + 𝛽2𝛿2 − 2𝛽]𝛿3 + 𝛿4)/𝜎,
𝛼3 = −(𝛿(−1 + 𝛽𝛿 − 𝛿2))/(𝛽𝜎), 𝛼4 = 1;

in Case (31):

L1 = 𝑥 − 1, L2 = 2𝑎2𝑥 − 𝑎𝑦 + 1, L3 = exp[2(1 + 2𝑎2 − 𝑎𝑦)/(𝑎2(𝑥 − 1))],
L4 = 𝑎𝑥 − 𝑦 − 𝑎, 𝛼1 = −3, 𝛼2 = 1, 𝛼3 = −𝑎2(1 + 2𝑎2), 𝛼4 = 4𝑎4 + 4𝑎2 − 1;

in Case (32):

L1 = 𝑥 − 1, L2 = (4 𝑓 2 + 𝑢2 − 1) (2 𝑓 𝑥 + (1 ∓ 𝑢)𝑦) + 8 𝑓 (1 ∓ 𝑢),
L3 = exp[ (64 𝑓 3 (2 𝑓 (3+4 𝑓 2+𝑢2∓4𝑢)+(1∓𝑢) (4 𝑓 2+𝑢2−1)𝑦) )

( (1∓𝑢) (1+4 𝑓 2+𝑢2−1)3 (𝑥−1) ) ],
L4 = 8 𝑓 2𝑥 + 4 𝑓 (1 ∓ 𝑢)𝑦 + 1 − 4 𝑓 2 − 𝑢2, 𝛼1 = −3, 𝛼2 = 1,
𝛼3 = −(((−1 + 4 𝑓 2 + 𝑢2)2(3 + 4 𝑓 2 ∓ 4𝑢 + 𝑢2))/(128 𝑓 2(𝑢 ∓ 1)2)),
𝛼4 = ((4 𝑓 2 − 1) (7 + 4 𝑓 2) ± 8𝑢(3 − 4 𝑓 2 + 𝑢2) + 𝑢2(8 𝑓 2 + 𝑢2 − 26))/(8(1 ∓ 𝑢)3).

□

Lemma 3.5. The following three sets of conditions are sufficient for the origin (0, 0) to
be a center for the system (3)

𝑎 = 0, 𝑏 = 1, 𝑐 = (3𝛾2 − 2)/(1 − 𝛾2), 𝑑 = 𝛾3/(𝛾2 − 1), 𝑓 = 𝛾/(1 − 𝛾2),
𝑔 = (𝛾2 − 2)/(1 − 𝛾2), 𝑘 = 0, 𝑙 = 𝛾/(1 − 𝛾2), 𝑚 = (2𝛾2 − 1)/(𝛾2 − 1),
𝑛 = −1, 𝑝 = 𝛾/(𝛾2 − 1), 𝑞 = 0, 𝑟 = 0, 𝑠 = 1/(1 − 𝛾2);

(33)
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𝑎 = −𝑘 = 𝛾𝛿(4 + 2𝑐 + 3𝛾2 + 2𝑐𝛾2), 𝑏 = −𝛿(10 + 4𝑐 + 7𝛾2 + 4𝑐𝛾2),
𝑑 = 𝛿((1 + 𝛾2) (9𝛾2 + 6𝑐𝛾2 − 4𝑐) − 8)/𝛾, 𝑓 = 𝑙 = −𝑝 = 𝛾𝛿,

𝑔 = 𝛿(16 + 6𝑐 + 11𝛾2 + 6𝑐𝛾2), 𝑚 = −(𝑐 + 1), 𝑛 = 2𝛿,
𝑞 = 𝛿(24 + 23𝛾2 + 6𝛾4 + 2𝑐(1 + 𝛾2) (10 + 2𝑐 + 5𝛾2 + 2𝑐𝛾2))/𝛾, 𝑟 = 0,
𝑠 = −𝛿(5 + 2𝑐 + 3𝛾2 + 2𝑐𝛾2) (6 + 2𝑐 + 3𝛾2 + 2𝑐𝛾2), 𝛿 = −1/(2(1 + 𝛾2));

(34)

𝑎 = −1/(2𝛾), 𝑏 = 1/2, 𝑐 = −3/2, 𝑑 = −(1 + 2𝛾2)/(2𝛾),
𝑓 = 𝑙 = 𝑛 = 𝑝 = 𝑟 = 0, 𝑔 = −1, 𝑘 = 1/(2𝛾), 𝑚 = 1/2, 𝑞 = 𝛾/2, 𝑠 = 1/2.

