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The problem of the center for cubic differential systems with
two affine non-parallel invariant straight lines of total
multiplicity three

ALEXANDRU SUBA

Abstract. In this paper, we show that a center-focus critical point of cubic differential
systems with two affine non-parallel invariant straight lines of total multiplicity three is
a center type if and only if the first five Lyapunov quantities vanish.
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Problema centrului pentru sistemele diferentiale cubice cu
doua drepte afine invariante si concurente de multiplicitate
totala trei

Rezumat. In aceastd lucrare se aratd ca punctul critic de tip centru-focar al sistemelor
diferentiale cubice cu doud drepte afine invariante i concurente de multiplicitate totald
trei este centru, dacd si numai dacd primele cinci marimi Liapunov se anuleazd.

Cuvinte-cheie: sistem diferential cubic, dreaptd invariantd multipld, problema centrului.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We consider the real polynomial differential systems
TPy, D=0y, edp0)=1 )

and the vector fields X = P (x, y) 3% + 0 (x,y) % associated to systems (1).

Denote n = max {deg (P),deg (Q)}. If n = 2 (respectively, n = 3, n = 4), then the
system (1) is called quadratic (respectively, cubic, quartic).

An algebraic curve f(x,y) =0, f € C[x,y] (afunction f = exp[%], g, heClx,y])
is called invariant algebraic curve (exponential factor) of the system (1) if there exists a
polynomial Ky € C[x, y], deg(Ks) < n—1 such that the identity X(f) = f(x,y)Kr(x,y)
holds. In particular, a straight line L = ax + By +vy =0, a,8,y € C is called
invariant for the system (1) if there exists a polynomial K, € C|x, y] such that the
identity aP(x,y) + BQ(x,y) = (ax + By + V)Kr(x,y), (x,y) € R?, ie. X(L) =
L(x,9)Kz(x,y), (x,y) € R?, holds. If a straight line £ is described by the equation
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y =ax+ B, 8 # 0 (respectively, x = @), then L is invariant for (1) if the following

identity in x:
(aP(x,y) - O(x, Y))ly:ax+ﬁ =0 ()

(respectively, in y: P(a,y) = 0) holds.

If m,(L) (respectively, m,(L)) is the greatest natural number such that Lmp (L)
(respectively, £™«(L)) divides X(L) (respectively, E(X) = P - X(Q) — Q - X(P)), then
we say that the invariant straight line £ has parallel multiplicity (algebraic multiplicity,
or in brief, multiplicity) m, (L) (respectively, m,(L)).

Remark 1.1. 1 <m,(L) <nand m,(L) < my(L).

The number m; (L) = mq(L) —m, (L) + 1 is called transversally multiplicity of the
line L.

Some notions on multiplicity (algebraic, integrable, infinitesimal, geometric) of an
invariant algebraic line and its equivalence for polynomial differential systems are given
in [1].

The cubic differential systems with multiple invariant straight lines (including the line
at infinity) were studied in [5], [6], [10], [11], [12], [14].

Let f1,..., fr (fr+1 = exp(gr+1/hr+1),- .., fs = exp(gs/hs)) be invariant algebraic
curves (exponential factors) of (1) and let K fis J = 1, s, be its cofactors [2]. The system
(1) is called Darboux integrable if (1) has a first integral (an integrating factor) of the
form F(x,y) = f" - " (u(x,y) = f"-- f*), a; €C, j = 1, s. Note that the
constants a1, . . ., @ are not all equal to zero.

Itis easy to show that F(x, y) (u(x,y))isaDarboux first integral (a Darboux integrating
factor) if and only if the following identity

ale1+a'2Kf2 R 02 Kf\:()
(alel +a2Kf2 +CZSKf\ + E)x + — = 0)

holds in x and y.

In this work we consider the cubic systems of the form
X =y+ax®+cxy+ fy? + kxd + mx?y + pxy? +ry’ = P(x,y),
y = —(x +gx% +dxy + by? + sx3 + gx%y + nxy? +1y%) = Q(x, ), (3)
ged(P, Q) = 1.
The critical point (0, 0) of the system (3) is of a center-focus type, i.e. is either a focus

or a center. The problem of distinguishing between a center and a focus is called the

problem of the center or the center-focus problem.

19



THE PROBLEM OF THE CENTER FOR CUBIC DIFFERENTIAL SYSTEMS

It is known that (0, 0) is a center for (3) if and only if the system has a nonconstant
analytic first integral F'(x, y) (an analytic integrating factor u(x, y)) in a neighborhood
of (0,0). Also, it is known that there exists a formal power series F(x,y) = x> +
v+ 2j>3 Fj(x,y) such that the rate of change of F(x,y) along trajectories of (3) is a
linear combination of polynomials {(x? + y?)/ };°:2, ie. Cfl—f = 2;12 Lj_ (x* + y?)/. The
quantities L;, j = 1, oo, are polynomials with respect to the coefficients of the system (3),

called to be the Lyapunov quantities. For example, the first Lyapunov quantity looks as
Li=(bd-ac+2bf—-2ag+dg—cf+3k-31+p-q)/4

The origin (0, 0) is a center for (3) ifand only if L; = 0, j = 1, co.

The problem of the center is completely solved for quadratic systems (k =/ =m =n =
p =q =r =5 =0)[4] and for symmetric cubic systems (a =b=c=d = f =g =0)
[8]. For other polynomial differential systems the necessary and sufficient conditions for
the center-focus critical point to be a center were obtained in some particular cases (see,
for example, [2], [7]).

