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On a quasigroup prolongation and its recursive differentiability

ELENA CuzNETOV

Abstract. We consider a method of quasigroups prolongation by adding two new ele-
ments and by using two transversals that intersect in exactly one cell. In a Latin square
L of order ¢, along with usual transversals we call ’free transversals™ any set of g cells
taken by one from each row and each column of L. It is shown that a Latin square of
order g can have at most ¢ — 2 (ordinary) transversals that intersect exactly in one cell,
which is also the only common cell of every two transversals. It is proved that a latin
square of order 4 has exactly 24 free transversals, 576 (ordinary) transversals, 96 pairs of
free transversals that intersect exactly in one cell and 13824 pairs of ordinary transversals
that intersect exactly in one cell. We also investigate the recursive 1-differentiability of
considered prolongations of Latin squares of order 5, one of the transversals being on
the main diagonal. The research done in this paper is applicable in cryptography and is
important for data integrity and fault tolerance.
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Despre prelungirea quasigrupului si derivabilitatea sa recursiva

Rezumat. Este consideratd o metoda de prelungire a quasigrupurilor prin adjunctia a
doud elemente noi i utilizarea a doud transversale care se intersecteaza intr-o singurd
celuld. Intr-un pitrat latin L de ordinul ¢, impreuni cu transversalele obisnuite, sunt
utilizate “transversale libere” - seturi de g celule luate cate una din fiecare linie si fiecare
coloand a lui L. Se demonstreazd cd un patrat latin de ordinul ¢ poate avea cel mult
q — 2 transversale (ordinare) ce se intersecteaza intr-o singura celuld, care este si singura
celuld comuna a fiecaror doud transversale. Se demonstreaza cd un patrat latin de ordi-
nul 4 are exact 24 de transversale libere, 576 de transversale (ordinare), 96 de perechi
de transversale libere care se intersecteazd exact intr-o celuld si 13824 de perechi de
transversale ordinare care se intersecteaza exact intr-o celuld. De asemenea, investigdm
1-derivabilitatea recursiva a prelungirilor considerate ale pétratelor latine de ordinul 5,
una dintre transversale fiind pe diagonala principald. Cercetarea efectuatd in aceasta lu-
crare are aplicari 1n criptografie si este importantd pentru integritatea datelor si toleranta
la erori.

Cuvinte-cheie: quasigrup, transversala, transversala liberd, prelungire, quasigrup recur-

siv derivabil, derivata recursiva, patrat latin.
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ON A QUASIGROUP PROLONGATION AND ITS RECURSIVE
DIFFERENTIABILITY

1. INTRODUCTION

The concept of extending quasigroups was first examined by Bruck in 1944 for finite
idempotent quasigroups [1]. For analogous constructions the term “prolongation” was
introduced by Belousov in 1967 [2]. By ”prolongation” of a finite quasigroup we mean a
process of extending the quasigroup by adding one or more new elements and redefining
the operation to obtain a new quasigroup of higher order.

Other methods of prolongations or modifications of the known ones have been proposed
by Osborn, Yamamoto, Denes and Pasztor, Belousov and Belyavskaya, Belyavskaya,
Deriyenko and Dudek, and others [3].

A method of quasigroups prolongation by adding two new elements and by using two
transversals that intersect exactly in one cell is considered in the present work.

Estimations of the number of prolongations, using the proposed method, are given. One
of our purposes is to study the recursive differentiability of the considered prolongations.
In a Latin square L of order g, along with usual transversals, we call a “free transversal”
any set of q cells taken by one from each row and each column of L. We show that a Latin
square of order g can have at most ¢ —2 (ordinary) transversals that intersect exactly in one
cell, which is also the only common cell of every two transversals. We use the considered
method of quasigroups prolongation mainly for Latin squares of order 4 and 5 (there does
not exist Latin squares of order < 3 which have two transversals intersecting exactly in
one cell). It is proved that a Latin square of order 4 has exactly 24 free transversals, 576
(ordinary) transversals, 96 pairs of free transversals that intersect exactly in one cell, and
13824 pairs of ordinary transversals that intersect exactly in one cell. It is known that
there does not exist recursively differentiable quasigroups of order 6, due to orthogonality
of the recursive derivatives and the non existence of orthogonal Latin squares of order 6.
Hence, the prolongations of Latin squares of order 4, by adding two new elements, are
not recursively 1-differentiable. In the case of Latin squares of order 5 we prove that:

1. There exist exactly 48 different Latin squares of order 5 with two transversals
intersecting in one cell, where one transversal is on the main diagonal.

2. The prolongations by adding two new elements and using two new transversals, that
intersect exactly in one cell, one of which is on the main diagonal, and have the order of
elements {1,2,3,4,5} or {2,3,4,5, 1}, are not recursively 1-differentiable.

