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Center problem for quartic differential systems with an affine

invariant straight line of maximal multiplicity
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Abstract. In this paper the quartic differential systems with a center-focus
critical point and non-degenerate infinity are examined. We show that in
this family the maximal multiplicity of an affine invariant straight line is
six. Modulo the affine transformation and time rescaling the classes of
systems with an affine invariant straight line of multiplicity two, three,...,
six are determined. In the cases when the quartic systems has an affine
invariant straight line of maximal multiplicity the problem of the center
is solved.
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Problema centrului pentru sistemele diferentiale cuartice cu o

dreapta invarianta afina de multiplicitate maximala

Rezumat. in aceasti lucrare sunt examinate sistemele diferentiale
cuartice cu punct critic de tip centru-focar si infinitul nedegenerat. Se
aratd ca in aceastd familie de sisteme multiplicitatea maximala a unei
drepte invariante afine este egald cu sase. Cu exactitatea unei transformari
afine de coordonate si rescalarea timpului sunt determinate clasele de sis-
teme cu o dreapti invarianti afini de multiplicitatea doi, trei, ..., sase. in
cazurile cand sistemele cuartice au o dreapta invarinata de multiplicitate
maximald problema centrului este rezolvati.

Cuvinte-cheie: sistem diferential cuartic, dreaptd invariantd multipla,

punct critic de tip centru-focar.
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1. INTRODUCTION

We consider the real polynomial differential systems

X=py), y=q(x,y), (1)

where x = dx/dt, y = dy/dt.

Let n = max{deg(p), deg(q)}. If n = 2 (respectively, n = 3, n = 4) then the system
(1) is called quadratic (respectively, cubic, quartic). Via an affine transformation of co-
ordinates and time rescaling each non-degenerate quartic system with a non-degenerate
infinity and a center-focus critical point, i.e. a critical point with pure imaginary eigen-

values, can be written in the form

{fc=y+pz(x,y)+p3(x,y)+p4(x,y) = p(x,y), )

y==(x+q2xy) +q3(x,y) + q4(x,y)) = q(x, ),
where p;(x,y) = 23:0 ai—j X"yl qi(x,y) = Z;:o bi_j jx "yl i =2,3,4 are homo-
geneous polynomials in x and y of degree i with real coefficients.
The critical point (0,0) of system (2) is either a focus or a center. The problem of
distinguishing between a center and a focus is called the center problem.
Suppose that
ypa(x,y) —xqa(x,y) #0,gcd(p,q) =1, (3)
i.e. at infinity the system (2) has at most five distinct singular points and the right-hand
sides of (2) do not have the common divisors of degree greater than 0.
Denote X = p (x,y) a% +q(x,y) a_ay'
Analgebraic curve f(x,y) =0, f € C[x, y] (afunction f = exp(g/h), g, h € C[x,y])
is called invariant algebraic curve (exponential factor) of the system (1) if there exists a
polynomial K s € C[x, y], deg(K) < n—1 such that the identity X(f) = f(x, y)Kr(x,y),
(x,y) € R? ((x,y) € R?\ {(x,y) € R?| h(x,y) = 0}) holds. In particular, a straight

line [

ax+ By+7y =0, a, B,y € Cis invariant for (1) if there exists a polynomial
K; € Clx,y] such that the identity aP(x,y) + BQ(x,y) = (ax + By + v)K;(x,y),
(x,y) € R? holds.

The invariant straight line ax + Sy +7y = 0 has multiplicity v if v is the greatest positive
integer such that (ax + By +y)” divides E = p - X(q) — g - X(p) [1].

The quartic differential systems of the form (2) with multiple line at infinity were
examined in [8]. In this paper, we establish that in the class of systems (2) the maximal
multiplicity of an affine invariant line is six. The coefficient conditions when (2) has an
affine invariant line of multiplicity two, three, four, five and six are determined and in the

cases of multiplicity six, the center problem is solved.
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2. CLASSIFICATION OF THE QUARTIC SYSTEMS WITH A MULTIPLE AFFINE

INVARIANT STRAIGHT LINE

Let the quartic system (2) have an affine real invariant straight line /,. By a transfor-

mation of the form
x> v-(xcosp+ysing), y—>v-(ycosp—xsing), v+0

we can do /; to be described by the equation x = 1. Then,

aso = —(azo + aso),az = —(1 +a +az), @)
ay = —(ap +ann),a13 = —ao, aps = 0,
and (2) is reduced to the system
%= (1 =x)(y + axx® +xy + anxy + any> + axx> + azox’ + x>y+
+a11x%y + azx?y + apxy? + anxy® + apy?) = p(x, y), (5)

)'1 = —(x + bzoxz + bllxy + b02y2 + b30x3 + b21x2y + blgxy2+
+b03y> + baox* + b31xy + boox?y* + bisxy® + baay*)) = q(x, y).

Next, we will determine the conditions when the invariant line x = 1 for the system (5)
has maximal multiplicity.