The problem of coexistence in cubic systems of the distinct invariant straight lines and
critical points of center type was studied in [2], [3], [9]. In [3] (see also [2]) it was
proved that if the cubic system (3) has four distinct invariant straight lines of the form
l+apx+Bjy=0,j=1234 (yxix =0,1+ajx+p;y =0, =1,2) and the
Lyapunov quantity vanishes: L; = 0 (L; = L, = 0), then the origin is a center. In the
cases when (3) has three distinct invariant straight lines then (0, 0) is a center if the first
seven Lyapunov quantities vanish L; =0, j =1,...7.

In this article we investigate the problem of the center for (3) with two invariant affine

straight lines of total multiplicity three. Our main result is the following one:

Main Theorem. Let the cubic system have two distinct affine non-parallel invariant
straight lines L1, L and a critical point Mo(xo, yo) with pure imaginary eigenvalues.
If m(Ly) =2, then My is a center if and only if the first five Lyapunov quantity vanishe
(Li=Ly=Ls=1Ly=Ls=0).

2. CONDITIONS OF THE EXISTENCE OF INVARIANT STRAIGHT LINES

Let the system (3) have an invariant straight line £;. Using a transformation of the
form x — w(xcosa — ysina), y — w(xsina + ycosa), we do L] to be described by the

equation £ = x — 1 = 0. The identity P(1,y) = 0 gives us

k=—-a,m=-c-1,p=—-f,r=0. (@Y)
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For system {(3), (4)} the identity (2) has the form
Ap+ Ax + Aox® + Asx® =0,

where
Ao = —B(a +bB + fap +1p%),
Al =-1—-0a?—(d+2ba+ca+2fa®)B - (n— fa+3la)p,
Ar=—g—qgB—ala+d-B-cB+2nB)—a*(b+c—-2fB+3IB) - fa?,
As=-s+(a—-q)a+ (1 +c—n)a*+(f-Da’.

The system {Ag =0,A; =0,A; =0, A3 =0, 8 # 0} has the solution

g=ald+ca—a)-(g—a-ca)B+a2-a?)/B,
l=—(a+bB+ fap)/B
n=fa+2a’>-1-B(d-ba+ca- fa?)/p,
s=ala—qg+a+ca)+a’(d+ca)/B+a*(l-a?)/B>

(&)

Therefore, the system {(3),(4),(5)} has the invariant straight lines £L; = x—1=0, £, =
ax—-y+p8=0,8+0.

The invariant straight line £ has parallel multiplicity two if P(1,y)|{4),5); = 0, i.e.
if

a=c+2=f=0. (6)

The equalities {(4), (5), (6)} give us the first set of conditions

a=c+2=f=k=m—-1=p=r=0,1=—-(a+bp)/B,

g = (2a—a(a+p)* +p(da—qp)/B.n=(2a* —dB +2aB +bap - 1)/p% ()

s = a(a - ala + B)* + B(da - qB))/ B,

so that, the straight lines £, £, are invariant for (3) and m, (L) = 2.
If mg(L1) =2 >mp(L1) =1, then it is necessary that x? divide for {(3),(4),(5)} the

polynomial

K(x,y) = x(ax = y)(y* (@ + b + faB + [B) —xy(a® — dB — caB — B* — cf* 1)
+x2(af —a+ dafB + cazﬁ + aﬂz - q,82 + aﬁz + cafﬂz))/ﬁz.

This implies that
b=-fla+p)-alB. ®)

Taking into account (4) and (5), we obtain that

BHEX) /(-1 +2)(=y +xa + B))|x=1 = i(») (),
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where

i) =a® —a-B( +da+ca*-qB+aB + caP)
+(@>=1-B(d+a+ca)y+ B>y,

H(y) =ap*(d+q—a)+(c+2)(a+B)(a —a—-B—daf+2*B+qB* +ap’)
—af(c+2)*(a+B)>+2((a® - 1)(a+ fa?) — Bad — aa + 2fa + df a?
-3fa?) - fB*(1 + aa + da — qa — 3a?) — B (a—q - )
—Blc +2)(a +p)(a+ fa’ + fap)y(fp*(a—d-q)
+He+2)(@® —1~dB+aB~ fap’ ~ fB°) - Bla + B)(c +2)*)y*.

If {fi(y) =0, B # 0}, then gcd(P, Q) = x — 1, i.e. the system (3) is degenerate.

In the case {f2(y) = 0, 8 # 0} we obtain the equalities (6) and the following three set

of solutions

a=—(c+2)(a+p),d=(a+p)(@-2-cB)-1)/B,f=0; )
d=((a+p)(a-2B8-cB)-1)/B. q=(1-a*+aB-ap)/B; (10)
a=—(a+B)2+c+ fa+ fB),q=—(df*>+2B(d+a+2pB)

+(c+2)(1 —a?) +cB(d +3a + 4p) (11)

+B(a + B)(c* +4fB+2cfB) + [2B*(a + B/ (fB).
Equalities (6) lead us to a particular case of the set (7) and each of the equalities (9),
(10), (11), together with (4), (5) and (8) give us, respectively, the following three series

of conditions
a=-2+c)a+p),b=-a/B.d=((a+p)a-28-cp)—-1)/B,f =0,
g=(a+aB(c+1)(a+pB) —qﬂz)/ﬁ,k =-a,l=0m=-c—-1,r =0, (12)

n=(a+2B+cP)/B.p=~-f.s=—(a(gB+ (a+p)(a+2B+cp)))/B;

b=—(a+faB+fB*)/B,d=((a+p)(a-28-cB)~1)/m=~c~1,
g=(a-B-aaB-ap’)/B.k=~a,l=fn=(a+2B+cp)/B (13)
p=_f’q= (1—(1’2+dﬂ—(1’,8)/ﬁ,1":0,5=—Q’/B;

a=—(a+B)2+c+ fa+ fB).b=—(a+ faB+[B*)/B.r =0,
g§=Q2fa+(c+2)(1+dp)+ (a+p)df—(c+2)(a-2B-cp))
—f(a+pB)*(a—48-2cp) + f*B(a+B))/(fB).k = —a.l = f,
n=—-(1-a?>+dB+caB)/B*p=—fq=—(df*+2B(d+a+2B)
+(c+2)(1—a®) +cB(d+3a+4PB) + B(a + B)(c> +4fB +2cfP)
+2B*(a + B /(fB7),s = a(fa +2dB +2B(a +2B) + (c +2)(1 - a?)
+cB(d +3a +4B) — (a + B)(f(a - 2p)(a + B) — B(c* + df))
+efBla+ BN/ (fB).m=-c—1

such that the straight lines £, £, are invariant for (3) and m, (L) > 2.

