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On computation of the ordinary Hilbert series for Sibirsky
graded algebras of differential system s(3, 5)

Lidia Muşinschi and Victor Pricop

Abstract. The generalized and ordinary Hilbert series for Sibirsky graded algebras of
comitants and invariants of autonomous polynomial differential systems are of particu-
lar importance for some problems of qualitative theory of differential systems. In the
Republic of Moldova the computation of these series have their beginnings in the works
of Professor M. N. Popa and his disciples. But the construction of these series for some
complicated differential systems encounters insurmountable computational difficulties,
especially, for the generalized Hilbert series, from which the ordinary Hilbert series can
be easily obtained. In this paper, it is shown how the adaptation of Molien’s formula
address to the mentioned problem to overcome the enormous calculations, an ordinary
Hilbert series were obtained for Sibirsky graded algebras of comitants and invariants for
the differential system 𝑠(3, 5).
2020 Mathematics Subject Classification: 34C05, 34C07, 34C14.
Keywords: differential systems, Sibirsky graded algebras, Hilbert series, Krull dimen-
sion.

Despre calcularea seriilor Hilbert obişnuite pentru algebrele
graduate Sibirschi ale sistemului diferent, ial s(3, 5)

Rezumat. Seriile Hilbert generalizate şi obişnuite pentru algebrele graduate Sibirschi
ale comitanţilor şi invarianţilor sistemelor diferenţiale polinomiale autonome joacă un
rol deosebit pentru unele probleme din teoria calitativă a acestor sisteme. În Republica
Moldova calcularea seriilor Hilbert ı̂ncep ı̂n lucrările profesorului M. N. Popa şi ale dis-
cipolilor săi. Totuşi construcţia acestor serii pentru unele sisteme diferenţiale complicate
ı̂ntâmpină dificultăţi enorme de calcul, ı̂n special pentru seria Hilbert generalizată din
care se obţine cu uşurinţă seria Hilbert obişnuită. În această lucrare se arată cum se
foloseşte adaptarea formulei lui Molien pentru a depăşi problema calculelor enorme. Au
fost obţinute seriile Hilbert obişnuite pentru algebrele graduate Sibirschi ale comitanţilor
şi invarianţilor pentru sistemul diferenţial 𝑠(3, 5).
Cuvinte-cheie: sisteme diferenţiale, algebre graduate Sibirschi, serii Hilbert, dimensiu-
nea Krull.
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1. Introduction

Consider a two-dimensional autonomous polynomial system of differential equations

𝑑𝑥

𝑑𝑡
=

ℓ∑︁
𝑖=0

𝑃𝑚𝑖
(𝑥, 𝑦), 𝑑𝑦

𝑑𝑡
=

ℓ∑︁
𝑖=0

𝑄𝑚𝑖
(𝑥, 𝑦), (1)

where Γ = {𝑚𝑖}ℓ𝑖=0, (ℓ < ∞) is a some finite set of distinct non-negative integers,
𝑃𝑚𝑖

(𝑥, 𝑦) and𝑄𝑚𝑖
(𝑥, 𝑦) are homogeneous of degree𝑚𝑖 with respect to the phase variables

𝑥 and 𝑦 (i.e., 𝑃𝑚𝑖
(𝛼𝑥, 𝛼𝑦) = 𝛼𝑚𝑖𝑃𝑚𝑖

(𝑥, 𝑦), 𝑄𝑚𝑖
(𝛼𝑥, 𝛼𝑦) = 𝛼𝑚𝑖𝑄𝑚𝑖

(𝑥, 𝑦), 𝛼 ∈ R). The
coefficients and variables in the polynomials 𝑃𝑚𝑖

(𝑥, 𝑦) and 𝑄𝑚𝑖
(𝑥, 𝑦) take values from

the field of real numbers R.
Hereafter for the system of the form (1) we will use the notation 𝑠(𝑚0, 𝑚1, ..., 𝑚ℓ) or

𝑠(Γ) where Γ = {𝑚𝑖}ℓ𝑖=0, 𝑚𝑖 are degrees of homogeneities 𝑃𝑚𝑖
(𝑥, 𝑦) and 𝑄𝑚𝑖

(𝑥, 𝑦) with
respect to the phase variables 𝑥 and 𝑦.