(35)

Proof. In this Lemma, the existence of the center is guaranteed by the presence of the
integrating factor of the form

𝜇(𝑥, 𝑦) = L𝛼1
1 L𝛼2

2 Φ𝛼3 ,

where L1, L2 are invariant straight lines and Φ is an invariant conic. Indeed,
in Case (33):

L1 = 𝑥 − 1, L2 = 𝑦 − 𝛽, Φ = 4(1 + 𝛽2) (𝑥 − 1) − (𝑥 + 𝑦𝛽)2,

𝛼1 = −2, 𝛼2 = −1, 𝛼3 = −1/2;

in Case (34):

L1 = 𝑥 − 1, L2 = 𝛾(1 + 𝛾2) + 2𝑦(2 + 𝑐 + 𝛾2 + 𝑐𝛾2) − 𝑥𝛾(5 + 2𝑐 + 3𝛾2 + 2𝑐𝛾]2),
Φ = 4(1 + 𝛾2) − 8𝑥(3 + 𝑐 + 2𝛾2 + 𝑐𝛾2) − 4𝑦𝛾(5 + 2𝑐 + 3𝛾2 + 2𝑐𝛾2)

+(6𝑥 + 2𝑐𝑥 + 𝑦𝛾 + 3𝑥𝛾2 + 2𝑐𝑥𝛾2)2, 𝛼1 = −2, 𝛼2 = −1, 𝛼3 = −1/2;

in Case (35):

L1 = 𝑥 − 1, L2 = 𝛾𝑥 + 𝑦 − 2𝛾, Φ = 2(1 + 𝛾2) − (𝑥 + 𝛾𝑦) (2(1 + 𝛾2) − 𝛾(𝛾𝑥 + 𝑦)),
𝛼1 = −2, 𝛼2 = 1, 𝛼3 = −1.

□
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Lemma 3.6. The following set of conditions is sufficient for the origin (0, 0) to be a center
for the system (3)

𝑎 = −( 𝑓 (1 − 6𝑢2 + 𝑢4))/(2(1 − 𝑢2)2),
𝑏 = ( 𝑓 (1 + 𝑢2)2(1 − 6𝑢2 + 𝑢4) + 32𝑢3(1 − 𝑢2))/(4(1 − 𝑢2)𝑢(1 + 𝑢2)2),
𝑐 = ( 𝑓 (1 − 14𝑢2 + 𝑢4) + 8𝑢(𝑢2 − 1))/(4(1 − 𝑢2)𝑢),
𝑑 = (3 − 𝑢2) (3𝑢2 − 1) ( 𝑓 (1 + 𝑢2)2 + 4𝑢(𝑢2 − 1))/(2(𝑢2 − 1)2(1 + 𝑢2)2),
𝑔 = (2 𝑓 𝑢(1 + 𝑢2)2 + (𝑢2 − 1) (1 + 10𝑢2 + 𝑢4))/((1 − 𝑢2) (1 + 𝑢2)2),
𝑘 = ( 𝑓 (1 − 6𝑢2 + 𝑢4))/(2(𝑢2 − 1)2), 𝑙 = 𝑓 ,

𝑚 = ( 𝑓 (1 − 14𝑢2 + 𝑢4) + 4𝑢(𝑢2 − 1))/(4𝑢(𝑢2 − 1)),
𝑛 = (4𝑢( 𝑓 (1 + 𝑢2)2 − 2𝑢(𝑢2 − 1)))/(𝑢2 − 1) (1 + 𝑢2)2, 𝑝 = − 𝑓 ,
𝑞 = ( 𝑓 (1 + 𝑢2)2(1 + 10𝑢2 + 𝑢4) + 4(𝑢2 − 1)𝑢(𝑢2 − 3) (3𝑢2 − 1))

/(2(𝑢2 − 1)2(1 + 𝑢2)2), 𝑟 = 0,
𝑠 = (𝑢( 𝑓 (1 + 𝑢2)4 + 8𝑢(𝑢2 − 1)3))/((𝑢2 − 1)3(1 + 𝑢2)2);

(36)

Proof. Under the conditions (36), there is an invertible transformation of the form

𝑥 =
𝑎1𝑋 + 𝑏1𝑌

𝑎3𝑋 + 𝐵3𝑌 − 1
, 𝑦 =

𝑎2𝑋 + 𝑏2𝑌

𝑎3𝑋 + 𝐵3𝑌 − 1
, (37)

in a neighborhood of 𝑂 (0, 0), where 𝑎 𝑗 , 𝑏 𝑗 ∈ R, 𝑗 = 1, 2, 3 and 𝑎1𝑏2 − 𝑏1𝑎2 ≠ 0. The
transformation (37) brings the system (3) to the polynomial system

¤𝑋 = 𝑌 + 𝑀 (𝑋2, 𝑌 ), ¤𝑌 = −𝑋 (1 + 𝑁 (𝑋2, 𝑌 )). (38)

This system has an axis of symmetry 𝑋 = 0 and therefore 𝑂 (0, 0) is a center for (38) and
for the initial system (3) (see, [2], pp.29-31).