(14)
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3. SUFFICIENT CONDITIONS OF THE CENTER

Lemma 3.1. The following set of conditions is sufficient for the origin (0, 0) to be a center
for the system (3)

a=y(y=B)/B.b=(B-y)/B.c==(B+y)/B.d=(2y*-2By-1)/B,
f=0,g=(B-NG*-1)—-aB/B.k=y(B-y)/B.1=0,m=7y/B, (15)
n=0,p=0,r=0,5=q(B-7);

Proof. In conditions (15) the system (3) has the integrating factor of the form
ulx,y) = LML,
where L1=x—-1, Lo=B-y)x+y—p, a1 =-2,a=-1. O

Lemma 3.2. The following six sets of conditions are sufficient for the origin (0,0) to be

a center for the system (3)

b=f=g=l=p=g=r=s5=0.d= (g ~1)/B. 6
a-fB=c+3=k+p=m-2=n+1=0;
b=1a =Y, =_1 s =y, =_29k=_7l=’

c=0,d /B, f=0,¢g a 0 (17

m=-1,n=1,p=0,g=(1+aB)/B,r=0,5s =1;

a=-1/(B(1+p%),b=1,c==-2p%/(1+p>.,d=~-1/B,f =-B/(1 +B%),
g=-2k=1/(B(1+p%),l=-p/(1+p%),m=(B>-1)/(1+p, (18)
n=1=-p/1+p%,p=B/(1+p>.q=p/(1+p>),r=0,5=1;

a=y*(1+By-y)/2B1-y)).c=yBy+ v - 1)/(B(1-»?)),
b=(B-7(*-1DH*-2) -By)/(2B(1 -y?),
d=(y(B-y)2y*-3)-1)/(B(1 —¥?),
f=y((B-y)*-1)-B)/(2B(y* - 1)),
g==-2(B-F*-1)=-B/2B(H*-1)),
k=y*(1+By-y)/2B(y* - 1)).,r=0,5=(B-7)/B
L=y((B-y)(¥*=1)=B)/(2B(y* - 1)),
m=B-y+y)/(By*-1).n=1/(1-%),
p=y((B-7)*-1)-p)/2B(1-y%),
g=0+By-y)(y*-2)/(2B(* - 1));

(19)
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b=B-y-rIBy)/B
c=QB(f-y)—vy(a+[f)Q2aB-2fB+3By —v* - 1)/(Bly
+(a+ )Y -1)), d=(Ba-y)(B-y)y-y(1 - fB+3fy)
+(a+ f)(1 +2aBy* - 2fBy* )/ (B(y + (a + ) (¥* = 1)),
g§=-2B-apy)/B. k=-al=f m=(Bla-f+y)+ (20
y(a+ f)(=1+2aB-2fB+2By —y*)/(Bly + (a+ f)(¥* - 1))),
n=((1+2y(a+ N+ fB—aB-By)/(Bly+ (a+f)(y* - 1)),
p=—frq=0+aB+By—-y)/B.r=0,s=(B-7)/B
(B=-v*=2B(f =y —ay?) —=y*)(aBy + (a+ f)(aB - y* - [By?)) = 0;

a=-y(c+2+fy), b=B-y-f BB k=y(c+2+ fy), =],
g=By(c+2)?+(c+2)(1+dB+ By —y*+2fBy) + f(B-7)(¥*-2)
+dBy + fBY)/(fB). n=((B=y)(B+cB—-vy)—dB-1)/B,
m=-c—1,p=—f,q=—((c+2)*By+(c+2)(dB + By +2fB*y - ¥* 1)
+1) + fB2(d + f¥y*) (B, r =0, s =(y — B)((c +2)*By
+(c+2)(L+dB+ By —y* + fByY) +df By f(B—-v)(¥* - D)/ (fB),
2c+27°By + (c+2) (1 +dB— fB+4fBY) + fBy(d = 2f +2f¥?).

Proof. In each of the sets of conditions (16)—(21), the system (3) has the integrating factor

of the form

ulx,y) = LI LPLY (22)

and therefore, in all cases the origin (0,0) is a center for (3). Indeed,
in Case (16):

Li=x-1,Ly=y-BL3=By+1,a1=-3,a0=-l,a3 = 1;

in Case (17):
Li=x-1,Ly=px+y-p, Lz =exply/(x - 1],
ay =2aB-2B> -1,y =2B% - 2aB -1, a3 = -28;
in Case (18):
Li=x—-1, L=pc+y—B, Ly=px+py-p~1,
a1 =-3, ar =1, az = -2;
in Case (19):

Li=x-1, Ly=exp[By(y - y)2B -y - By* +¥)/2(* - D(x-1)],
Lo=B-yx+y-8 a=(1-282y-8) -7 (y-B>/(*-1),
a =1+ B-y2*-2)/(*-1), az = -2/(By);
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in Case (20):