One of the methods to study the differential systems of the form (1) is ”The method
of algebraic invariants in the theory of differential equations”, which is developed in the
works of Academician K. S. Sibirsky [1, 2, 3] and his disciples.

This method generated applications of Lie groups and algebras, graded algebras of
invariants and comitants, generating functions and Hilbert series to the study of the
system (1) (see, for example [4, 5]).

One of the methods of computation of generalized and ordinary Hilbert series for
differential systems is Silvester’s generalized method known from [4]. This method for
differential systems with high-degree polynomial on the right-hand sides is connected
with cumbersome computations with application of supercomputers. In contrast to the
mentioned above, using the residues method, were obtained the ordinary Hilbert series for
Sibirsky graded algebras of comitants and invariants for the following differential systems
𝑠(1, 3, 7) [6], 𝑠(3, 7) [7], 𝑠(1, 3, 5) [8], 𝑠(1, 3, 5, 7) [9]. So, it is welcome to complete the
set of computed Hilbert series with others, for example, the Hilbert series for the system
𝑠(3, 5).

2. Graded algebras of comitants (invariants) of the system (1.1)

Let 𝐴 be a set of coefficients of the system (1). Denote by 𝐺𝐿 (2,R) a group of
centro-affine transformations

𝑞 : 𝑥 = 𝛼𝑥 + 𝛽𝑦, 𝑦 = 𝛾𝑥 + 𝛿𝑦 (Δ =

����𝛼 𝛽𝛾 𝛿 ���� ≠ 0) (2)

where 𝛼, 𝛽, 𝛾, 𝛿 takes value from the field of real numbers R.
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Definition 2.1. The polynomial 𝑘 (𝑥, 𝑦, 𝐴) of phase variables and coefficients of the system
(1) is called a centro-affine comitant of this system, if the equality

𝑘 (𝑥, 𝑦, 𝐴) = Δ−𝑔𝑘 (𝑥, 𝑦, 𝐴)

holds for any 𝑞 ∈ 𝐺𝐿 (2,R), any coefficients of the system (1), any phase variables. If
the comitant 𝑘 does not depend on the phase variables, then it its called the invariant
(usually denoted by 𝑖) of the system (1) by the centro-affine group 𝐺𝐿 (2,R).

The number 𝑔 is called the weight of the comitant 𝑘 . If 𝑔 = 0, then 𝑘 is called the
absolute comitant, otherwise the relative comitant.

Definition 2.2. For any differential system 𝑠(𝑚0, 𝑚1, ..., 𝑚ℓ), a centro-affine comitant
has a type

(𝑑) = (𝛿, 𝑑1, 𝑑2, ..., 𝑑ℓ) (3)

where 𝑑𝑖 is the degree of homogeneity of comitant with respect to the coefficients of
homogeneities 𝑃𝑚𝑖

(𝑥, 𝑦) and 𝑄𝑚𝑖
(𝑥, 𝑦), 𝛿 is the degree of homogeneity of comitant with

respect to the phase variables 𝑥, 𝑦. At the same time the number 𝑑 =
∑ℓ

𝑖=1 𝑑𝑖 (𝛿) is called
the degree (order) of comitant of the type (3).

Lemma 2.1. [4] The set of centro-affine comitants of the system (1) of the same type
(3) forms a finite-dimensional linear space, i.e., has a finite maximal system of linearly
independent comitants (linear basis) of a given type through which all others are linearly
expressed.

Remark 2.1. In [4] it is shown that the set of centro-affine comitants generate a finite-
determined graded algebra of comitants (invariants) with respect to the unimodular group
𝑆𝐿 (2,R) ⊂ 𝐺𝐿 (2,R), which are denoted by

𝑆Γ =
∑︁
(𝑑)

𝑆
(𝑑)
Γ

(
𝑆𝐼Γ =

∑︁
(𝑑)

𝑆𝐼
(𝑑)
Γ

)
.

By 𝑑𝑖𝑚R𝑆
(𝑑)
Γ

(𝑑𝑖𝑚R𝑆𝐼
(𝑑)
Γ

) are denoted dimensions of linear spaces from the Lemma 2.1.
These algebras in [5] were named Sibirsky graded algebra of comitants (invariants),
respectively.