For (5) we have

= (= D[RO +10) - (= D+ +Y00) - (k= DV,

where Y; (y), j =2,...10, are polynomial in y. The invariant line x — 1 = 0 has multiplicity
at least j if the system of identity {Y>(y) = 0,...,Y;(y) = 0} holds. In particular, the
line x — 1 = 0 has multiplicity at least two if ¥(y) = 0. The polynomial ¥, (y) look as:
Y2(y) = Y21(y) - Y22(y), where

Y21(y) = 14+b2o+b30+bao+(b11+b21+b31) y+(boo+b12+b2) y*+(bo3+b13) y> +boay?,

Yoo(y) =342ap; + 4a§0 + ap) +4axaz + a%o —2ax0b11 —asob11 +3by +2a11b2p +
az1bao—2ax0b21 —azob21 +3b30+2a11b30 +az1b30 —2a20b31 —azobsi +3bag +2a11ba0 +
az1bao +2(2ae2 + ain + 6as + 4ayjax + 2axaz; + 3azo +2ayiaz + aziazo — 2axbez -
aszoboz — 2a0b12 — azobiz2 + 2a0bao + a1nbao — 2a20b22 — azobx + 2ambso + ajnbso +
2apmbag+ainbag)y+(9+3ap3+12ay; +4a%1 +8amany +4arar +6ar; +4ajax +a§1 +
dagpaso + 2aipas) — 3box — 2a11bo2 — az21boz — 6a20b03 — 3azobos + 2ap2b11 + anbyy -
3b12 — 2a11b12 — az1bia — 6ax0b13 — 3azobiz + 3apzbao + 2amb21 + ainbay — 3bxy —
2a11bx — az1 b +3ag3bao + 2a b3t + anbsi +3aesbao)y* +2(6ao +4agaar +3a +
2ay1a12 + 2ap3az0 + 2anaz) + apnaz + apzaszo — 3boz — 2a11boz — ax1boz — 4azbos —
2a30bos+aozb1y —3b13—2a11b13—az b1z +agsba +agzbsr)y® + (4al, +6ags +4agzar +
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4again +at, +2ag3az1 +aozbor —2a02bo3 — ai2b03 —9bos —6a11bos —3az1 bos + agzbiz —
2a02b13 — aizbiz + agsbn)y* + 2(2a0 + aiz) (a3 — boa)y® + aos(aos — bos)y°.

If Y51 (y) = 0, then the system (5) is degenerate, i.e. deg(gcd(p, q)) > 0, therefore we
require Y,,(y) to be identically equal to zero. Solving the identity Y»;(y) = 0 we obtain

the following result:

Lemma 2.1. The invariant straight line x = 1 has for quartic system (5) the multiplicity at
least two if and only if the coefficients of (5) verify the following five series of conditions:
aps3 = 0,bo4 = 0,a12 = —2am, b13 = —bo3, az1 = =3 - 2ay,

(6)

by = —by — b12,b31 = 2ax0 + azp — b1y — bay;

aps = 0,bosa = 0,a12 = =2am, b13 = —bo3, by =3+ 2a11 + az1 — boa — bz,
bao = (=3 = 2a11 — 4ay, — az — 4axaz — a3y + 2axbi + azpbiy — 3bxo— )

—2a11b2o — az1ba + 2a0b21 + azoba1 — 3b3o — 2a11b30 — az1b3o + 2ax0b31+
+azobs1)/(3 +2a11 + an);

aops = 0, b04 = 0, b13 = 2a02 +app — bog, b31 = (—9 - 126111 —4a%1+
+4a02a20 + 26112612() - 66121 - 461116121 - a%l + 261026130 + ajpasg + 3b02+
+2a11box + az1boy — 2a02b11 — azb1y +3b12 + 2a11b12 + aribin—

—2agzb21 — aipbay + 3b2y + 2a11b2n + ax1b)/(2aps + ar2), 3)
b4() = —(26102 +app+ 6612() + 4a11a20 + 2a20a21 + 3a30 + 2a11a30+

aziazo — 2axbox — azobox — 2axb12 — azobi2 + 2apbr + ajbr—

—2a0b2y — azobxn + 2anb3o + ainbsg)/(2ap: + ar2);

ap3 = 0,a12 = —2ap, a1 = =3 = 2a11, a3z = —2a; )

bos = aps, by = (—4ag, + 3aos + 2apzai — 4anain — aj, + agzazi—

—ap3boy + 2a02bo3 + ainboz — apsbiz + 2ap2b13 + aizb13)/aes,

b31 = (=6an —4apai —3aix — 2ayain + 2ap3az — 2ap2az — appaz+ (10)
apzazo + 3boz + 2a11bos + az1boz — apzbiy + 3b13 + 2a11b13 + azbi3—
—apszba1)/aoz, bao = —(ao3 +4amaz + 2anax + 2amnazy + appaz—

—2as0boz — azoboz — 2ax0b13 — azob 13 + agzbao + anzbzo)/aos.

The multiplicity of the invariant straight line x = 1 is at least three if {Y>(y) =
0, Y3(y) = 0}. Taking into account the condition (3) the identity Y3(y) = 0O gives, in each
of the five cases (6)-(10) of Lemma 2.1 the following series of conditions:

1) (6)=

azp = —2ax, an =0, aj; = -3; (11)
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bos = ap, b1z = (2apx + 3ax + arax — 2axbop + appbro — anbao)/az,
2

by = (6 + 2ay) + a5, — 2ax0b11 + 3byo + ar1bag — 3bag — ar1bao) [az,

b3o = (3axy + 2a3o + axbao + azobao — 3axobao — azobao)/azo;

boz = a2, b12 = (3apz + 3azo + ayiazo — 2azpboz + 2a02b20 + ap2bzo0)/aso,
by =9+ 3ayy — 2a3pb11 + 6bag + 2a11b20 + 3b3g + ai1b30)/azo,
ax) =0, bao = bao +2;