Ly=B-y)x+y-B Lz=exp[(fB*(y-7y)/(x-1)],

ar = (2B*(y - B)y*f* + B(2ap* + 3y — 2aBy — 2By* +y* + 2aBy’
+B%y° = ByH f + y(aB - 2a*B* - 3By — aB*y + y* — apBy*
+B%y* =28y +yM) [ (By(y + (a + f)(¥* - 1)),

a = 2B(B—y)V 2+ (v = 2aB* + 2aBy + 2By* = 3y° = 2aBy’
-B*y + By f +y(a +2a°B -y + aBy - 3ay* - By*
+¥)/(y(y + (a+ f)(¥* - 1)),

az = (2aB - y* =2fBy* + By =¥/ (BHy(y + (a+ f)(¥* = 1));

in Case (21):

Li=x-1,L=B-y)x+y-p,

L3 =exp[(fB*y +y* —dB 3By —cBy - [By - 1)/ (x - )],

a1 = —((c +2)2B2y(1 +2y%) + Blc + 2)(2B%* = 2y* + (1 + dB) (1 + 3y?)
+fB(B> +2y*(1 + B> +9%))) + B2yd® + Byd(3 + 2f B+ B> + [B° — ¥*
+21By?) = 2y(=(1 + fBY(1 + fB° + [B°y?) = 287 +v* + fBY")/ (B*Y).

a2 =B(c+2)(fB+2y* +2fByH) +y(1 + fB(d +2f +2f¥yH) /v,

az = —B(c+2)(1+2y%) + 2y +dBy + 2fBy(1 + ¥») [ (B*y).

Lemma 3.3. The following three sets of conditions are sufficient for the origin (0, 0) to

be a center for the system (3)

a=0,b=1,d=-1/8,f=0,g=-1-¢gB, k=0,

(23)
I=0,m=-1-c,n=14+¢,p=0,r=0,5 = ¢gB;

a=0,b=1,c=-2,d=-1/B,g=-2,k=0,l=f,

(24)
m=1l,n=-1,p=-f,q=1/B,r=0,5s =1;
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a=y*(1+By-yH)/(2B(1-%),

b=(2B+By (Y -4 —y(y* - D(¥*-2))/(2B(1 - ¥?)),
c= (B +2y° + Byt =y’ —4B8-y)/(2B(1 - ¥?)),

d= ' =By -4+ (1+By)(5v* - 2))/(2B(1 - ¥?)),
f=vBy* =7y -28+7)/(2B(y* - 1)),

g=(r=-2By* -7 -28+y)/2B(H* - 1)),
k=y*(1+By -yH)/(2B(y* - 1)),

L=y(By* =y’ =2B+7)/(2B(y* - 1)),

m=2B+y(y* -1 - By —1)/(2B(1 - ¥?)),
n=1+y)((B-7G*-1)-B)/2B(1-?),
p=y((B-y)(¥*-1)-B)/(2B(1 -y?)),
qg=0+By=-yH(¥*-2)/2B(* - 1),r=0,5= (B-7)/B.

Proof. If one of the conditions (23) - (25) holds, then the cubic system (3) has a first
integral F(x,y) of the form

(25)

LULPLELY (26)
In Case (23):

Li=x-1,L=px+y-B, Ly=exp[(B(c+2)y+gB-1)/(x - 1)],
Li=(c+Dx+1,a;=(1+c)(1-3gB—-cqB+ (2+c)*p?),
xm=—1+c)2+c)?B, a3=1+c)2+c¢), as=—-1-c—gp;

in Case (24):

Li=x-1,L=px+y-p, L3=exply/(x-1)],
Ly =exp[(® + By = 1)/(x = 1)*], a1 = 2(1 + B2 + [ ),
@y = =281+ fB), a3 = 2B(1 + fB), ay = —1;

in Case (25):

Li=x-1,L=B-yx+y-5,
Li=((B-OP -1 -B)(x+yy) +28,
Ly=exp[By(y —y)(y + By* = v> =2B)/(2(x - (1 —yH)],
a1 =BR2+By)(1-By +y)((B-»)(¥*-1) - B),
@ =By(1+ By —yH((B-9)(*-1) - B),
a3 =2(y* - (1 =By +¥%), ay = 4p°.
O

Lemma 3.4. The following sets of conditions are sufficient for the origin (0,0) to be a

center for the system (3)
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a=0,b=1c=0C3y"-2)/(1 -y, d=7/(y* - 1), f =y/(1 =%,
g=-2/(1 =y k=0,l=y/(1-y),m= 2y - 1)/(¥* - 1),
n=-Lp=y/(¥*-1,¢g=0,r=0,5=1/(1-9%);

a= @)/ =3)O+y2)),b = (B+y)(5v* =N/ ((¥* -3)(9+y?)),
c=-18/(9+y%).d = (y(9+ 16> =y /((¥* = 3) (9 + %)),
F=6yG+y)N/(B=y)O+yH)).l=(6yB+y)/(B -7 +y?),

k= @) (B =y)9+7)),8 = 2B +y)(2y* =M/(B =) +77),

m=0-y)/O+y*).,n=0CB(GB+y)*=4y)/((¥*-3)(9+y?),
p=OyB+y N/ =3)O+y)).q=B+yHH/(B= yHO+y),
r=0s5=0G+y)/G-7):

a=06(1+p8)/v, b= (B>6*-6>-B5-1)/(B6v), c = —(1+386 +36%)/v,

d = ((1+B6)(1+2B6 + B6°) = 61)/(B*v), f ==6/v, k ==(6(1 + )/,
g =(v—B6-2B%6%)/(Bov), I ==5/v,m=(6(B+26)/v,n=(1-6%/v,
p=6/v,q=—(1+B5)/(6v), r=0,s=(B6)]v, where v =1+286 + 6%

a=(-B)o, b=06(B*+B6-56>-1)/(Bo), c =(3-3B5+6)/0,
d=(1-(B-06)(B+2B6%-6)/(Bo), f==6]c, k=(B=6)]o,
g=-002p+B5— &= 1)/(Bo), L= =6/, m = (B5 - 2)/c,
n=(1-6)/o,p=6lo,q=(B-06)8*/c,r=0,s=p5c,