In Case (36) the transformation (37) looks as

𝑥 =
2𝑢𝑋 + (1 − 𝑢2)𝑌

2𝑢𝑋 − 𝑢2 − 1
, 𝑦 =

(𝑢2 − 1)𝑋 + 2𝑢𝑌
2𝑢𝑋 − 𝑢2 − 1

and the system (38) has the form

¤𝑋 = 𝑌 + (4 𝑓 𝑢2(1 + 𝑢2)4𝑋4 − 𝑋2( 𝑓 (1 + 𝑢2)6 + 16𝑢3(𝑢2 − 1)2(1 + 𝑢2)𝑌−
16𝑢3(𝑢2 − 1)3𝑌2) − 4𝑢(𝑢2 − 1)3(1 + 𝑢2)2𝑌2)/(4𝑢(𝑢2 − 1)2(1 + 𝑢2)3),

¤𝑌 = 𝑋 (1 + (4𝑋2 𝑓 𝑢2(1 + 𝑢2)4(1 + 𝑢2 + (1 − 𝑢2)𝑌 ) + (1 − 𝑢2) (1 + 𝑢2)2( 𝑓 − 8𝑢
+4 𝑓 𝑢2 + 8𝑢3 + 6 𝑓 𝑢4 − 8𝑢5 + 4 𝑓 𝑢6 + 8𝑢7 + 𝑓 𝑢8)𝑌 + (𝑢2 − 1)2(1 + 𝑢2) ( 𝑓 − 4𝑢
+4 𝑓 𝑢2 − 20𝑢3 + 6 𝑓 𝑢4 + 20𝑢5 + 4 𝑓 𝑢6 + 4𝑢7 + 𝑓 𝑢8)𝑌2

−16𝑢3(𝑢2 − 1)4𝑌3)/(4𝑢(−1 + 𝑢4)3).

□
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4. Solution of the problem of the center

4.1. Centers in the conditions (7).

Lemma 4.1. Under the conditions (7) the system (3) has a center at the origin (0, 0) if
and only if the first four Lyapunov quantities vanish 𝐿1 = 𝐿2 = 𝐿3 = 𝐿4 = 0.

Proof. The Lemma 4.1 is proved in {[2], pp. 111–116}. □

4.2. Centers in the conditions (12).

Let 𝛼 = 𝛾 − 𝛽.

Lemma 4.2. When conditions (12) hold, the system (3) has a center at the origin (0, 0)
if and only if the first three Lyapunov quantities vanish 𝐿1 = 𝐿2 = 𝐿3 = 0.

Proof. In conditions (12) the first Lyapunov quantity is 𝐿1 = 𝑓0 𝑓1 𝑓2, where 𝑓0 = 𝛾, 𝑓1 =

𝑐𝛽 + 𝛽 + 𝛾, 𝑓2 = 𝑞𝛽 + (1 + 𝑐) (𝛽 − 𝛾)𝛾 − 𝑐 − 3. If 𝑓0 = 0, then Lemma {3.3, (23)}
and if 𝑓1 = 0, then Lemma {3.1, (15)}. Assume that 𝑓0 𝑓1 ≠ 0 and let 𝑓2 = 0. Then
𝑞 = (𝑐 + 3 + 𝛾(1 + 𝑐) (𝛾 − 𝛽))/𝛽 and 𝐿2 = (𝑐 + 2) (2𝑐𝛽 + 5𝛽 + 𝛾). If 𝑐 + 2 = 0, then
gcd(𝑃,𝑄) = 𝑥 − 1. Let 2𝑐𝛽 + 5𝛽 + 𝛾 = 0 ⇒ 𝛾 = −𝛽(5 + 2𝑐) ⇒ 𝐿3 = 𝑐 + 3 = 0 ⇒
Lemma {3.2, (16)}. □

4.3. Centers in the conditions (13).

Lemma 4.3. Under the conditions {(13), 𝛼 = −𝛽}, the system (3) has a center at the origin
(0, 0) if and only if the first four Lyapunov quantities vanish 𝐿1 = 𝐿2 = 𝐿3 = 𝐿4 = 0.

Proof. The system {(3), (13), 𝛼 = −𝛽 } has the invariant straight lines L1 = 𝑥 − 1, L2 =

𝛽𝑥 + 𝑦 − 𝛽 and the exponential factor L3 = exp[𝑦/(𝑥 − 1)] . For {(3), (13), 𝛼 = −𝛽 } we
calculate at (0, 0) the first four Lyapunov quantities 𝐿1, 𝐿2, 𝐿3 and 𝐿4. In the sequel, in
expressions of Lyapunov quantities we always neglect the non-zero factors. The first one
look as

𝐿1 = 𝑎𝑐 + (𝑐 + 2) 𝑓 .