If for Sibirsky graded algebras 𝑆𝑚0,𝑚1,...,𝑚ℓ
and 𝑆𝐼𝑚0,𝑚1,...,𝑚ℓ

we introduce a single
notation 𝐴, then they can be written in the form

𝐴 =< 𝑎1, 𝑎2, ..., 𝑎𝑚 | 𝑓1 = 0, 𝑓2 = 0, ..., 𝑓𝑛 = 0 > (𝑚, 𝑛 < ∞) (4)

where 𝑎𝑖 are the generators of this algebra, 𝑓 𝑗 – defining relations (syzygies) between
these generators.
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One of the problems in studying these algebras is determining the numbers and ex-
pressions of its generators. For this, it is necessary to study the type of comitants and
invariants that forms these generators. From the paper [10] on Modern Algebra, it follows
that generating functions and Hilbert series play an essential role in solving this problem.

3. Hilbert series for Sibirsky graded algebras 𝑆𝑚0,𝑚1,...,𝑚ℓ
and

𝑆𝐼𝑚0,𝑚1,...,𝑚ℓ

From [4] it is known

𝜑
(0)
Γ

(𝑢) = (1 − 𝑢−2)𝜓 (0)
𝑚0 (𝑢)𝜓

(0)
𝑚1 (𝑢)...𝜓

(0)
𝑚ℓ

(𝑢) (5)

where

𝜓
(0)
𝑚𝑖

(𝑢) =


1
(1−𝑢𝑧𝑖 ) (1−𝑢−1𝑧𝑖 )

, for 𝑚𝑖 = 0,
1

(1−𝑢𝑚𝑖+1𝑧𝑖 ) (1−𝑢−𝑚𝑖−1𝑧𝑖 )
∏𝑚𝑖

𝑘=1 (1−𝑢
𝑚𝑖−2𝑘+1𝑧𝑖 )2 , for 𝑚𝑖 ≠ 0

(6)

for each Γ = {𝑚𝑖}ℓ𝑖=0.
The expressions (5)–(6) we will call initial form of the generating function for centro-

affine comitants of the system (1).
In the paper [4], it is shown that if the function (5)–(6) is represented as

𝜑Γ (𝑢) − 𝑢−2𝜑Γ (𝑢−1) = 𝜑 (0)
Γ

(𝑢), (7)

then we can restrict ourselves to the study of only rational function 𝜑Γ (𝑢).
However, the question arises, how to obtain the function 𝜑Γ (𝑢) from (7) for more

complicated Γ. This problem was solved by generalizing the Silvester’s method by
decomposition of the function 𝜑 (0)

Γ
(𝑢) in elementary fractions [4].

Following the paper [4], under a generalized Hilbert series of the algebra 𝑆Γ, we will
understand

𝐻 (𝑆Γ, 𝑢, 𝑧0, 𝑧1, ..., 𝑧ℓ) =
∑︁
(𝑑)

𝑑𝑖𝑚R𝑆
(𝑑)
Γ
𝑢𝛿𝑧

𝑑0
0 𝑧

𝑑1
1 ...𝑧

𝑑ℓ
ℓ
,

and

𝐻 (𝑆Γ, 𝑢, 𝑧0, 𝑧1, ..., 𝑧ℓ) = 𝜑Γ (𝑢) (8)

where 𝜑Γ (𝑢) is from (7).
Note that (according to the same paper [4]) an ordinary Hilbert series is obtained in an

obvious way from the generalized

𝐻𝑆Γ (𝑢) = 𝐻 (𝑆Γ, 𝑢, 𝑢, 𝑢, ..., 𝑢). (9)
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If we denote the algebra of invariants for a fixed Γ for the system (1) by 𝑆𝐼Γ, then for
generalized Hilbert series of this algebra we have

𝐻 (𝑆𝐼Γ, 𝑧0, 𝑧1, ..., 𝑧ℓ) = 𝐻 (𝑆Γ, 0, 𝑧0, 𝑧1, ..., 𝑧ℓ) = 𝜑Γ (0), (10)

and for the ordinary Hilbert series we obtain

𝐻𝑆𝐼Γ (𝑧) = 𝐻 (𝑆𝐼Γ, 𝑧, 𝑧, ..., 𝑧). (11)

The computation of the generalized Hilbert series for differential systems with high-
degree polynomial on the right-hand sides is connected with cumbersome computations
with the application of supercomputers. This emphasizes the importance of the calculus
of ordinary Hilbert series. From the papers [4], [5], it follows that, we can studying
the structures of these algebras using the generalized and the ordinary Hilbert series
of Sibirsky graded algebras for the differential system (1). The Hilbert series gives an
information about the upper bound of degrees for generators of these algebras.