where o =286 — 6> - 1;

b=2(1+d%),c=2a>-3,d=1+a%/a, f=-2a,g=-2,k=—a,
l:—2a,m:2(1—az),n=4a2—1,p:2a,q:—4a3,r=0,s=—2a2;

a=(u*-4f>-1)/(8f),
b=B2f2+16f* +32f2u+2u> —u* — 1)/(4(1 Fu) (=1 + 412 + u?)),
c=@Af2+12u-3u>-9)/(4(1 Fu)), d = ((4f2 = 1)> + u>(u> = 562 - 2)
Fu((u? - 1)? - 8f2(T+ 62 +u?))/(Bf (1 Fu)(4f* +u” - 1)),
g=0=-202—u>Fu@df>+u>-1)/QAf*+u*>-1)),
k=1+42-ud)/8f), 1=f, m=GBu>F8u—-4f>+5)/(4(1 Fu)),
n=@A4r2-u?-1+x2u)/ (A Fu), s= A2 +u>-1)/(4(-1 xu)),
p=—frq=FA+4f7-u?)/u7F1)?), r=0.

(27)

(28)

(29)

(30)

(3D

(32)

Proof. In each of the sets of conditions (27)—(32), the system (3) has an integrating factor

of the form (26) u(x,y) = L' L3 L L.
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In Case (27):
Li=x-1; L=x—yy+y* -1, Ly=exp[(1 =¥ (y - y)/(y(x = D)],
Li=x-yy-1l,a=-3 a =1,
a3 =—y*/(y* - D% as = (y* -2)/(1 - %)
in Case (28):
Li=x-1, L= (y2+3)x—2yy+y2—3,
Ly=exp[3(y = »)(¥* = 9)/2y(x = 1)(9 + )],
Li=3C+y)x-6yy—y>2-9, a1 =-3, ar =1,
@3 = =229+ yH)/B(* -3)H), as = (18 +3y2 + ¥4 /(3(¥* - 3)):
in Case (29):
Li=x—-1,Ly=x-y6+B5, L3=exp[l+B5++yB6*/(x—1)],
Ly =B6(x—y6)—6>-2B6—1, a1 =3, a3 =1,
ay = (14286 + 262 = 288> = 64 /(6%v), a3 = (1 + B6 + 6%)/ (B6>V);
in Case (30):
Li=x-1,L=y-B+x5 L3=exp[(l+yB-B5+6")/(x-1)],
Li=Bx+y) -0, a; = -3, ar = —(=1 +2B6 + >8> - 2p]6° + 6*) /o,
a3 =—(6(=1+B6—6%)/(Bor), as = 1;

in Case (31):
Li=x-1,Ly=2a’—ay+1, L3 =exp[2(1 + 24> —ay)/(a*(x - 1))],
Li=ax—y—a,a1=-3 a=1, a3 = —a’(1 +2a?%), ay = 4a* + 4a*> - 1;
in Case (32):

Li=x—-1,L=@FfF2+u> - 1D)Q2fx+ (1 Fu)y) +8f(1 Fu),
_ (643 (2f B+4 L2412 F4u)+(1Fu) (A f2+u?—1)y))
L3 = expl (170 (144242 —1)3 (x=1)) I,

Li=8f2x+4f(1Fu)y+1-4f>—u* a1 =-3, ar =1,
a3 =—(((=1 +4F2 +u®)>2B +4f> F4u + u?)) /(128 f%(u F 1)?)),
ay = ((4f2 = DT +4f2) £ 8u(B-4f2 +u®) + u> (81> + u> - 26))/(8(1 Fu)?).
O

Lemma 3.5. The following three sets of conditions are sufficient for the origin (0, 0) to
be a center for the system (3)
a=0,b=1c=03y*-2)/(1-y>),d=7/(y* = 1), f =y/(1 =¥,
g=0-2/(1=y)k=0l=y/(1-y)m=(2y"-1/(y* - 1), (33)
n=-Lp=y/(y*-1,9=0r=0,5=1/(1-9%;
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a=—k=vy5(4+2c+3y>+2cy?), b =—6(10 + 4c + Ty* + 4cy?),
d=6((1+y*)(9y* +6cy* —4c) =8)/y, f=1=-p =76,
g=06(16+6¢+11y> +6¢y?), m = —(c + 1), n = 26, (34)
q=06024+23y%+6y* +2c(1 +y>) (10 + 2¢ + 5% + 2¢y?)) |y, r =0,

s =—=0(5+2c+3y? +2cy) (6 + 2¢ + 3y% + 2¢¥?), 6 = —1/(2(1 + y?));

=-1/(2y), b=1/2, ¢ =-3/2,d = =(1+2y*)/(2y),

a
35
f=l=n=p=r=0,g=-1Lk=1/Q2y),m=1/2,qg=v/2, s =1/2. )

Proof. In this Lemma, the existence of the center is guaranteed by the presence of the

integrating factor of the form
uixy) = L L0,

where L1, £, are invariant straight lines and © is an invariant conic. Indeed,
in Case (33):

-El =X - 19 -£2 :y_ﬂ’ q):4(1+ﬁ2)(x_ 1)_ (x+yﬁ)2’
a1 =-2,ap=-1, a3 = —-1/2;

in Case (34):

Li=x-1,L=y(1+y) +2y2 +c+y*> +cy?) —xy(5 + 2¢c + 3y + 2¢y]2),
D =4(1+9?>) —8x(B+ c +2y* + ¢y?) —4yy(5 + 2¢ + 3y* + 2cy?)
+(6x 4+ 2cx + yy +3xy% + 2cxy?)?, a1 = -2, ar = -1, a3 = -1/2;

in Case (35):