If 𝑐 = 0, then {Lemma 3.2, (17)}. Let 𝑐 ≠ 0. Then 𝐿1 = 0 ⇒ 𝑎 = − 𝑓 (𝑐 + 2)/𝑐 ⇒ 𝐿2 =

𝑓 (𝑐 + 2)𝑙2, where

𝑙2 = 𝑐3𝛽 + 2𝑐2𝛽 + 6𝑐 𝑓 − 12 𝑓 2𝛽 + 4𝑐 𝑓 2𝛽.

If 𝑓 = 0, then {Lemma 3.3, (23), 𝑞 = 1/𝛽}, and if 𝑐 = −2, then {Lemma 3.3, (24)}.
Suppose 𝑐 𝑓 (𝑐 + 2) ≠ 0. Reducing 𝐿3 by 𝑙2 with respect to the variable 𝑐 we obtain
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𝐿3 = (𝑐 − 2 𝑓 𝛽) (12 𝑓 𝛽 + 𝑐 𝑓 𝛽 − 𝑐). If 𝑐 − 2 𝑓 𝛽 = 0, then 𝑙2 = 𝑓 (1 + 𝛽2) + 𝛽 = 0 ⇒ 𝑓 =

−𝛽/(1+ 𝛽2) ⇒ {Lemma 3.2, (18)}. If 12 𝑓 𝛽 + 𝑐( 𝑓 𝛽 − 1) = 0 ⇒ 𝑐 = 12 𝑓 𝛽/(1− 𝑓 𝛽) ⇒

𝑙2 = 24𝛽2(5 𝑓 𝛽 + 1) + 5( 𝑓 𝛽 − 1)2( 𝑓 𝛽 + 1),
𝐿4 = 15( 𝑓 𝛽 + 1) (17 𝑓 𝛽 − 11) + 50𝛽4(24 − 43 𝑓 2 + 120 𝑓 𝛽) − 2𝛽2(271 + 2290 𝑓 𝛽).

The system {𝑙2 = 0, 𝐿4 = 0} has no real solutions with respect to the unknowns 𝑓 and
𝛽. □

Lemma 4.4. Let the conditions {(13)} hold for the system (3). Then the origin (0, 0) is a
center if and only if the first four Lyapunov quantities vanish 𝐿1 = 𝐿2 = 𝐿3 = 𝐿4 = 𝐿5 = 0.

Proof. Denote 𝛼 + 𝛽 = 𝛾 ≠ 0. Then under the conditions {(13), 𝛼 = 𝛾 − 𝛽} we calculate
the first five Lyapunov quantities. The first one look as 𝐿1 = 𝐴𝑐 · 𝑐 + 𝐵𝑐, where

𝐴𝑐 = 𝛽((𝑎 + 𝑓 ) (1 − 𝛾2) − 𝛾),
𝐵𝑐 = 2𝛽( 𝑓 − 𝛾) − (𝑎 + 𝑓 )𝛾(−1 + 2𝑎𝛽 − 2 𝑓 𝛽 + 3𝛽𝛾 − 𝛾2).

Remark that in conditions {(13), 𝛼 = 𝛾 − 𝛽} the system (3) has the invariant straight
lines L∞ = 𝑥 − 1, L2 = (𝛽 − 𝛾)𝑥 + 𝑦 − 𝛽] and the exponential factor L3 = exp[( 𝑓 𝑦𝛽2 +
𝛾2 − 𝛽𝛾(3 + 𝑐 + 𝑓 𝛽) − 𝑑𝛽 − 1)/(𝑥 − 1)] .

Let 𝐴𝑐 = 0. Then 𝛾2 − 1 ≠ 0 and the system {𝐴𝑐 = 0, 𝐵𝑐 = 0} gives us

𝑎 = 𝛾2(1 + 𝛽𝛾 − 𝛾2)/(2𝛽(1 − 𝛾2)), 𝑓 = 𝛾(𝛾 − 2𝛽 + 𝛽𝛾2 − 𝛾3)/(2𝛽(𝛾2 − 1)).