Remark 3.1. According to [4], [5] the Krull dimension for finitely determined algebras
is equal to the order of pole of corresponding ordinary Hilbert series at the unit. The
Krull dimension gives us the maximal number of algebraically independent comitants and
invariants of corresponding Sibirsky graded algebras of differential systems.

4. Methods of computation of the generalized and ordinary Hilbert
series for Sibirsky graded algebras of differential systems

From the paper [4], it is known the Silvester’s generalized method for computation of
the generalized and ordinary Hilbert series. Using this method, there were calculated
Hilbers series for Sibirsky graded algebras for differential systems 𝑠(1), 𝑠(2), 𝑠(0, 2),
𝑠(1, 3), 𝑠(2, 3), 𝑠(5) [4], 𝑠(1, 4), 𝑠(1, 5) [5]. An attempt to obtain the Hilbert series
for relatively simple system 𝑠(1, 2, 3) with this method was unsuccessful. For more
complicated differential systems this method encounters insurmountable computational
difficulties. Use of other methods is welcome.

Definition 4.1. [11] For a graded vector space 𝑉 =
⊕∞

𝑑=𝑘 𝑉𝑑 with 𝑉𝑑 finite dimensional
for all 𝑑 we define the Hilbert series ov 𝑉 as the formal Laurent series

𝐻 (𝑉, 𝑡) =
∞∑︁
𝑑=𝑘

𝑑𝑖𝑚(𝑉𝑑)𝑡𝑑 .

An important tool for computing invariants is the Hilbert series. The Hilbert series of
a ring contains a lot of information about the ring itself. For example, the dimension and
other geometric invariants can be read from the Hilbert series.
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Theorem 4.1. (Molien’s formula [11]) Let 𝐺 be a finite group acting on a finite-
dimensional vector space 𝑉 over a field 𝐾 of characteristic not dividing |𝐺 |. Then

𝐻 (𝐾 [𝑉]𝐺 , 𝑡) = 1
|𝐺 |

∑︁
𝜎∈𝐺

1
𝑑𝑒𝑡0

𝑉
(1 − 𝑡𝜎)

.

If 𝐾 has the characteristic 0, then 𝑑𝑒𝑡0
𝑉
(1 − 𝑡𝜎) can be taken as 𝑑𝑒𝑡𝑉 (1 − 𝑡𝜎).

We recall the Residue Theorem in complex function theory. This theorem can be
applied to compute the Hilbert series of invariant rings [11].

Theorem 4.2. (The Residue Theorem [11]) Suppose that 𝐷 is a connected, simply
connected compact region in C, whose border is 𝜕𝐷, and 𝛾 : [0, 1] → C is a smooth
curve such that 𝛾( [0, 1]) = 𝜕𝐷, 𝛾(0) = 𝛾(1) and circles around 𝐷 exactly once in the
counter clockwise direction. Assume that 𝑓 is a meromorphic function on C with no poles
in 𝜕𝐷. Then we have

1
2𝜋𝑖

∫
𝛾

𝑓 (𝑧)𝑑𝑧 =
∑︁
𝑎∈𝐷

𝑅𝑒𝑠( 𝑓 , 𝑎).

There are only finitely many points in the compact region 𝐷 such that 𝑓 has non-zero
residue there.

Theorem 4.3. [11]

𝐻 (𝐾 [𝑉]𝐺 , 𝑡) = 1
2𝜋𝑖

∫
𝑆1

1
𝑑𝑒𝑡 (𝐼 − 𝑡𝜌𝑉 (𝑧))

𝑑𝑧

𝑧

where 𝑆1 ⊂ C is the unit circle {𝑧 : |𝑧 | = 1}.