Li=x-1,L=yx+y=-2y,®=2(1+y*) = (x +y»)2(1 +¥?) —y(yx +y)),
ar=-2,ay=1, a3 = —1.
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Lemma 3.6. The following set of conditions is sufficient for the origin (0, 0) to be a center
for the system (3)

a=—(f(1-6u®+u")/(2(1-u?)?),
b=(f(1+u>?>(1-6u®+u*)+32u3(1 —u?)/(4(1 = uP)u(l + u?)?),
c=(f(1- 14u? + u®) + 8u(u? — 1))/ (4(1 — uP)u),
d=0CB-u>)Bu®> - D(f(1 +u>)?+du@?-1))/2w* - (1 +u?>)?),
g=Qfu(l+ 142)2 + (u2 -1+ 10u? + u4))/((1 - uz)(l + uz)z),
k=(f(1-6u*+u*)/Qw*-1)%),1=f, (36)
m=(f(1- 14u? + u4) + 414(u2 - 1))/(414(1,12 - 1)),
n=(4u(f(1+u?)?=2u(u®-1))) /(> - 1)1 +u*)?, p =—f,
g =(f(1+u®?(1+10u? + u*) + 4(u? - Du(u® - 3)(3u® - 1))

J2w? = 1)2(1 +u?)?), r =0,
s = (u(f(1+u?)* +8u(u? - 1)) /((* - 1)3(1 + u?)?);

Proof. Under the conditions (36), there is an invertible transformation of the form

a1 X +bY ar)X + byY
e L.y (37)
azX + B3Y — 1 azX + B3Y — 1

in a neighborhood of 0(0,0), where a;,b; € R, j = 1,2,3 and a1by — bjas # 0. The
transformation (37) brings the system (3) to the polynomial system

X=Y+MX%Y), Y=-X(1+N(X%Y)). (38)

This system has an axis of symmetry X = 0 and therefore O (0, 0) is a center for (38) and
for the initial system (3) (see, [2], pp.29-31).
In Case (36) the transformation (37) looks as

2uX + (1 —u?)Y (u? = )X + 2uyY
X = y y =
2uX —u? -1 2uX —u? -1

and the system (38) has the form

X=Y+@&fu”(1+u®)*X* = X2(f(1 + u?)® + 1607 (u® = 1)*(1 + u?)Y -
1603 (u? — 1)3Y?) — 4u(u® - 13(1 + u®)2Y?)/(4u(u® - 1)2(1 + u?)3),

Y =X(1+@X°fu>(1+u®)* (1 +u?> + (1= u®)Y) + (1 —u®)(1 + u?)*>(f - 8u
+41fu + 8P +6fu* — 8w +4ful +8u” + fud)Y + (u® — 1)2(1 + u?)(f —4u
+4 fu? = 2003 + 6 fu* + 200> + 4 fub + 4u’ + fud)y?

—16u> (u® — 1)*Y3)/(4u(-1 + u*)3).
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4. SOLUTION OF THE PROBLEM OF THE CENTER

4.1. Centers in the conditions (7).

Lemma 4.1. Under the conditions (7) the system (3) has a center at the origin (0,0) if
and only if the first four Lyapunov quantities vanish L1 = Ly = L3y = L4y = 0.

Proof. The Lemma 4.1 is proved in {[2], pp. 111-116}. ]

4.2. Centers in the conditions (12).

Leta =y - B.

Lemma 4.2. When conditions (12) hold, the system (3) has a center at the origin (0, 0)
if and only if the first three Lyapunov quantities vanish Ly = Ly = L3 = 0.

Proof. In conditions (12) the first Lyapunov quantity is L, = fy f1 f2, where fo =y, f1 =
cB+B+y, fr=qgB+ (1 +c)(B—7y)y—c—-3.1If fy =0, then Lemma {3.3, (23)}
and if fj = 0, then Lemma {3.1, (15)}. Assume that fof; # O and let f, = 0. Then
g=(c+3+y(l+c)(y—8))/Band Ly = (¢ +2)(2cB+58+vy).If c +2 = 0, then
ged(P,Q) =x—1. Let2¢f+58+y=0=y=-B05+2c) > L3 =c+3=0=
Lemma {3.2, (16)}. i

4.3. Centers in the conditions (13).

Lemma4.3. Under the conditions {(13), @ = —B}, the system (3) has a center at the origin
(0, 0) if and only if the first four Lyapunov quantities vanish Ly = L, = L3 = L4 = 0.

Proof. The system {(3), (13), @ = — } has the invariant straight lines £, =x -1, £, =
Bx +y — B and the exponential factor £3 = exp[y/(x — 1)]. For {(3), (13), @ = -8 } we
calculate at (0, 0) the first four Lyapunov quantities Ly, L, L3z and L4. In the sequel, in
expressions of Lyapunov quantities we always neglect the non-zero factors. The first one

look as
Li=ac+(c+2)f.

If ¢ = 0, then {Lemma 3.2, (17)}. Letc # 0. Then L; =0 = a = -f(c+2)/c = L, =
f(c +2)l,, where

Iy =B +2c2B+6¢f — 12128 + 4cf2B.

If f =0, then {Lemma 3.3, (23), ¢ = 1/B}, and if ¢ = -2, then {Lemma 3.3, (24)}.
Suppose cf(c +2) # 0. Reducing L3 by I, with respect to the variable ¢ we obtain
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Ly=(c=2fB)(12fB+cfB—c).Ifc—2fB=0,thenlr = fF(1+B) +B=0= f =
—B/(1+ %) = {Lemma 3.2, (18)}. If 12fB+c(fB—-1) =0 = c = 12fB/(1 - fB) =

L =24B*(5fB+1) +5(fB-1)*(fB+1),
Ly = 15(fB+ 1)(17fB - 11) + 508%(24 — 43 f% + 1201 ) — 282(271 + 22901 5).