Substituting the expression of 𝑎 and 𝑓 into 𝐿2, 𝐿3, 𝐿4 and 𝐿5 we obtain that 𝐿2 =

𝛾 𝑓0 𝑓1 𝑓2, 𝐿3 = 𝛾 𝑓0 𝑓1 𝑓3, 𝐿4 = 𝛾 𝑓0 𝑓1 𝑓4, 𝐿5 = 𝛾 𝑓0 𝑓1 𝑓5, where

𝑓0 = 𝑐𝛽(𝛾2 − 1) + 𝛾(𝛾2 + 𝛽𝛾 − 1),
𝑓1 = 4𝛽 − 2𝑐𝛽(𝛾2 − 1) + 𝛾(𝛾2 − 1)2 − 𝛽𝛾2(𝛾2 + 1),
𝑓2 = (3𝛾 − 𝑐𝛽) (𝛾2 − 1) − 2𝛽(3𝛾2 − 1)

and 𝑓3, 𝑓4, 𝑓5 are polynomials in variables 𝑐, 𝛽, 𝛾. If 𝑓0 = 0, then {Lemma 3.2, (19)}, and
if 𝑓1 = 0, then {Lemma 3.3, (25)}.

Assume that (𝛾2−1) 𝑓0 𝑓1 ≠ 0 and let 𝑓2 = 0. From 𝑓2 = 0 we calculate 𝑐 = (6𝛽𝛾2−3𝛾3−
2𝛽 + 3𝛾)/(𝛽(1 − 𝛾2)) and substitute it in 𝐿3, 𝐿4, 𝐿5: 𝐿3 = 𝜑0𝜑3, 𝐿4 = 𝜑0𝜑4, 𝐿5 = 𝜑0𝜑5,

where

𝜑0 = 1 + 𝛽𝛾 − 𝛾2, 𝜑3 = 𝛾(14 + 17𝛾2 − 𝛾4)𝛽 + (1 − 𝛾2) (2 + 9𝛾2 − 𝛾4),
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and 𝜑4, 𝜑5 are polynomials in 𝛽, 𝛾. If 𝜑0 = 0, then {Lemma 3.4, (27)}, and if 𝜑3 = 0,
then 𝛽 = (𝛾2 − 1) (2 + 9𝛾2 − 𝛾4)/(𝛾(14 + 17𝛾2 − 𝛾4)) ⇒

𝜑4 = 212 − 976𝛾2 + 149𝛾4 + 39𝛾6 − 21𝛾8 − 3𝛾10,

𝜑5 = 341744 + 8972240𝛾2 + 20117464𝛾4 − 330716296𝛾6 + 161032455𝛾8

−51877847𝛾10 − 26524163𝛾12 + 4576265𝛾14 + 470531𝛾16 − 577165𝛾18

−126177𝛾20 − 8877𝛾22 − 174𝛾24.

The polynomials 𝜑4 and 𝜑5 have no common solutions.
Let now 𝛽𝛾𝐴𝑐 ≠ 0 and express 𝑐 from 𝐿1 = 0. Substituting

𝑐 = (2𝛽( 𝑓 − 𝛾) − 𝛾(𝑎 + 𝑓 ) (2𝑎𝛽 − 2 𝑓 𝛽 + 3𝛽𝛾 − 𝛾2 − 1))/(𝛽(𝛾 + (𝑎 + 𝑓 ) (𝛾2 − 1)))

in 𝐿2, 𝐿3, 𝐿4 and 𝐿5 we obtain that 𝐿2 = 𝜓0𝜓2, 𝐿3 = 𝜓0𝜓3, 𝐿4 = 𝜓0𝜓4, 𝐿5 = 𝜓0𝜓5,

where

𝜓0 = ((𝛽 − 𝛾)𝛾3 − 2𝛽( 𝑓 − 𝛾 − 𝑎𝛾2) − 𝛾2) (𝑎𝛽𝛾 + (𝑎 + 𝑓 ) (𝑎𝛽 − 𝛾2 − 𝑓 𝛽𝛾2)),
𝜓2 = 𝐴𝛽 · 𝛽 + 𝐵𝛽 ,

𝐴𝛽 = 2 𝑓 + 2(𝑎 + 𝑓 ) (2 𝑓 𝛾 − 1) + 2(𝑎 + 𝑓 )2( 𝑓 − 4𝛾 + 𝑓 𝛾2) + (𝑎 + 𝑓 )3(3 − 5𝛾2),
𝐵𝛽 = (𝑎 + 𝑓 ) ((𝑎 + 𝑓 ) (3 − 𝛾2) − 2𝛾)

and 𝜓3, 𝜓4, 𝜓5 are polynomials in 𝑎, 𝑓 , 𝛽, 𝛾. If 𝜓0 = 0, then {Lemma 3.2, (20)}. Let
𝜓0 ≠ 0. If 𝑎 + 𝑓 = 0, then 𝜓2 = 0 ⇒ 𝑎 = 𝑓 = 0 ⇒ gcd(𝑃,𝑄) = 𝑥 − 1 ≠ 1. The system
{𝐴𝛽 = 0, 𝐵𝛽 = 0, 𝛾(𝑎 + 𝑓 ) ≠ 0} ⇒ gives us

𝑎 = 4𝛾3/((𝛾2 − 3) (9 + 𝛾2)), 𝑓 = 6𝛾(3 + 𝛾2)/((3 − 𝛾2) (9 + 𝛾2))

⇒ 𝜓3 = 𝜂0𝜂3, 𝜓4 = 𝜂0𝜂4, 𝜓5 = 𝜂0𝜂5, where

𝜂0 = 3 + 2𝛽𝛾 − 𝛾2, 𝜂3 = 16𝛾(9 + 9𝛾2 + 𝛾4)𝛽 − (𝛾2 + 9) (𝛾2 − 3) (1 + 3𝛾2).