The (ordinary) transversal of a Latin square of order n is a set of n cells taken by one
from each row and each column, in which the elements are pairwise different. We call a
free transversal of a Latin square L of order n any set of n cells taken exactly one from

each row and each column of L.

26



Cuznetov E.

Proposition 1.1. A Latin square of order n can have at most n—2 ordinary transversals that

intersect exactly in one cell, if this is also the only common cell of every two transversals.

Proof. Let L be a Latin square of order n with the elements 1,2, ..., n in its cells which
has n — 2 ordinary transversals that intersect exactly in one cell, which is also the only
common cell of every two transversals. Let a be the element in the common cell of the
n—2 transversals of the Latin square of order n. If L would have one more transversal with
the same common cell, then this transversal must intersect a line which does not contain
the common cell or in the cell with the element a or in the cell from the column (row)
with the common cell, but both cases are impossible as the transversal already contains

the element a in the common cell with the other n — 2 transversals. O

Corollary 1.1. There does not exist Latin squares of order 3 with 2 transversals that

intersect exactly in one cell.
Proposition 1.2. The Latin square of order four has exactly 24 free transversals.

The proof follows immediately from the possibility of selecting cells from each row

(column). These free transversals are given bellow:

L] L] [] L]
T : o T : u Ts : u T4 : U
L] L] []
L]
L] L] [] L]
T5 . T6 . D T7 . D Tg . D
[] L]
L] L] []
L] [] L] L]
Ty : L] T : Ty Tis -
[] L] L] L]
L] [] L]
L] L] []
T3 : L] Ty : ] Tis L] T : L]
L] [] L]
L] L]
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L] L] L] L]
Ty : = Tng : = T191D TzoiD
L] L] [] []
L] [] L] L]
[] [] L] L]
T21 . D T22 . D T23 . D T24 . D
L] L] L] L]
L] [] [] L]

Corollary 1.2. Any Latin square of order four has exactly 576 (ordinary) transversals.

Proposition 1.3. The total number of pairs of free transversal that intersect exactly in

one cell is 96.

Proof. The proof follows from Proposition 1.2. The total number of pairs of free transver-

sals that intersect exactly in one cell is 96 and these pairs are given bellow:

(11, 1), (11, T5), (T2, 13), (T2, T6), (T3, T6), (T4, T5), (17, Tho), (T7, T11),
(13, To), (T, Tr2), (T9, T12), (T10, T11), (T13, T16)» (T13, T17), (Tha, Tis)s
(Tha, T1s), (Tis, Ths), (Thes T17), (Tho, Ta2), (Tho, T23), (T20, T21),
(T20, T24), (T21, T24), (T2, T23), (T7, T1a), (T7, Tho), (T3, T13), (T3, T2o),
(T13, To0), (T14, T1o), (T1, The), (T1, T21), (T2, Tis), (T2, Taz), (Tis, Tna),
(Ti6, T21), (T3, Tho), (T3, T23), (T4, To), (T4, T24), (To, T24), (T10, T23),
(Ts,T12), (T5,T17), (Ts, T11), (Ts, T1g), (T11, Tis), (T2, T17), (To, Ta1),
(To, T17), (T11, Ths), (T11, T23), (Ti1s, T23), (T17, T21), (T3, Thg), (T3, T1o),
(T5,Th3), (Ts, Ta4), (T13, T24), (T18, T19), (T1, T12), (T1, Too), (Ts, T7),
(Ts, T22), (T7, T22), (T12, Ta0), (T2, Tho), (T2, Tha), (T4, Tg), (T4, T1e),
(Ts, T16), (Tho, T14), (Tro, Ths), (Tro, T22), (T12, Tie), (Th2, T2a),
(Ti6, T24), (T1s, T22), (T4, Th7), (T4, Tao), (Ts, T14), (T, T23), (T1a, T23),
(T17, Ta0), (T2, Th1), (T2, Tho), (15, 1), (T5, T21), (T8, T21), (T11, Tho),
(1, Tv), (Th, Th3), (T3, T7), (T3, Ts), (17, Ths), (To, T13)

O

Corollary 1.3. In any Latin square of order four there exist exactly 13824 pairs of

ordinary transversals that intersect exactly in one cell.

Proof. By fixing one of two transversals, we can fill its cells in 4! ways. Then the cells

of the second transversal (which intersects the first in exactly one cell) can be filled in
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3! ways. Therefore, there are a total of 96 - 4! - 31 = 13824 pairs of regular transversals,

which have only one cell in common. |

Let (Q, -) be a quasigroup. The recursive derivative of order k of the quasigroup (Q, -),

denoted by (’-‘), k € N, is defined as follows:
xly=x-y;xty=y-(x-y);
xl-(y = (kazy) : (xk-_ly),forallk >2.