The system {l, = 0, L4 = 0} has no real solutions with respect to the unknowns f and

B. |

Lemma 4.4. Let the conditions {(13)} hold for the system (3). Then the origin (0,0) is a
center if and only if the first four Lyapunov quantities vanish Ly = Ly = L3 = L4 = L5 = 0.

Proof. Denote @ + 8 =y # 0. Then under the conditions {(13), @ = y — 8} we calculate
the first five Lyapunov quantities. The first one look as L| = A, - ¢ + B, where

Ac=B((a+ 1=y =),
B.=2B(f —y)—(a+ f)y(=1+2aB -2fB+3By —y%).

Remark that in conditions {(13), @ = y — 8} the system (3) has the invariant straight
lines Loo =x — 1, L2 = (8 —v)x + y — 8] and the exponential factor L3 = exp[(fyB% +
VY =ByB+c+fB) —df—1)/(x-1)].

Let A. = 0. Then 2 — 1 # 0 and the system {A. = 0, B. = 0} gives us

a=y*(1+By-y)/2B(L -y, f=y(y-28+By*-7)/2BH*-1)).

Substituting the expression of a and f into L,, L3, L4 and Ls we obtain that L, =

Yfofif2, Lz =y fof1f3, La =7y fofifa, Ls =y fof1fs, where

fo=cBO =1 +y(y*+By-1),
fi=4B8-2c(y* = 1) +y(y* - 1)? = By*(¥* + 1),
fr=By—cp(¥*-1)-28(3y*-1)

and f3, f1, f5 are polynomials in variables ¢, B, y. If fo = 0, then {Lemma 3.2, (19)}, and
if fi =0, then {Lemma 3.3, (25)}.
Assume that (y?—1) fo fi # Oandlet f, = 0. From f, = 0 we calculate ¢ = (68y>—3y>—

28 +3y)/(B(1 - 72)) and substitute it in L3, L4, Ls: L3 = @o3, La = @o@a, Ls = @oes,
where

o=1+By 7% @3 =y(14+ 17y> = yHB+ (1 =y (2 +9y* =),
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and ¢4, @5 are polynomials in 3, y. If ¢9 = 0, then {Lemma 3.4, (27)}, and if ¢3 = 0,
then B = (y* - 1)(2+9y> —=y")/(y(14 + 17y* - %)) =

04 = 212 = 976y + 149y* + 3995 — 2198 — 3910,

s = 341744 + 8972240y? + 20117464y* — 3307162967° + 1610324558
—51877847y'0 — 26524163y'2 + 4576265y + 47053116 — 57716518
126177y — 8877y%% — 174y**.

The polynomials ¢4 and ¢5 have no common solutions.
Let now SyA. # 0 and express ¢ from L; = 0. Substituting

c=QB(f=y)=yla+ HQ2aB=2fB+3By =y’ = 1) /(B(y + (a+ f)(¥* = 1)))

in Ly, L3, Ly and Ls we obtain that Ly = Y2, L3 = Yoys, Ly = Yova, Ls = Yoys,
where

Yo = ((B=17 =2B(f =y —ay®) =y (aBy + (a+ [)aB - v* = fBy?)),

Y2 = Ap - B+ Bg,

Ag =2f +2(a+ f)2fy = 1) +2(a+ f*(f =4y + fy)) + (a+ [)’ 3 =577,

Bg=(a+ f)((a+f)(3-7>) ~-2y)
and Y3, Ya, Ys are polynomials in a, f, B,y. If Yo = 0, then {Lemma 3.2, (20)}. Let
Yo#0.Ifa+ f=0,thenyp =0=>a=f=0= gcd(P,Q) =x—1# 1. The system
{Ap=0,Bg =0, y(a+ f)#0} = gives us

a=47 (¥ =3)9+7)). f=6yB+¥)/(B-¥)(9+¥")
= Y3 = nomn3, Ya = non4, ¥s = nons, where
mo=3+2By —v*, m3 =16y(9+ 9y + yH)B - (¥* +9)(¥* = 3)(1 + 3y?).

If 579 = 0, then {Lemma 3.4,(28)}. If 3 = 0, then 8 = (y>-3)(9+y?)(1+3y?)/(16y(9+
972 + y4)) and

N4 = 1359 — 358292 — 1524y* — 178y5 — 1148,

15 = 399256533 + 7147083924y% + 16160765949y* — 88245537822y°

—98340968934y® — 4241222040090 — 10500825742y '? — 1982042948y 4
—323807311y'® — 38802452y'8 — 2858767y2° — 107822y2.

The polynomials 74 and 15 have not common roots.
Suppose now that By(f + a)A:Ag # 0. From ¢, = 0 we express 5 : 8 = —Bg/Ag
and substitute it in Y3, ¥4, ¥s. We obtain: 3 = 5903, ¥4 = 9904, ¥s = 9905, where

So=a—fla+ f)*+(a+f)Ba+ f)y+ (a+f)*(2a+ )y
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First we will examine the equality 6o = 0. Each of the following three sets 1) {f =
0,a=—-1/9} 2{f=0,a=-1/2y)}, 3){f = -2a # 0,y = (1+24*)/a} vanish §.
In the case 1) (respectively, 2), 3)) we have Lemma {3.2, (16), 8 = —1/y} (respectively,
Lemma 3.5, (35), Lemma 3.4, (31)). Suppose f(f+2a) # Oanda = (u>—4f>—1)/(8f).
Then 6o =0 =y =2fB+4f>F4u+u?)/((-1 +u)(4f> +u®> - 1)) = Lemma 3.4,
(32).