If 𝜂0 = 0, then {Lemma 3.4,(28)}. If 𝜂3 = 0, then 𝛽 = (𝛾2−3) (9+𝛾2) (1+3𝛾2)/(16𝛾(9+
9𝛾2 + 𝛾4)) and

𝜂4 = 1359 − 3582𝛾2 − 1524𝛾4 − 178𝛾6 − 11𝛾8,

𝜂5 = 399256533 + 7147083924𝛾2 + 16160765949𝛾4 − 88245537822𝛾6

−98340968934𝛾8 − 42412220400𝛾10 − 10500825742𝛾12 − 1982042948𝛾14

−323807311𝛾16 − 38802452𝛾18 − 2858767𝛾20 − 107822𝛾22.

The polynomials 𝜂4 and 𝜂5 have not common roots.
Suppose now that 𝛽𝛾( 𝑓 + 𝑎)𝐴𝑐𝐴𝛽 ≠ 0. From 𝜓2 = 0 we express 𝛽 : 𝛽 = −𝐵𝛽/𝐴𝛽

and substitute it in 𝜓3, 𝜓4, 𝜓5. We obtain: 𝜓3 = 𝛿0𝛿3, 𝜓4 = 𝛿0𝛿4, 𝜓5 = 𝛿0𝛿5, where

𝛿0 = 𝑎 − 𝑓 (𝑎 + 𝑓 )2 + (𝑎 + 𝑓 ) (3𝑎 + 𝑓 )𝛾 + (𝑎 + 𝑓 )2(2𝑎 + 𝑓 )𝛾2.
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First we will examine the equality 𝛿0 = 0. Each of the following three sets 1) { 𝑓 =

0, 𝑎 = −(1/𝛾)}, 2) { 𝑓 = 0, 𝑎 = −1/(2𝛾)}, 3) { 𝑓 = −2𝑎 ≠ 0, 𝛾 = (1+2𝑎2)/𝑎} vanish 𝛿0.

In the case 1) (respectively, 2), 3)) we have Lemma {3.2, (16), 𝛽 = −1/𝛾} (respectively,
Lemma 3.5, (35), Lemma 3.4, (31)). Suppose 𝑓 ( 𝑓 +2𝑎) ≠ 0 and 𝑎 = (𝑢2−4 𝑓 2−1)/(8 𝑓 ).
Then 𝛿0 = 0 ⇒ 𝛾 = 2 𝑓 (3 + 4 𝑓 2 ∓ 4𝑢 + 𝑢2)/((−1 ± 𝑢) (4 𝑓 2 + 𝑢2 − 1)) ⇒ Lemma 3.4,
(32).

Let 𝛿0 ≠ 0 and 𝛿3 = 𝛿4 = 𝛿5 = 0. Suppose that R0 = 0, where R0 = (𝛾2 −
3) (9 𝑓 + 6𝛾 + 𝑓 𝛾2) + 36𝛾. Taking into account that 𝛾 ≠ 0, the equality R0 = 0 gives us
𝑓 = 6𝛾(3 + 𝛾2)/((3 − 𝛾2) (9 + 𝛾2)). Substituting the expression of 𝑓 in 𝛿3, 𝛿4, 𝛿5, we
obtain: 𝛿3 = Δ0Δ3, 𝛿4 = Δ0Δ4, 𝛿5 = Δ0Δ5, where

Δ0 = (3 − 𝛾2) (9 + 𝛾2)𝑎 + 4𝛾3,

Δ3 = 5𝑎2(𝛾2 − 3)2(1 + 𝛾2) (3 + 𝛾2) (9 + 𝛾2)2−
8𝑎𝛾(𝛾2 − 3) (9 + 𝛾2) (117 + 129𝛾2 + 49𝛾4 + 5𝛾6)+
6(3 + 𝛾2) (81 + 702𝛾2 + 540𝛾4 + 186𝛾6 + 11𝛾8)

and Δ4, Δ5 are polynomial in 𝑎, 𝛾 (here and in the future we neglect the nonzero factors).
If Δ0 = 0, then 𝛿0 = 0. We calculate the following two resultants with respect to the
variable 𝑎:

𝑅𝑎43 ≡ 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 [Δ4,Δ3, 𝑎] = −5314410 − 10333575𝛾2 − 10482291𝛾4

−7030476𝛾6 − 3361176𝛾8 − 757026𝛾10 + 22734𝛾12 + 52740𝛾14 + 11850𝛾16

−5775𝛾18 + 605𝛾20,

𝑅𝑎53 ≡ 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 [Δ5,Δ3, 𝑎] = −204368836893016410 − 78124852045047566745𝛾2

−163756066096342731222𝛾4 − 96691944562452884637𝛾6

−65295919868671875114𝛾8 − 231514833275418305043𝛾10

−349818971483621819394𝛾12 − 225165183477638890419𝛾14

+8096548601981725416𝛾16 + 156133967087099004714𝛾18

+157409522222069149956𝛾20 + 75314811652151245182𝛾22

+4169565994499890092𝛾24 − 20155578686541419814𝛾26

−15882244595493905700𝛾28 − 6818058573715824678𝛾30

−1850109425790483978𝛾32 − 301146961631290581𝛾34

−12297992828350350𝛾36 + 8047908867120815𝛾38 + 2104984082966110𝛾40

+224322029461865𝛾42 − 66037811138170𝛾44 − 14404146643895𝛾46

+4307153529500𝛾48 + 103033012500𝛾50

and the resultant with respect to the variable 𝛾 : 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 [𝑅𝑎53, 𝑅𝑎43, 𝛾] ≠ 0. There-
fore, the system {Δ3 = 0,Δ4 = 0,Δ5 = 0} is incompatible in rapport with the variables 𝑎
and 𝛾.
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In what follows, in this subsection we will consider 𝛿0R0 ≠ 0 and using the resultants we
solve the system of polynomials equations in 𝑎, 𝑓 , 𝛾 : 𝛿3 = 0, 𝛿4 = 0, 𝛿5 = 0. The system
𝑓 = 0, 𝛿3 = 0, 𝛿4 = 0, 𝛿5 = 0, 𝛿0 ≠ 0 has not real solutions. Eliminating nonzero factors
such as 𝑓 , 𝛾, 1+𝛾2, 3+𝛾2, 1+3𝛾2, 2+𝛾2, 403+1741𝛾2 +522𝛾4, 72361+91494574𝛾2 +
2288596483𝛾4 + 5776070816𝛾6 + 5787798803𝛾8 + 2797313270𝛾10 + 652276861𝛾12 +
63507100𝛾14 + 2102500𝛾16, 61009 + 540628𝛾2 + 1380646𝛾4 + 606612𝛾6 + 165105𝛾8,

we calculate the resultants:

R𝑎43 = 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 [𝛿4, 𝛿3, 𝑎], R𝑎53 = 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 [𝛿5, 𝛿3, 𝑎],
R𝑎54 = 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 [𝛿5, 𝛿4, 𝑎],R𝑎 𝑓1 = 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 [R𝑎53,R𝑎43, 𝑓 ],
R𝑎 𝑓2 = 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 [R𝑎54,R𝑎43, 𝑓 ] .

The polynomials in 𝛾 : R𝑎 𝑓1,R𝑎 𝑓2 have only the following common real solutions
𝛾 = ±1, 𝛾 = ±

√
5. If 𝛾 = ±1, then

R𝑎43 = 0, R𝑎53 = 0,R𝑎54 = 0 (39)

⇒ 𝑏 = 0, and if 𝛾 = ±
√

5, then (39) has not real solutions. □

4.4. Centers in conditions (14).

Lemma 4.5. In the conditions (14) the system (3) has a center at the origin (0, 0) if and
only if the first three Lyapunov quantities vanish 𝐿1 = 𝐿2 = 𝐿3 = 0.

Proof. Let 𝛼 = 𝛾 − 𝛽. For the system {(3), (14)} we calculate at (0, 0) the first three
Lyapunov quantities 𝐿1, 𝐿2 and 𝐿3. The Lyapunov quantity 𝐿1 looks as 𝐿1 = 𝑓0 𝑓1, where

𝑓0 = 2(𝑐 + 2)2𝛽𝛾 + (𝑐 + 2) (1 + 𝑑𝛽 − 𝑓 𝛽 + 4 𝑓 𝛽𝛾2) + 𝑓 𝛽𝛾(𝑑 − 2 𝑓 + 2 𝑓 𝛾2),
𝑓1 = 1 + 𝑑𝛽 + 𝑓 𝛽 + 3𝛽𝛾 + 𝑐𝛽𝛾 − 𝛾2 + 𝑓 𝛽𝛾2.

