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On computation of the ordinary Hilbert series for Sibirsky
graded algebras of differential system s(3, 5)

Lipia MusinscHI @ AND VicTOr Pricop

Abstract. The generalized and ordinary Hilbert series for Sibirsky graded algebras of
comitants and invariants of autonomous polynomial differential systems are of particu-
lar importance for some problems of qualitative theory of differential systems. In the
Republic of Moldova the computation of these series have their beginnings in the works
of Professor M. N. Popa and his disciples. But the construction of these series for some
complicated differential systems encounters insurmountable computational difficulties,
especially, for the generalized Hilbert series, from which the ordinary Hilbert series can
be easily obtained. In this paper, it is shown how the adaptation of Molien’s formula
address to the mentioned problem to overcome the enormous calculations, an ordinary
Hilbert series were obtained for Sibirsky graded algebras of comitants and invariants for
the differential system s(3,5).
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Despre calcularea seriilor Hilbert obisnuite pentru algebrele
graduate Sibirschi ale sistemului diferential s(3,5)

Rezumat. Seriile Hilbert generalizate si obisnuite pentru algebrele graduate Sibirschi
ale comitantilor si invariantilor sistemelor diferentiale polinomiale autonome joacd un
rol deosebit pentru unele probleme din teoria calitativii a acestor sisteme. In Republica
Moldova calcularea seriilor Hilbert incep in lucrarile profesorului M. N. Popa si ale dis-
cipolilor sdi. Totusi constructia acestor serii pentru unele sisteme diferentiale complicate
Intampina dificultiti enorme de calcul, in special pentru seria Hilbert generalizata din
care se obtine cu usurinti seria Hilbert obisnuiti. In aceastd lucrare se arati cum se
foloseste adaptarea formulei lui Molien pentru a depasi problema calculelor enorme. Au
fost obtinute seriile Hilbert obignuite pentru algebrele graduate Sibirschi ale comitantilor
si invariantilor pentru sistemul diferential s(3,5).

Cuvinte-cheie: sisteme diferentiale, algebre graduate Sibirschi, serii Hilbert, dimensiu-
nea Krull.
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1. INTRODUCTION

Consider a two-dimensional autonomous polynomial system of differential equations

4

4
dx dy
- = Pm ) s ;.= m; ) ) l
7 ; (6 y), ;Q (X, y) (1)

14
i=0’

P, (x,y) and Oy, (x, y) are homogeneous of degree m; with respect to the phase variables

where I = {m;} (¢ < o0) is a some finite set of distinct non-negative integers,
xand y (i.e., Py, (ax,ay) = @™ Py, (x,), Om,; (ax,a@y) = @™ Qm,(x,y), @ € R). The
coeflicients and variables in the polynomials P, (x,y) and O, (x,y) take values from
the field of real numbers R.

Hereafter for the system of the form (1) we will use the notation s(mg, m, ..., mg) or
s(I") where I" = {mi}fzo, m; are degrees of homogeneities P, (x,y) and Q,,, (x, y) with
respect to the phase variables x and y.

One of the methods to study the differential systems of the form (1) is "The method
of algebraic invariants in the theory of differential equations”, which is developed in the
works of Academician K. S. Sibirsky [1, 2, 3] and his disciples.

This method generated applications of Lie groups and algebras, graded algebras of
invariants and comitants, generating functions and Hilbert series to the study of the
system (1) (see, for example [4, 5]).

One of the methods of computation of generalized and ordinary Hilbert series for
differential systems is Silvester’s generalized method known from [4]. This method for
differential systems with high-degree polynomial on the right-hand sides is connected
with cumbersome computations with application of supercomputers. In contrast to the
mentioned above, using the residues method, were obtained the ordinary Hilbert series for
Sibirsky graded algebras of comitants and invariants for the following differential systems
s(1,3,7) [6], s(3,7) [7], s(1,3,5) [8], s(1,3,5,7) [9]. So, it is welcome to complete the
set of computed Hilbert series with others, for example, the Hilbert series for the system
s(3,5).

2. GRADED ALGEBRAS OF COMITANTS (INVARIANTS) OF THE SYSTEM (1.1)

Let A be a set of coefficients of the system (1). Denote by GL(2,R) a group of

centro-affine transformations

q:)_c:a/x+/3y,y=yx+6y(A:j?‘#O) 2)

where «, 8, v, ¢ takes value from the field of real numbers R.
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Definition 2.1. The polynomial k(x, y, A) of phase variables and coefficients of the system

(1) is called a centro-affine comitant of this system, if the equality
k(x,5,A) = A8k(x,y, A)

holds for any g € GL(2,R), any coefficients of the system (1), any phase variables. If
the comitant k does not depend on the phase variables, then it its called the invariant

(usually denoted by i) of the system (1) by the centro-affine group GL(2,R).