Let 60 # 0 and 63 = 64 = 65 = 0. Suppose that Ry = 0, where Ry = (y? —
3)(9f + 6y + fy?) + 36y. Taking into account that y # 0, the equality Ry = 0 gives us
f =6y(3+¥2)/((3-9%(9 +»?)). Substituting the expression of f in 83,84, 55, we
obtain: 63 = AgAsz, 04 = AoAy4, 05 = AgAs, where

Ao=(B-y)O9+yPa+4y,

Ay =5a*(y* =32 (1 +y) B+ %) (9 +y?)*-
8ay(y* —3)(9 +y>) (117 + 12992 + 49y* + 5¢0)+
6(3 +v?)(81 + 70292 + 540y* + 186y° + 11y®)

and A4, As are polynomial in a, y (here and in the future we neglect the nonzero factors).
If Ag = 0, then 69 = 0. We calculate the following two resultants with respect to the
variable a:

Ra43 = Resultant[A4, Az, a] = =5314410 — 10333575y2 — 10482291y*

—7030476y% — 3361176y% — 7570269'0 + 22734y'% + 5274094 + 11850'©
—5775y'% + 605y%,

Ra53 = Resultant[As, A3, a] = —204368836893016410 — 78124852045047566745y>
—163756066096342731222y* — 96691944562452884637y°
—65295919868671875114y% — 231514833275418305043'°
—349818971483621819394y'2 — 225165183477638890419y 14
+8096548601981725416y'® + 156133967087099004714y'8
+157409522222069149956y%° + 75314811652151245182y%2
+4169565994499890092y%* — 20155578686541419814y%6
—15882244595493905700y%8 — 6818058573715824678y°
—1850109425790483978y3% — 301146961631290581y3*
—12297992828350350y¢ + 8047908867120815y38 + 2104984082966110y4°
+224322029461865y** — 66037811138170y* — 14404146643895y4¢
+4307153529500y*% + 1030330125009°

and the resultant with respect to the variable y : Resultant[Ra53, Ra43,y] # 0. There-
fore, the system {Az = 0, A4 = 0, As = 0} is incompatible in rapport with the variables a
and y.
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In what follows, in this subsection we will consider 6oRg # 0 and using the resultants we
solve the system of polynomials equations ina, f,y : 63 = 0,04 = 0,5 = 0. The system
f=0,63=0,04 =0,05 =0, 50 # 0 has not real solutions. Eliminating nonzero factors
suchas f,y, 1492, 3+9%, 14392, 242,403 + 1741y + 522v*, 72361 + 91494574y +
2288596483y* + 5776070816y + 5787798803y% + 2797313270y'0 + 652276861y'% +
63507100y '* + 2102500y %, 61009 + 540628y + 1380646y* + 606612y° + 165105y3,
we calculate the resultants:

Rad3 = Resultant[dq4, 83, a], Ra53 = Resultant[ds, 63,a],
Ra54 = Resultant[ds, 84, a], Ra fi = Resultant[Ra53,Ra43, f],
Ra fr, = Resultant[Ra54,Ra43, f].

The polynomials in y : Raf,Raf> have only the following common real solutions
y =1,y ==+V5.If y = £1, then

Ra43 =0, Ra53 =0,Ra54 =0 (39)

=b=0,andify = +v/5, then (39) has not real solutions. O

4.4. Centers in conditions (14).
Lemma 4.5. In the conditions (14) the system (3) has a center at the origin (0,0) if and

only if the first three Lyapunov quantities vanish L1 = Ly = L3 = 0.

Proof. Let @ = y — . For the system {(3), (14)} we calculate at (0, 0) the first three
Lyapunov quantities L, L, and L3. The Lyapunov quantity L; looks as L; = fy fi, where

fo=2(c+2)*By + (c+2)(1 +dB — fB+4fBy*) + [By(d = 2f + 27,
fi=1+dB+ fB+3By+cBy —y>+ fBY*.
If fo = 0, then Lemma {3.2, (21)}. Let f; = 0. Then
d=—(1+fB+3By+cBy—7>+[fBy")/B= L= Agf + Bg,
where
Ag =10+9c +2¢* = 2f* + 17fy + 8cfy + 6f2y*, Bg = B+ 2y +cy + fy* - f.

If Ag =0, Bg =0, thenc = —(5+3y%)/2(1 +¥?)), f = —y/2(1 +y?)) = L3 =
B—v=0= Lemma {3.5, (33)}.
Letnow Ag # 0. Then L, = 0 = B = -Bg/Ag = L3 = ¢1¢2¢3, Where

1 :2f+y+2fy2, <,02:4+4c+cz—f2+8f)/+4cfy+3f2 2,
03 =6+5c+c%— f2+9fy +4cfy +3f3°.
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If ¢1 = 0, then Lemma {3.5, (34)}. Denote y(u) = (1 — 6u> + u*)/(4u(u® — 1)). Then
@2 = (,021<p22/(16u2(u2—1)2), where ¢y = f—8u—4cu—14fu2+8u3+4cu3+fu4, Y =
3f —8u —4cu — 10fu® + 8u® + 4cu’® + 3 fu*. If 931 = 0, then Lemma {3.6, (36)}. The
case {y(u), ¢z = 0} is reduced by transformation u = (v — 1)/(1 + v) to the case
{r), ¢21lu=y = 0}.

Letnow @3 = O and puty = (f — 8 — £62)/(2f5). Then @3 = @31¢32/(462), where
@31 = f+35+2¢6 - 367 and @3, = 3f + 36 +2¢6 — f62. From ¢3; = 0 we calculate
c: c=Bf6%-36-1)/(26) = B=—(f+6+f62)/(2f6) = f =—-6/(1+2B6+5%) =
Lemma {3.4, (29)}. In the case g3, = 0 we have ¢ = (f6> - 3f —36)/(26) = B =
(f =6+ f6%)/(2f6) = f=6/(1-2B6+6?) = Lemma {3.4, (30)}.

The statement of the Main Theorem follows from Lemmas 4.1 — 4.5.
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