A binary quasigroup (Q, -) is recursively r-differentiable (» > 0) if each of its recursive
derivatives (]5), where k =0, ..., r, is a quasigroup operation.

Known estimations of the order of recursive differentiability of finite quasigroups are
given in [4-7]. In particular, it is known that:
1. The maximum order r of recursive differentiability of a finite binary quasigroup of
order ¢ satisfies the inequality r < g — 2;
2. There exist finite binary quasigroups that are recursively (g — 2) — differentiable for

any primary order g > 3.

2. METHODS

The method of construction of quasigroups prolongations by adding two new elements
and by using two transversals that intersect exactly in one cell and the recursive differen-
tiability of such prolongations for some particular transversals in Latin squares of order 5
were announced [8].

We examine the recursive derivability in a general case of such prolongations and study
the recursive 1-differentiability of Latin squares of order 5 with a fixed transversal on the
main diagonal bellow.

Let (Q, -) be a finite quasigroup of order q and let the Cayley table of the quasigroup
(Q, -) contain 2 transversals 77 and T, which have a single common cell, located at the
intersection of the row of element x with the column of element y. We denote the element
in the common cell of transversals 77 and 7> by a. We now consider the set Q' = Q U
{é1,&2}, where &1, & ¢ Q. Onthe set Q” we define the operation o as follows: we complete
the cells, different from the common cell, of one transversal with &}, and of the other with
&>. We transfer the elements in the cells of the two transversals, except for the element in
the common cell, preserving their order, into the cells of the row and, respectively, of the
column of elements &; and &. The remaining cells in the row of element x, the column
of element y, and at the intersection of the rows and columns of elements &; and &, can be
filled in several possible ways, but following this method, there are exactly 12 possibilities

for extending the quasigroup Q by adjointing two new elements and using 2 transversals
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that intersect exactly in a cell. These possibilities are illustrated in the diagrams below:

O (... ... yo ... ... f] fz

I X0 |ee .o E1 o ol a &
é:] ...... a ... ... 52 é‘:]
Erlenn . &y ol ¢ a

Ol wuu yo ... ... fl §2

I11. XO[eee oee fl ...... «fz a
Erfeen oo &y a &

62 ...... a ... ... f] 52

[O2 I Yo ..o ... §1 fz

v X0 |eer e &y o a &
f] ...... a ... ... fl -’;:2
&f..n .. Er e . & oa
ol... ... VO eer e & &

VII. XO[eer oo §2 ...... f] a
f] ...... f] ...... a {,':2

fz ...... a ... ... §2 51
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O l... ... Yo oo .o é:] fz

178 XO[eee oo fl ...... a {,:2
f] ...... 52 ...... fl a

fz ...... a ... ... Ez f]

O l... ... yo ... .. f] fz

v, XO oo oen fl ...... fz a
f] ...... a ... ... f] fz

fz ...... fz ...... a fl

ST PP yo ... ... fl fz

VI XO[eee oen fz ...... a é‘:]
f] ...... {,:1 ...... fz a

fz ...... a ... .. :fl fz

Ol .. VO e ene & &
VIII. XO[eee oen fz ...... f] a
«fl ...... a ... .. .fz fl

fz ...... fl ...... a 62
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(S PP Yo ..o .o fl fg O ... .o Yo ..o .o fl fg
X X0|..n ... a ... .. & & X X0|..n ... a ... .. & &
fl ...... {"1 ...... fz a fl ...... fz ...... a f]
62 ...... é:z ...... a {,:1 fz ...... fl ...... é:z a
[ PP Yo oo .ol fl fz O .. .. Yo ..o ... fl {:"2
XI. XO[eee oee a ... ... fz f] X1I. XO[eer oo a ... ... 62 f]
fl ...... fz ...... fl a fl ...... §1 ...... a §2
§2 ...... fl ...... a fz fz ...... §2 ...... fl a

As an example we consider a quasigroup of order 5 with two transversals — one marked
inred and one marked in blue — that meet at position (1, 1). The prolongation by adding two
new elements & and &, and using the transversals 71 = {(1, 1), (2, 3), (3,5), (4,2),(5,4)}
and T» = {(1,1),(2,2),(3,3),(4,4),(5,5)} is given in the second Cayley table bellow:

ol 1 2 3 4 5|56
1 2 3 4 5 Tl41352§2
14 13 s 2| 1 [&a][&] 2 435
2124_}35 2 (&) 1 &4 3
305 2 [4] 1 [3] 4l 4 [&] 3 [a] 2051
al4 1] 3 [5] 2 513 5 2 [a[a]t 4
5|3 5 2 [4][1] ale 105 4 3|8 2

&2 3 4 5 1|64

Proposition 2.1. Six extensions out of the 12 possible (Cases I, IV, VI, VII, X, XI), by the
adjunction of two new elements and using two transversals that intersect exactly in a cell,

are not recursively I-differentiable.