If 𝑓0 = 0, then Lemma {3.2, (21)}. Let 𝑓1 = 0. Then

𝑑 = −(1 + 𝑓 𝛽 + 3𝛽𝛾 + 𝑐𝛽𝛾 − 𝛾2 + 𝑓 𝛽𝛾2)/𝛽 ⇒ 𝐿2 = 𝐴𝛽𝛽 + 𝐵𝛽 ,

where

𝐴𝛽 = 10 + 9𝑐 + 2𝑐2 − 2 𝑓 2 + 17 𝑓 𝛾 + 8𝑐 𝑓 𝛾 + 6 𝑓 2𝛾2, 𝐵𝛽 = 𝛽 + 2𝛾 + 𝑐𝛾 + 𝑓 𝛾2 − 𝑓 .

If 𝐴𝛽 = 0, 𝐵𝛽 = 0, then 𝑐 = −(5 + 3𝛾2)/(2(1 + 𝛾2)), 𝑓 = −𝛾/(2(1 + 𝛾2)) ⇒ 𝐿3 =

𝛽 − 𝛾 = 0 ⇒ Lemma {3.5, (33)}.
Let now 𝐴𝛽 ≠ 0. Then 𝐿2 = 0 ⇒ 𝛽 = −𝐵𝛽/𝐴𝛽 ⇒ 𝐿3 = 𝜑1𝜑2𝜑3, where

𝜑1 = 2 𝑓 + 𝛾 + 2 𝑓 𝛾2, 𝜑2 = 4 + 4𝑐 + 𝑐2 − 𝑓 2 + 8 𝑓 𝛾 + 4𝑐 𝑓 𝛾 + 3 𝑓 2𝛾2,

𝜑3 = 6 + 5𝑐 + 𝑐2 − 𝑓 2 + 9 𝑓 𝛾 + 4𝑐 𝑓 𝛾 + 3 𝑓 2𝛾2.
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If 𝜑1 = 0, then Lemma {3.5, (34)}. Denote 𝛾(𝑢) = (1 − 6𝑢2 + 𝑢4)/(4𝑢(𝑢2 − 1)). Then
𝜑2 = 𝜑21𝜑22/(16𝑢2(𝑢2−1)2),where 𝜑21 = 𝑓 −8𝑢−4𝑐𝑢−14 𝑓 𝑢2+8𝑢3+4𝑐𝑢3+ 𝑓 𝑢4, 𝜑22 =

3 𝑓 − 8𝑢 − 4𝑐𝑢 − 10 𝑓 𝑢2 + 8𝑢3 + 4𝑐𝑢3 + 3 𝑓 𝑢4. If 𝜑21 = 0, then Lemma {3.6, (36)}. The
case {𝛾(𝑢), 𝜑22 = 0} is reduced by transformation 𝑢 = (𝑣 − 1)/(1 + 𝑣) to the case
{𝛾(𝑣), 𝜑21 |𝑢=𝑣 = 0}.

Let now 𝜑3 = 0 and put 𝛾 = ( 𝑓 − 𝛿 − 𝑓 𝛿2)/(2 𝑓 𝛿). Then 𝜑3 = 𝜑31𝜑32/(4𝛿2), where
𝜑31 = 𝑓 + 3𝛿 + 2𝑐𝛿 − 3 𝑓 𝛿2 and 𝜑32 = 3 𝑓 + 3𝛿 + 2𝑐𝛿 − 𝑓 𝛿2. From 𝜑31 = 0 we calculate
𝑐 : 𝑐 = (3 𝑓 𝛿2−3𝛿− 𝑓 )/(2𝛿) ⇒ 𝛽 = −( 𝑓 +𝛿+ 𝑓 𝛿2)/(2 𝑓 𝛿) ⇒ 𝑓 = −𝛿/(1+2𝛽𝛿+𝛿2) ⇒
Lemma {3.4, (29)}. In the case 𝜑32 = 0 we have 𝑐 = ( 𝑓 𝛿2 − 3 𝑓 − 3𝛿)/(2𝛿) ⇒ 𝛽 =

( 𝑓 − 𝛿 + 𝑓 𝛿2)/(2 𝑓 𝛿) ⇒ 𝑓 = 𝛿/(1 − 2𝛽𝛿 + 𝛿2) ⇒ Lemma {3.4, (30)}.
□

The statement of the Main Theorem follows from Lemmas 4.1 − 4.5.
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[5] Puţuntică, V., Şubă, A. Cubic differential systems with affine real invariant straight lines of total
parallel multiplicity six and configurations (3(m),1,1,1). Acta et Commentationes. Exact and Natural
Sciences, 2018, vol. 6, no. 2, 93–116.
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[9] Şubă, A. and Cozma, D. Solution of the problem of the center for cubic differential system with three
invariant straight lines in generic position. Qualitative Theory of Dyn. Systems, 2005, vol. 6, 45–58.
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