2) () =

boz = ag, b1 = (9+9ay; + 2a%1 + 2agparg + 3az + ajjaz; + agazp-—
—6boy — 4ay1boy — 2a21b02) /(3 + 2a1 + az),

ba1 = (15ax0 + 8ayiazy + 3axazr + 6azg + 3ajjasg + azjazg — 6b11—
—4ay1b1y = 2a1b11)/(3 + 2ay; + az),

b31 = (=3az + axaz + araz + aziazg +3byy +2ay1bi+
+azb11)/(3 +2ay1 + az);

bos = agz, bi2 = (9 + 6ay; +aj, + anax + anaz — 6be — 2a11be+
+apxb11 — apxb31)/(3 +ain),

ba1 = (9axy + 4ayax + axaz) + 6azo + 3aiazo + aziazo + aj b+
+az b1y — 6b31 — 3ay1b3) — axbz)/(3 +ain),

b3o = (9axy + 4ayax + axaz + 6azo + 3aazo + aziazo + aj b+
+azibyy — 6b31 — 3ay1b3 — axbz)/(3 +ain);

boz = agpz, b1z = (amaz — 6boy + 2a21b0p — 2ambi1 — apbs1)/(3 = az),
aiy = -3, bai =axn+axp+bi, by = (=9 +3a3, + 3ax + axnaz-
—6a20b11 — 2a30b11 — 6bag + 2a21b20 — 3axba — azobz1)/(3 — az);

3B =

bos = apz, b12 = (3apy +4amai +ana +3amnaz +apaz+
+anbo + apboy — 3anbn — axb)/ap,

b3o = =(3ap2 — 3aiiaz — 3axaz — araz — aziaz = 3abor—
—azoboy + 2a02b2o + 3azbas + azoba)/ap,

bz] = (66111 + 361%1 + apparo + 66121 + 461116121 + a%l + 6b02+

+3an by + arxibp —2a02b11 — 6b2 — 3ai1bxn — aribn)/ap;

bos = am, b2 = Ban +4anan +anaz +3apaz + appaz+
anboy + ai2by — 3anbr — ainbn)/ao,
(A 2 2 2 3 _ 2 _ 3
b3 = (66102 + 1861026111 + 3a02a11 + 3a02a12 9a02a“a12 a02a11a12+
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3 3 2 2 2
aj alz + 361026120 2a02a11a20 - 261026111&126120 + 1861026121 - 6a02a11a21—

2 2 3 2
6102011021 — 18amaiiaina + 3aj aj,a2 — 3ag,axaz — 2a02a12a20a21—
2 .2 2
961026121 9(10261126121 + 361()2(11161126121 + 3611161126121 + 61026121 + 261026112

+ alz 21 + 18a02b02 15a02a11b02 - 2a02a11b02 — 18apaiianbop+

3 2 2
2a02a11a12b02 + 3a11a12b02 —dag,a20ben — 2ag,a2a20be — 27ag,ax1ber+

2 2
ag,aiiazibop — 18amainnanbe + 10aganianazibey + 6ainaj,azbe+

2 2 2 2 .2 2 2 2
5a02a21b02 + 8a02a12a21b02 + 3a12a21b02 18a02b + 2a02a11b02 - 96102-

alzbéz + 7a02a11a12b(2)2 + 3a11af2b%2 + 8(102021]902 + 10a02a12a21b32+
3a%2a21b(2)2 + 461(2)21?(3)2 + 4a02a12b(3)2 + a%zbgz — 6a(3)2b11 + 2a%2a11a12b11+
261(3)261211911 + 20(2)261126121b11 + 461(3)2]702[711 + 2a§2a12b02b11 + 4a32b20+
2a3,a12b20 — 3ag,ba1 + al,ananby + al,azba + aj,apnazb+
261(3)2]?02[?21 + a%zalzbozby - 1861%2]722 + 15a§2a11b22 + 2a(2)2a%1b22+
18apaiiaiaba — 2a02a%1a12b22 - 3a%1a%2b22 + 461(3)261201922 + 2a%2-
anaxnbn + 27ag,a21byn — aj,aiiazbyn + 18anaiaz by — 10ap:
ananaz by — 6aail,a by — 5aj,a3 bxn — 8anainaj by —3ai,
a3,by + 36(13219021922 - 46132(11119021922 + 18amainbnbrn — 14apariarr:
boabay — 6a11a3,bprbay — 16ad,a21b02bay — 20agaizaz1bbn — 643,
a1 bopbry — 126102172 by — 1261()2611219(2)21?22 - 3612 b2 b22 - 4a82b11b22—
2a%2a12b11b22 - 261 b21b22 - a%zalzbﬂbgg 18a02b2 + 2a(2)2a11b%2—
9a02a12b22 + 7aoza11a12b22 + 3a11a12b2 + 8a02a21b22 + 10a02a12-
a21b22 + 3a12a21b22 + 12a02b02b22 + 12a02a12b02b§2 + 361%21902[)%2—
4ag,b3, — 4apainbs, - aj,bi,)/(a3,(2a0 + arn)),

az = (3agan — aﬁmz - 2ad,a0 + 3anaz — apaid - 2aian:

as) — apa3, — apay, + 3anby — 2apnayby — 2aabe — 3ag:-
anboy - 2apa21boy - 2a02b3, — anbl, — 3anbyn + 2anaiibn+
2ana12b + 3amazi by + 2aipa21b2 + 4appbnba + 2a12borban—