The number g is called the weight of the comitant k. If g = 0, then k is called the

absolute comitant, otherwise the relative comitant.

Definition 2.2. For any differential system s(mg, my,...,my), a centro-affine comitant
has a type

(d) = (0,dy,da, ..., dyp) 3)
where d; is the degree of homogeneity of comitant with respect to the coefficients of
homogeneities Py, (x,y) and Qpm,(x,y), 0 is the degree of homogeneity of comitant with
respect to the phase variables x, y. At the same time the number d = Zle d; (0) is called
the degree (order) of comitant of the type (3).

Lemma 2.1. [4] The set of centro-affine comitants of the system (1) of the same type
(3) forms a finite-dimensional linear space, i.e., has a finite maximal system of linearly
independent comitants (linear basis) of a given type through which all others are linearly

expressed.

Remark 2.1. In [4] it is shown that the set of centro-affine comitants generate a finite-
determined graded algebra of comitants (invariants) with respect to the unimodular group
SL(2,R) c GL(2,R), which are denoted by
Sr= s (sir= Y s,
(d) (d)
By dimRSéd) (dimRSléd)) are denoted dimensions of linear spaces from the Lemma 2.1.
These algebras in [5] were named Sibirsky graded algebra of comitants (invariants),

respectively.

If for Sibirsky graded algebras S, m, m, We introduce a single

..........

notation A, then they can be written in the form
A =< ap,an, ...,am|f1 = O, f2 = O, ,fn =0> (m,n < OO) (4)

where a; are the generators of this algebra, f; — defining relations (syzygies) between

these generators.
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One of the problems in studying these algebras is determining the numbers and ex-
pressions of its generators. For this, it is necessary to study the type of comitants and
invariants that forms these generators. From the paper [10] on Modern Algebra, it follows

that generating functions and Hilbert series play an essential role in solving this problem.

3. HILBERT SERIES FOR SIBIRSKY GRADED ALGEBRAS Sy m,.....m; AND
STnomy,....me
From [4] it is known
e () = (1= w2 (W, ()] (1) 5)
where
1 for m; =0,

Yy (u) = § (1Tt . . (©6)
(L—umi* ;) (1—u=mi =V ;) [T5, (1—umi—2k+12;)2° orm; #

foreachI" = {mi}fzo
The expressions (5)—(6) we will call initial form of the generating function for centro-
affine comitants of the system (1).

In the paper [4], it is shown that if the function (5)—(6) is represented as

or(u) —u2or(u™") = ¢\ (u), 7

then we can restrict ourselves to the study of only rational function ¢r(u).

However, the question arises, how to obtain the function ¢r(u#) from (7) for more
complicated I". This problem Was solved by generalizing the Silvester’s method by
decomposition of the function ¢ )(u) in elementary fractions [4].

Following the paper [4], under a generalized Hilbert series of the algebra St, we will
understand

H(Sr,u,20,21,...,2¢) = Z diMRS(d)u‘szgozf'- z?",
(d)
and

H(Sr,u,z0,21,....2¢) = ¢r(u) (8)

where ¢r(u) is from (7).
Note that (according to the same paper [4]) an ordinary Hilbert series is obtained in an

obvious way from the generalized

Hs . (u) = H(St,u,u,u, ..., u). 9)
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If we denote the algebra of invariants for a fixed I" for the system (1) by S/, then for

generalized Hilbert series of this algebra we have
H(SIr, z0, 21, .- 2¢) = H(ST, 0, 20, 21, ... 2¢) = ¢r(0), (10)
and for the ordinary Hilbert series we obtain
Hsp(z) = H(SIr, 2,2, ..., 2). (11)

The computation of the generalized Hilbert series for differential systems with high-
degree polynomial on the right-hand sides is connected with cumbersome computations
with the application of supercomputers. This emphasizes the importance of the calculus
of ordinary Hilbert series. From the papers [4], [5], it follows that, we can studying
the structures of these algebras using the generalized and the ordinary Hilbert series
of Sibirsky graded algebras for the differential system (1). The Hilbert series gives an

information about the upper bound of degrees for generators of these algebras.

Remark 3.1. According to [4], [5] the Krull dimension for finitely determined algebras
is equal to the order of pole of corresponding ordinary Hilbert series at the unit. The
Krull dimension gives us the maximal number of algebraically independent comitants and

invariants of corresponding Sibirsky graded algebras of differential systems.

4. METHODS OF COMPUTATION OF THE GENERALIZED AND ORDINARY HILBERT

SERIES FOR SIBIRSKY GRADED ALGEBRAS OF DIFFERENTIAL SYSTEMS

From the paper [4], it is known the Silvester’s generalized method for computation of
the generalized and ordinary Hilbert series. Using this method, there were calculated
Hilbers series for Sibirsky graded algebras for differential systems s(1), s(2), s(0,2),
s(1,3), s(2,3), s(5) [4], s(1,4), s(1,5) [5]. An attempt to obtain the Hilbert series
for relatively simple system s(1,2,3) with this method was unsuccessful. For more
complicated differential systems this method encounters insurmountable computational

difficulties. Use of other methods is welcome.