Using the Residue Theorem and corresponding generating function [4] the last formula
was adapted for computation of ordinary Hilbert series for Sibirsky graded algebras of
comitants and invariants of differential systems as follows

Theorem 4.4. [5]

𝐻𝑆𝐼Γ (𝑡) =
1

2𝜋𝑖

∫
𝑆1

𝜑
(0)
Γ

(𝑧)
𝑧

𝑑𝑧

where 𝑆1 ⊂ C is the unit circle {𝑧 : |𝑧 | = 1}, 𝜑 (0)
Γ

(𝑧) is the corresponding generating
function (5)–(6).
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5. Computation of the ordinary Hilbert series for Sibirsky graded
algebras of differential system 𝑠(3, 5)

Using Theorem 4.4, we obtain

Theorem 5.1. For the differential system 𝑠(3, 5), the following ordinary Hilbert series
for Sibirsky graded algebras of comitants 𝑆3,5 and invariants 𝑆𝐼3,5 was obtained

𝐻𝑆3,5 (𝑡) =
1

(1 + 𝑡)2(1 − 𝑡2)4(1 − 𝑡4)3(1 − 𝑡3)7(1 − 𝑡5)4(1 − 𝑡7)
· (1 + 2𝑡 + 2𝑡2+

+8𝑡3 + 49𝑡4 + 179𝑡5 + 533𝑡6 + 1382𝑡7 + 3301𝑡8 + 7356𝑡9 + 15353𝑡10+

+29865𝑡11 + 54402𝑡12 + 93137𝑡13 + 150665𝑡14 + 231125𝑡15 + 337272𝑡16+

+468744𝑡17 + 621438𝑡18 + 786783𝑡19 + 952653𝑡20 + 1104296𝑡21 + 1226739𝑡22+

+1306380𝑡23 + 1334077𝑡24 + 1306380𝑡25 + 1226739𝑡26 + 1104296𝑡27+

+952653𝑡28 + 786783𝑡29 + 621438𝑡30 + 468744𝑡31 + 337272𝑡32 + 231125𝑡33+

+150665𝑡34 + 93137𝑡35 + 54402𝑡36 + 29865𝑡37 + 15353𝑡38 + 7356𝑡39+

+3301𝑡40 + 1382𝑡41 + 533𝑡42 + 179𝑡43 + 49𝑡44 + 8𝑡45 + 2𝑡46 + 2𝑡47 + 𝑡48)

𝐻𝑆𝐼3,5 (𝑡) =
1

(1 − 𝑡)4(1 + 𝑡)5(1 − 𝑡4)4(1 − 𝑡3)6(1 − 𝑡5)3 · (1 + 𝑡 + 𝑡2 + 7𝑡3+

+36𝑡4 + 106𝑡5 + 290𝑡6 + 672𝑡7 + 1451𝑡8 + 2875𝑡9 + 5322𝑡10 + 9053𝑡11+

+14398𝑡12 + 21263𝑡13 + 29463𝑡14 + 38314𝑡15 + 47076𝑡16 + 54444𝑡17+

+59516𝑡18 + 61259𝑡19 + 59516𝑡20 + 54444𝑡21 + 47076𝑡22 + 38314𝑡23+

+29463𝑡24 + 21263𝑡25 + 14398𝑡26 + 9053𝑡27 + 5322𝑡28 + 2875𝑡29 + 1451𝑡30+

+672𝑡31 + 290𝑡32 + 106𝑡33 + 36𝑡34 + 7𝑡35 + 𝑡36 + 𝑡37 + 𝑡38)

Remark 5.1. For the Sibirsky graded algebras 𝑆3,5 (𝑆𝐼3,5), the Krull dimensions is equal
to 19 (17) respectively.

Remark 5.2. The Krull dimension gives us the maximal number of algebraically inde-
pendent comitants and invariants of Sibirsky graded algebras 𝑆3,5 and 𝑆𝐼3,5 of differential
system 𝑠(3, 5).

Remark 5.3. Note that for Hilbert series of Sibirsky graded algebra of comitants of the
system 𝑠(Γ), where 0 ∉ Γ, the following equality holds 𝐻𝑆Γ (𝑡) = 𝐻𝑆𝐼Γ∪{0} (𝑡).

From [11], a method for computing the ordinary Hilbert series of invariants rings using
the residues is known, that was adapted for the ordinary Hilbert series for Sibirsky graded
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algebras of comitants and invariants of differential systems. This method is more effective
than the generalized Sylvester’s method.
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