2 2 2.
26102]722 - a12b22)/a02’

boz = ap, app =0, by =aj +az + by,

b30
45a21 + 36(1116121 + 7a11a21 — dajppajpdn) + 3a21 + a11a21 198b02—

(162 +207a;; + 87a%1 + 1261‘;1 — 3a%2 —=9ajpar —4ajanar+

174a11bgy — 38a“b02 + 4airaxbp —42ar by — 18ay1az1bgy — 2a21b02+
72b%, + 32a11b3, + 8az b}, — 8b3, + 12a12b11 + 6arianbyy + 2ai2a21by1—
4a12b02b11 - 99b12 - 876111[)12 - 1961%1[912 + 20126120[?12 - 216[211912—
9aiiazibiz — a3, b1z + 12bpab1y + 32a11b2b12 + 8az1boabiz — 12b%,b 12—
2a12b11b12 + 18b%, + 8aybl, + 2a2b3, — 6bpyb3, — b3, — 2al,by+
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2
6ainby + 3aiianba + anaz by — 2a12boabz — anbizbar)/ai,,

asp) = —(18 + 15a;; + 361%1 + 2a1pax0 + 3az) + ajjaz — 18bgr—
8ai1boy — 2az1boy + 4b3, — b1z — 4ar1biy — azibiy + 4borbia+

b1,)/arz;

bos = apy, a, =0, by =ai +az +bpy,

b3y = —(3a12 + 9az + 3ay1az + 3azo + ajyazp — 6axbox — 2azobor—

=3axb12 — azob12 + 2a1nba)/ain, (20)
by = (—18 —15a;; - 361%1 + appary — 3ax — ayaz; + 12bgy + 6a11bpr+

2a21b02 — 2a12b11 + 6b12 + 3ai1b12 + axbin)/ann;

49 =
ap =0, aj; = -3, ay =0; (21)

5)(10) =

biz=apn+ap, by =(-6an —3anai + apzax — ana + 6byz+
+3ay1bo3z + ax1boz — 2ap3b11)/aos, 22)
bso = —(3as + 3anax + anazy — 3axboz — azoboz + 2ao3b20)/aos3,

_ 2 :
bia = (=3ag, + 3aps + apzan — agaiz — 2apzboz + 3anbos + anbos)/aos;

biz =an+an, b = (94, - 15ana0; - 6anagai + 6ag,an—
3agzaiy —ag3ainan +apndi, +ag;ax — dpaoaz + 6anapbe+
2a03a12b02 — 12a2,bo3 + 9ag3bos + 4agzaiibos — Tanainbes — a?,boz+
ap3az bos —2apzborbos +3anbl; +apbl, —2ak.byi +3anaozbi+
agzanbiz — aozbosbiz)/al,,

b3 = (126132 + 3a(2)2ao3 - 941%3 - 3a(3)3 + Sa(z)zaogall - 9a%3a11 - 2a(2)3a%1+
7a(3)2a12 + appapzaiiary + agzafz - a02a33a20 + 4613261036121 - 361336121—
613361116121 + appapzaipaz; + 6a(2)2a03b02 + 6a%3b02 + 461%36111[)02 + 2apaps-
ainboy + 2a3,a21b02 — 31a3,bos — 3agaosbos — 6anagzaiibos — 16al,a12- (23)
bo3 — apzaiiainbos — 2amat,bos + ajyaxnboes — Sapacsaz bes — apzainasr-
bo3 — 8anagzborbos — 2apsainborbos + 27a%,bg, + apzan by, + 11agaiy:
b%3 + Cl%zb(z)3 + a03a21b(2)3 + 2a03b02b(2)3 — 96102]933 — 2a12b(3)3 + bg3+
36132003512 + 361(2)31?12 + 261%30111712 + appapzanbiy + a(2)3az1blz—
4agaosbozbiz — agzainbosbia + apsbd;bia — 2a3,b20) /ags,

asp = —(361(3)2 + 3apaps + 2agpagza;; + aézalz + 261(2)36120 + appapzaz;—
7a3,bos — 3aosbos — 2apzaibes — 2apa12bos — agzazibos + Sap b, +

“12[’%3 - bgs)/a(z)s'
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Lemma 2.2. The invariant straight line x = 1 has for quartic system (5) the multiplicity
at least three if and only if the coefficients of (5) verify the following series of conditions:
DA{©). AD}  2){©). 12} 3){6), U3} 4){(D. A},

5L, A5} 6){(M, 16} 7){®). AN} 8) {(®), (18)};

9){®), 19}, 10){®), 20)}; 11){(9), 2D} 12) {(10),(22)};

13) {(10), (23)}.

The multiplicity of the invariant straight line x = 1 is at least four if {Y»2(y) =
0, Y3(y) =0, Y4(y) = 0}. Taking into account the condition (3) the identity Y4(y) = 0
gives, in each of the cases 1)-13) of Lemma 2.2 the following series of conditions:

D{©), (1D} =
bos =0, b1y =—=2bo, bao=—1-2a3 +2axbi1 — by +axby —bzp;  (24)
2){(6), (12)} =
boz = (3agz + az + anbzo)/az, b = (4+an)(3+bx)/ax, b =-1; (25)
3){(6), (13)} =
bor = (=3apz + aszo + aozbso)/azo, b = (4 +an) (=3 + bzo)/azo, by =-3; (26)
H{N, 14} =

bor = (3 +2ai1 + 2apax + azi + apxazo)/ (3 +2ai1 + az),
bii = (4+ai1)(2ax + az)/(3 +2ay + az),

) (27)
by = —(9 + 6ay — 2a5, + 3ax — axazo)/(3 +2a; + az),
b3y = (9 + 6a; + 261%0 + 3as; + 3asxazg + ago)/(S +2a; + a21);
5{(), 15} =
bor = 1 —amazy — apxazp + anxbs1, bii = (4+ai) (b3 — ax — azo), 28)
by = =3 — a3, — azazo + azbsi;
6) {(7), (16)} =
by =1+amnbi1, by =ax —5bi1 +axbi, by =-3+axbi; (29)
H{®). AN} =
by =1+an +az, by =@+an)(-1+by)/an, (30)

bao = —(3agy + ary — aroby)/av;
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by = (=6an — apair — 2ayz + 4anby + 2a12be2)/ap,

by =4 +an)(=1+br)/an,

az1 = (=7Tap — 2apaiy — 2a2 + 4apnbo + 2a12bp) /ap,

azo = (2a02 + ain — 2a3,az — 4anbo — 2a12be + 2anby, + a12bj,)/ak,:

8){(®), (18)} =

by =1+aj +az, by =—(3ap +ax — axbo)/amn,
by = (2 = ay1 + anaz — a1 — 2boy + a11by + a21boz)/ap,
bi1 =@ +an)(=1+by)/an;

by = —(6agpy + anaii + 2a12 — 4anbey — 2a12bgz) /ap,

_ 2
by = (9aoz + anai + 2a1z + ag,az — 13anboer — anaiibep—
4aizboy + 4ambl, + 2a12b%,) /ad,, bii = (4+an) (=1 + b)/ao,
azy = —(Tapy + 2aman; + 2aix — 4anbor — 2a12boz) /aos;

by = (=6ap — apair — 2az + 4anbop + 2a12be2)/ap,

by = (261(2)2 - 261(2)26111 +9agpai; + 2a%2 - 261826120 — 6a%2b02+
261326111[902 — 16apa2bgy — 4a%2b02 + 46132[?%2 + 7a02a12b32+
20%2532)/(032(2002 +ap)),

az1 = (=Tan = 2apai; — 2az + 4apnbop + 2a12be2)/ap,

b1y = (4ay + anar + 3ag,ax + anaina — Tanbe — anaiibp—
anbo + 3anb, + a1nby,)/(an(2an + ai2));

N {®)., 19} =

_ _ 2
b =1, by =(2+an —aj, +anay —ax —anay —2bi+
anbiy +axbia)/ar, by =-3Ban+ax +aiax — axbiz)/ai,
b1 = =@ +an)(1+ay —bi2)/a;

bor =1, ba1 =2(az — b11)(1 + anax —anbiy),
az1 = =3 —=2ay1 — 2a2a + 2a12b11, b12 =1+ ay —apax +apbi;

b()2 = 1, b21 = (7 + 106111 + 30%1 + ajparg — 9b12 — 56111[912 + 2b%2)/a12,
axy = =5—4a +2b1a, b1 = -4 +an)(1+ay —bz)/a;

10) {(8), 20)} =
bp=1, byy ==@A+an)(1+a —biz)/ain, an =-5-4ay +2bya,

2 2 :
azo = (1 +2ay1 + aj, — 2a2a20 — 2b12 — 2a11b12 + bi,)/aiz;

bop =1, b1y =—(4+an)(l+ai —bi2)/an,
bao = —(3aix + ax + arjaz — axbiz)/aiz;

46

€1V

(32)

(33)

(34)

(35)

(36)

(37)

(38)

39)



Vacarag O.

11) {(9), (21)} =
bos =0, b3 = —=bo3, bay = =b12 — by, bag = —b3o — by — 1; (40)
12) {(10), 22)} =

— (2 _ 2 2 2
by = (—a02 + aops + apaboz)/aps, b = (166102 - 36103 + 4a02a11+
dapparn + appanai — anapazn — 24anboz — 6anaiibes —4aiboz—

2 2
apainbos + apzaxbos + 8by; + 2a11by; + 4agpaosbin + apzaizbii—

> > (41)
2apsbosbii)/ags,  an = (=Tag, — 3aes — 2apan — 2apain+t
10a02b03 + 2a12b03 — 3]933)/6103, asy = (461(3)2 + 0326112 - 261(2)36120—
10a%2b03 - 2a02a12b03 + 86102b(2)3 + alzb(ZB - 2b(3)3)/a(2)3;
boy = (—ad, + aos + anbos)/as, b = —(3ags + apaz — axbos)/aos, 42)

bi1 = (4 +ai1)(bos — an)/aos;

13) {(10), 23)} =

box = (—aj, + aos + anbos)/as, b = —(3ags + apnaz — axbos)/aos,
bi1 = —(4 +a)(an2 — bo3)/aos, bir = (—af, + a3 + agzaii— (43)
anaiz + apbos + ainbos)/aos;

— (2 _ 2
boy = (—ag, + apz + axbos)/aos,  a» = (=Tag, — 3aes — 2apzai—
2 _ 2 2
2amaiz + 10agaboz + 2a12b03 — 3[703)/003, by = (16002 - 3a03+
2
dag,ari +4agparz + apaiai — andoezdzo — 24apboz — 6agaiiboz—

4aizboz — arainbos + apzaxbos + 83, + 2a11b; + 4agaosbi + @
agzanbii —2ao3bozbii)/ag,, bia = (=af, + aps + apzai — apan+
anbos + aizboz)/aos;

by = (—2a%, + 2a03 + agzan — anaiz + 2anbes + ai2bes — apzbi2)/aos,

az) = —(7a(2)2 + 3ap3 + 2ap3a;; + 2apaiz — 10apboz — 2a12bgz+

3b3) /aos,

by = (24a32 — 6a%2ao3 + 2a(2)3 - 3(183 — 18a%2a03a11 + 2aé3a11+

32a(3)2a12 —Taypagzaly — 8appagzaiialy + 100(2)261%2 - aoga%z—

apzanai, + anai, — 50a3,bos — 4anapbos + 16anaai bo— (45)

60a32a12b03 + 2ag3zainboz + 3agzaiianbos — 14a02a%2b03 - a?2b03+
3461(2)2b(2)3 + 4a03b(2)3 - 461036111]7%3 + 356102012[7(2)3 + 40%217(2)3 - 8a02b(3)3—
7a12b(3)3 + 4a02a(2)3b11 + a%3a12b11 - 2a33b03b11 + 22a(2)2a03b12—
ab,bia + agyaiibiy + 8agagzainbiz + apzai,bia — 23amnagbosbin—
3agzainbosbiz + Tagsbiybiz — agybi,) /ags.
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_ 3 2
ax = (=6agy, + 2apaos + 4appanair — 6ag,az + apzan + apaian—
2 2 2 2 2
apai, + 1061021703 —2agzai1bos + 9agranbos + a12b03 - 4a02b03 - 3a12b03—
2
Samaosbiz — apzainbiz + 3apzbosbiz)ags.