Definition 4.1. [11] For a graded vector space V = @Z’:  Va with V4 finite dimensional

for all d we define the Hilbert series ov V as the formal Laurent series
H(V,1) = Z dim (V)19
d=k

An important tool for computing invariants is the Hilbert series. The Hilbert series of
a ring contains a lot of information about the ring itself. For example, the dimension and

other geometric invariants can be read from the Hilbert series.
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Theorem 4.1. (Molien’s formula [11]) Let G be a finite group acting on a finite-

dimensional vector space V over a field K of characteristic not dividing |G|. Then

HKVT™, |G|Zdet°(1—to-)

If K has the characteristic 0, then det? v (1 —t0) can be taken as dety (1 —to).

We recall the Residue Theorem in complex function theory. This theorem can be

applied to compute the Hilbert series of invariant rings [11].

Theorem 4.2. (The Residue Theorem [11]) Suppose that D is a connected, simply
connected compact region in C, whose border is D, and y : [0,1] — C is a smooth
curve such that y([0,1]) = D, y(0) = y(1) and circles around D exactly once in the

counter clockwise direction. Assume that f is a meromorphic function on C with no poles

in 0D. Then we have
/ f(@dz =Y Res(f,a).

aeD

There are only finitely many points in the compact region D such that f has non-zero

residue there.

Theorem 4.3. [11]

Gy L[ 1 &
H(K[V] ’t)_2ni/det(1—fpv(2)) z
Sl

where S' c C is the unit circle {z : |z] = 1}.

Using the Residue Theorem and corresponding generating function [4] the last formula
was adapted for computation of ordinary Hilbert series for Sibirsky graded algebras of

comitants and invariants of differential systems as follows

Theorem 4.4. [5]

(0)
HSIr(t)_ ﬂ'l/ (Z)

<
Sl

where S' ¢ C is the unit circle {z : |z| = 1}, or )(z) is the corresponding generating
Sfunction (5)—(6).
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5. COMPUTATION OF THE ORDINARY HILBERT SERIES FOR SIBIRSKY GRADED

ALGEBRAS OF DIFFERENTIAL SYSTEM 5(3,5)

Using Theorem 4.4, we obtain

Theorem 5.1. For the differential system s(3,5), the following ordinary Hilbert series
for Sibirsky graded algebras of comitants S35 and invariants SIz 5 was obtained

1
(I+0)2(1-2)*(1 =30 -23)7A -r)*(1-17)
+813 +49r* + 1798 + 5331 + 138217 + 330178 + 735617 + 15353110+

Hg, (1) = (14214 21%+

+29865¢'" + 544021'% + 93137¢1 + 150665 + 2311251 + 337272116+
+4687441"7 + 621438¢'8 + 7867831"7 + 952653120 + 11042961% + 12267391°% +
+13063801% + 133407712 + 1306380%° + 122673912 + 11042961%" +
+9526531%8 + 7867831 + 6214381 + 46874413 + 3372723 + 23112513+
+1506657>* + 9313713 + 544021% + 29865137 + 15353138 + 735617+
+3301%0 + 13826*! + 5331%2 + 179¢* + 49r* + 8% + 21% 4 2147 4+ 1*9)

1
(1=-)* A +)5(1 =tH*(1 -13)0(1 - 15)3
+361* + 10672 + 29010 + 67217 + 14518 + 2875¢° + 5322¢'9 + 9053+ +
+14398¢'% + 21263¢13 + 294631 + 38314¢15 + 470761'° + 54444+ +

+59516¢'8 + 612591 + 59516120 + 5444412" + 470761%% + 38314t53 +

(A +r+2+75+

Hgp (1) =

+294631%* + 2126312 + 14398120 + 9053127 + 5322128 + 2875¢%° + 1451130+

+672631 + 290872 + 106873 + 36:%* + 763 + 136 + 57 + 138)

Remark 5.1. For the Sibirsky graded algebras S35 (S13,5), the Krull dimensions is equal
to 19 (17) respectively.

Remark 5.2. The Krull dimension gives us the maximal number of algebraically inde-
pendent comitants and invariants of Sibirsky graded algebras S3 5 and S15 5 of differential
system s(3,5).

Remark 5.3. Note that for Hilbert series of Sibirsky graded algebra of comitants of the
system s(I'), where 0 ¢ T, the following equality holds Hs(t) = Hsip,, ().

From [11], a method for computing the ordinary Hilbert series of invariants rings using

the residues is known, that was adapted for the ordinary Hilbert series for Sibirsky graded
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algebras of comitants and invariants of differential systems. This method is more effective

than the generalized Sylvester’s method.
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