It is easy to see that the set of conditions {(7), (16), (29)} is a particular case for the set
of conditions {(7), (15), (28)} and the set of conditions {(8), (19), (35)} is a particular
case for {(8), (20), (39)}, the set of conditions {(10), (23), (43)} is a particular case for
the set of conditions {(10), (22), (42)}. The conditions {(8), (19), (37)} and {(8), (20),
(38)} are the same.

Lemma 2.3. The invariant straight line x = 1 has for quartic system (5) the multiplicity
at least four if and only if the coefficients of (5) verify the following series of conditions:
1){6), (11), 2H};  2){(6), (12), 25)};  3) {(6), (13), 26)};

O, A4), 2D} 5){(), (15), (28)};  6) {(8), (17), 30)};

7){®), (17), BD}; 8 {(®), (18), (32)};  9){(8), (18), (33)};

10){(8), (18), B4}, 11){(8), (19), 36)}; 12) {(8), (19), 37N},

13){(8), (20), 39}, 14){(9), 21), (40)}; 15) {(10), (22), (41)};

16) {(10), (22), (42)}; 17){(10), (23), (44)}; 18) {(10), (23), (45)}.

The multiplicity of the invariant straight line x = 1 is at least five if in each of the cases
1)-18) of Lemma 2.3 the identity Y5(y) = 0 holds. Proceeding as in the previous case

and taking into account (3), we will examine each case separately.
D {©). AD, 2H} = Ys5(y) =0=

b3o = (3 = 2a%, — 3boy + axobi1 + 2bg — 2boabao) / (boz — 1), 46)
by = (=Saz + 2axbp +4b11 — 2bpabi11)/(bo2 — 2);

by = —ax, bi1 =2ax, by =1. 47)

2) {(6), (12), (25)} — the identity ¥5(y) = 0 and the conditions (3) are not compatible.

3) {(6), (13), (26)} = Ys5(y) = =9 + 3a3 + 6b3o — b3, + 4a3z0(3 — bzo)y % 0, because
in this case azo # 0.

4){(7), (14), 21} = Y5(y) = (2a20 +azo + (3 +2a11 +a2)y)*(2(3 +2a11 +a2)* -
(2a20 + a30)* = 3(3 + 2ay1 + az)(2az + az)y)/(3 + 2ar; + az)* £ 0.

In the conditions 5) {(7), (15), (28)}, 6) {(8), (17), 30)}, 7) {(8), (17), B1)}, 8) {(8),
(18), (32)} — the identity Y5(y) = 0 and the conditions (3) are not compatible.

9) {(8). (18). (33)} = ¥5(y) = 0 =

bop =1, ax =0, app=—(Tan +3anb)/(2 + by). (48)
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10) {(8), (18), 34)} = ¥5(y) = 0=

ax) =0, bop =1, by =—(Tap +2a12)/(3an + az).

(49)

In the conditions 11) {(8), (19), (36)}, 12) {(8), (19), (37)} — the identity ¥5(y) = 0

and the conditions (3) are not compatible.
13) {(8), (20), (39)} = Y5(y) # 0.

14) {(9), (21), (40)} = Y5(y) = (b11 +ba1 +b31)y(=3 = 2bag — b3o + (2by + b12)y* +

2b3y%) =0 =
15) {(10), (22), 4D} = ¥5(y) = 0=

b]l = ( 236102 + 5a02a03 106102012 + a(2)3a12 aoza%Z + 4661%2]703—
3a03b03 + 15apaabos + a12b03 29a02b03 56112[933 + 6b(3)3)/a(2)3,
aip = (2361(3)2 — 3a02a03 - 5[10261%3 + 10(1(2)26112 - a(2)3a12 + aoza%z—
4661(2)2[?03 + 3agsboz + 3a(2)3b03 — 15apa12bo3 — a%zbog + 29a02b(2)3+
Saibdy — 6b3,)/ (ao3(ao2 — bos)),

ayy = (—2461(3)2 + Saoza(zB - 10a(2)2a12 + a%salz - aozaﬁ + 48a(2)2b03—
3ag3b03 + 15apai2bos + a%2b03 - 30a02b03 5a12b2 + 6b33)/ag3;

bi1 =0, apn=-2an, boz=ap.
16) {(10), (22), (42)} =>Y((y)=0=>

by = apy, aip =-2amn, a =-3-2ay, az =-2ay.
17) {(10), (23), (44)} = Y5(y) =0 =
bi1 =0, bz =ap, aip=-2amn;

( 23&02 + 5a02a03 10a02a12 + a(2)3a12 aoza%z + 46082]?03—
3ao3b03 + 15apainbos + al2b03 2961021?03 5a12b(2)3 + 6b83)/a%3,
ay = (- 246102 + 5a02a03 10a02a12 + a33a12 a02a%2 + 48a32b03—
3a03b03 + 15apainbos + a12b03 3061021903 5a]2bé3 + 6b(3)3)/a%3
ap = (2361(3)2 —3ampag; — 5aozag3 + IOagzalg - a(2)3a12+
a02a12 46a02b03 + 3apsbos + 36103b()3 15ap2a12bg3—

atybos + 29anbg, + 5a12b, — 6b3,)/ (aos(ac — bos)).
18) {(10), (23), @5)} = ¥5(y) =0 =

boz = (Sam +an)/3,
b1y = 2(2a0; + arn)(-2al, + 9aos + 3agzar — apaiz)/(9al,),
b1y = (8aj, — 3ags + 3apsai + 8apain +2ai,)/(6a03);
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b11 =0, boz = am, aia = —2aez, b1z =1+ ai; (57)
— 3 2 2 2 2 2
b1 = (—236102 +5Sapag, — 10ag,a12 + agyarn — apgay, + 46ay,boz—
2 2 2 2 3 2
3a03b03 + 15a02a12b03 + a12b03 — 29a02b03 — 5a12b03 + 6bo3)/a03,
— 3 2 2 2 2
a = (23&02 —3apap; — 5a02a03 + 10a02a12 — ay3a12 + amaij,—
46a(2)2b03 + 36103]903 + 36133]703 - 15(1026112[903 - a%2b03 + 29002b33+
2 3
Saixby; — 6b;)/ (aoz(ao — bo3)),
_ 3 2 2 2 2
b12 = (226102 — 2(1026103 - 561026103 + 9a02a12 — ayadi12 + amai,—

(58)

44a?,boz + 2ao3bos + 3at,boz — 13aainbos — al,bos + 28ag, b3, +

4a12b3, — 6b3,) (aos(aoy — boz)).
The sets of conditions {(10), (22), (41) (52)}, {(10), (22), (42) (53)}, {(10), (23), (44)
(54)} and {(6), (11), (24), (46)}, {(10), (23), (44), (55)}, {(10), (23), (45), (58)} are the
same. The set of conditions {(10), (23), (45), (57)} is a particular case for {(10), (22),
(41), (52)}.

Lemma 2.4. The invariant straight line x = 1 has for quartic system (5) the multiplicity
at least five if and only if the coefficients of (5) verify the following series of conditions:
1) {(6), (11), 24), @6)};  2){(6), (11), 24), 4D}

3){(®), (18), (33), @8)};  4){(8), (18), (34), (49)},

5){©). 1), (40), (50)};  6) {(10), (22), (41), (5D)};

7) {(10), (22), (41), (52)}; 8) {(10), (23), (45), (56)}.

The multiplicity of the invariant straight line x = 1 is at least six if in each of the
cases 1)-8) of Lemma 2.4 the identity Ys(y) = 0 holds. Taking into account (3), we will
examine each case separately:

D {(6), (11), (24), (46)} = {Y6(y) = 0, ged(p,q) = 1} =

boy =3/2, b1 =2ay #0. (59)

In the cases 2) {(6), (11), (24), (47)}, 3) {(8), (18), (33), (48)}, 4) {(8), (18), (34),
(49)}, 6) {(10), (22), (41), (51)}, 7) {(10), (22), (41), (52)} — the identity Ys(y) = 0 and
the conditions (3) are not compatible.

5){(9), (21), (40), (50)} = Y6(y) = 0=

bor =3, by = 3. (60)
8) {(10), (23), (45), (56)} = Ys(y) # 0.

Lemma 2.5. The invariant straight line x = 1 has for quartic system (5) the multiplicity
at least six if and only if the coefficients of (5) verify the following series of conditions:
1) (6), (11), (24), (46), (59);  2) (9), (21), (40), (50), (60).
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In the conditions 1) of Lemma 2.5 we have Y7(y) = axg(7az0 + 2az0b29 — 6y + 6a%0y -
2byy —6a20y2 + y3) # 0, ayo # 0, otherwise (ayg = 0) the right-hand sides of (5) have the
common divisors of degree greater than 0. Thus the multiplicity of the invariant straight
line x = 1 is exactly six.

In the conditions 2) of Lemma 2.5 we have Y7(y) = —y(by1 + by + b3 + b11y2 +
2b1y? + 3b31y?). The identity ¥7(y) = 0 and the conditions (3) are not compatible (the
right-hand sides of (5) have the common divisors of degree greater than 0), therefore the
multiplicity of the invariant straight line x = 1 is exactly six.

In this way we have proved the following theorem.

Theorem 2.1. In the class of quartic differential systems with a center-focus critical point
and non-degenerate infinity the maximal multiplicity of an affine real invariant straight

line is equal to six.

3. SOLUTION OF THE CENTER PROBLEM FOR QUARTIC SYSTEMS WITH AN AFFINE

INVARIANT STRAIGHT LINE OF MAXIMAL MULTIPLICITY.

It is known that a critical point (0, 0) is a center for (2) if and only if in a neighborhood
of (0, 0) the system has a nonconstant analytic first integral F'(x, y) (an analytic integrating
factor of the form u(x, y) = 1+ 3 u;(x,y)). If F(x,y) (u(x, y)) has the form "' --- £,
where f;, 1 < j < p are invariant straight lines and f;, p + 1 < j < s are exponential
factors, then the system (2) is called Darboux integrable.

Let F(x,y) = x>+ y> + F3(x,y) + F4(x,y) + - - + F,(x,y) + - - -, be a function such

that
oF

oF > )
—p(,y) + ——q(x,y) = Y L;(x*+yH)I, (61)
ox ady ;

where Fi(x,y) = Xtk ﬁjxiyj, foj = 0if j is even. The L; are polynomials in the
coeflicients of (2) and are called the Lyapunov quantities.
For example, the first two quantities look as

Ly = (ain—acgai —anaz+3azo+2a02b02 —3bo3 + boab11 —2a20b20 + b11b20 — b21) /4,

L, = (lOag’)zan + 4lapagzar; — 12ap4a11 — aoza?l - 1061(2)26112 —2lagzay + a%lalg -

2Oa02a13+124a32a11a20+37a03a11ago—a?la20—94a02a12a20—28a13a20+238a02a11a§0—
112611261%0 + 124(1116@0 + 19(10261] 1a>1 — 15apa>1 + 23a11a20a21 —4dayaxn — 906[%26130 -

27apza3y — 5a%1a3o — 378apazoazy — 372a§0a30 —33as1a30 — 12apa31 — 36ax0a3; +

20(111a40—20a(3)2b02—82a02a03b02+24a04b02—39a02a%1b02+33a11a12b02—228a32a20b02—
32a3a20b02 — 37a7,axboy — 288amaz,boy — 24a3,boy + 2apa21boy + 40azoaz by —

16a2,b02+71a11a30bo2—88a40bor+158a02a11b3,~100a12b3,+96a11a20b3,—248a30b%,—
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152a02b3, + 24ax0b}, + 30ag,boz + 63ag3bos + 9ai, bos + 322a02a20b03 + 392a5,bos +
Zlazlbm — 87allb02b03 + 228[9521903 + 80a02b04 + 88a20b04 - 37a%2a11b11 — 861036111[711 +
37a02a12b1 1+8al3b— 138a02a11a20b1 1 +89a12a20b11 - IOIGllagobl 1+ 147a02a30b1 1+
30361200301?11+64a(2)2b02b11—5a03b02b11—361%1[9021)11+68a02020b02b11—14461%01)021?11—
7a21b02b11 + 296111])%2[711 - 761982]911 - 131a02b03b11 - 287(120[)()3[711 - 20bo4b11 +
27a02a11b%1—27a12b%1+27a11a20b%1—81a30b%1+3a02b02b%1+109a20b02b%1+77b03b%1—
23b02b?1—21a02a11b12+21a12b12—17a11a20b12+51agob12+2a02b02b12—40a20b02b12—
39b03b12+b02b11b12+36b02b13—29a02a%1b20+29a11a12b20+60a(2)2a20b20+18a03a20b20—
27a%1azobzo+252a02a§0b20+248a30b20+8002a21b20+46a20021b20—8a22b20+59a11a30b20—
80a40b20+136a02a11b02b20—86a12b02b20+28a11a20b02b20—178a30b02b20—156a02b(2)2b20+
192a20b2, b2 — 75a11b03b2o +234boabosbag — 30a2,b 112 — Iagsbiibao — 362, biibag -
2326102612()1?11b20—350d%ob11b20—3021b11b20+42a11b02b11bz()—14219%21)11b20+53a02b%1b20+
1596120[)%1b20—23bi’1b20—8a02b12b20—50a20b12b20+5b11b12b20+12b13b20+30a02011b§0—
30a12b5,—16a11a20b5,~30a30b5,—60an2bozb3,+132a20bor b3, +90bo3 b3y +13a11b11 b3~
76b02b11b§0 + ZOazobgo - 10b11b;0 + 3061(2)21)21 + 9a03b21 + 3a%1b21 + 134a02a20b21 +
148a%0b21 +3as1b21—17a1; b02b21 +64b(2)2b21 —536102]91 1bo1— 105a20b1 1bo1 +23b%1b21 -
9b12by1 — 13a11byba1 + 46bgrbrobr + 10b%0b21 + 8agbary + 16ayybry + 4b11byy —
15apai1bzo+15a12b30—19a11a20b30+9a30b30+30a02002030+32a20b02030—45b03b30+
8a11b11b30—13b02b11b30 +34a20b20b30 — 17011020030 —3b21b30 —8a 11031 + 28D b31 +
20b20b31 — 24a20b40 + 12b11b49) /96.

The critical point (0, 0) is a center if all Lyapunov quantities L; vanish. (see [2]).

In the following we will solve the center problem for the system (5) under the conditions
1) and 2) of Lemma 2.5, i.e. when the affine line x — 1 = 0 is of maximal multiplicity.

The conditions 1) of Lemma 2.5 are

ap = -3, apx =0, azg = —2az, ax =3, a;2 =0, apz =0,
b1 = 2az, bop =3/2, b3g = =2by9 -3, ba1 =0, b1z = =3,bp3 =0, (62)
bao = 2a5, + b +2, b31 = —2an, by =3/2,b13 =0, bos = 0; az # 0.

The quartic system (5) takes the form:

i=(x—=1)%(axx*+y—-xy), ax#0,
¥ = (=2x = 2byox? + 2(3 + 2b20)x> — 2(2 + 2a3, + bao)x*— (63)
—4arxy + daxx>y — 3y% + 6xy? — 3x2y?)/2.

We remark that the system (63) has the following integrating factor

1

u(x,y) = m-
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The conditions 2) of Lemma 2.5 are

ax) =0, ayy =-3, app =az =0, ay =3, aip =ap3 =0, by = -3,

64
bor =3, b3o =3, bio =6, bo3 =0, byy = -1, bpp =3, b;3=0, bpy =0. (4
The quartic system (5) takes the form:
X =—y(x-1)7%,
y= —x + 3x% = 3x3 +x4—b11xy—b21x2y—b31x3y— (65)

=3y? + 6xy? = 3x2y%, b3 + b3 + bl #0.

The first two Lyapunov quantities of the system (65) are L} = —by; /4 and Ly = b3 /2. If
Ly =L, =0,1e. by; = b1 = 0, then the system (65) has the following integrating factor
. b1 (b1 x%(x® = 5x% + 10x — 10) + 20(x — 1)%y)

X .
-1 P 20(x - 1)5

u(x,y) =

Theorem 3.1. The quartic differential system (5) with an affine invariant straight line
of maximal multiplicity six has a center at the origin (0, 0) if and only if its coefficients
verify the following sets of conditions: 1) (62); 2){(64), by = b3; = 0}.

Theorem 3.2. The quartic differential system (5) with an affine invariant straight line
of maximal multiplicity six has a center at the origin (0,0) if and only if the first two

Lyapunov quantities vanish L1 = L = 0.
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