Proof. In the mentioned cases the recursive derivative o is not a quasigroup operation as

it is shown bellow:

I-'flcl"fl = &1 0 (& 051)=§10§2=§1,§1é§2=§2°(§1°§2)=§2°§1 =&1.
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IV-flélfl =&1o0(f10&1)=6108 =§1,§1%§2=§2°(§1°§2)=€2°§2=§1-
VL & 0151 =&1o(&0é) =106 =66 °l§2=§2°(§2°§2) =&Hob =6
VH-§%°§1 =§10(§20§1)=§1°§2=§2,§]2°§2=§2°(§2°§2)=§20§1 =&.
X.xpoép=&10(xp0é)) =€é10é1=a,x00ér=60(xp0éy) =&r0é =a.
XL x00 & =& 0(x0é) =& o0& =ax0é =0 (x0é) =& 08 =a.

Proposition 2.2. In a Latin square of order 5, the total number of pairs of free transversals,

one of which is on the main diagonal that intersect exactly in one cell, is 45.

Proof. The 45 diagrams illustrating Latin squares with two free transversals, one of which

is on the main diagonal, that intersect exactly in one cell are the following:

9.

13.

17.

L L L] L
L] L] 0] L O
O 02 OO 3. O (4 OO
O L] L] L]
L] L] ] [0 ][]
L] L L L
L O O []
6. O 07 Od 8 L]
0] 0] O
[] L] L] [
| 1 O 1 O []
O | | |
1 [10. ] [ ] (12. ]
L 1 L] L]
L] [ I [] 0]
I [] [] [] []
| | | |
1 0O 14. ] []15. ] 161 O
(I I R 0] 0]
L] [ L 0O O [] L]
[] L L [ [ 1]
| | (I
1 |18. 1 [19. [ | 20. [ |
1O 0] 1O L]
0O O [] 0] 0]
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21.

25.

29.

33.

37.

41,

[ 1] I I I

L O 0] [] O
[ ] 22. [ ] 23. 24. [ ]
L] (I I R O

[] [] L] [ ] O []

[] L O I I .

0] O L]

[ ] 26. B 27. 28 ] [
O [ [ ]
L] 0O O O O L]

[ 1] [ 1] [ [ []
(I [] O

1 [ 30. 31. O 1321 [

| | | |
L] [ L] [ []

[ [ [] [] L O []
(N L] L]
0] 34. 1] 35.01 [ 36/ 1]

[ [ [ [ ]

[] [] L] [ L O L]

[ 1] [ 1] [ 1] [ [
L] 0] L O 0]

1 |38 01 13900 O 40. 0]

1O 0] 0] O

[ | [ | [ | [ |
[]
L]
4. [
O
[ |
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Proposition 2.3. There exist exactly 48 different Latin squares of order 5 with two

transversals intersecting in one cell, where one transversal is on the main diagonal with

the fixed order of elements.

Proof. The 48 Latin squares of order 5 with two transversals, one of which is on the main
diagonal with the fixed order of elements {1, 2, 3,4, 5}, that intersect exactly in one cell

are:

13524 13524 15432 14253
32451 52413 42513 42531
Li=(54312Ly=41352(L3=[21354|L4=[25314
25143 35241 53241 53142
41235 24135 34125 31425
14523 13254 14532 13254
32451 52413 32451 52431
Ls=(25314Lg=145321|L7=125314|Lg=[45312
53142 31542 51243 21543
41235 24135 43125 34125
15423 13254 15432 13254
32514 42513 32514 42531
Lo=|24351|Lip=|54321|L11=(24351|L1p=1[54312
53142 35142 51243 25143
41235 21435 43125 31425
14523 15234 13452 13452
52431 52413 42531 32514
Liz=121354/L14=1{24351|L;s5=|51324|Lig=145321
35142 31542 25143 51243
43215 43125 34215 24135
14253 15432 14523 14523
52134 32154 52134 32154
Li7=145321|Lig=|54321|Li9g={41352|Lyy=(45312
31542 21543 35241 53241
23415 43215 23415 21435
15234 15432 15423 14532
42153 42153 52134 42153
Lyt =|54312|Lyp=1[51324{Ly3=|41352|Ly=|51324
23541 23541 23541 35241
31425 34215 34215 23415
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15423 14532 13524

32154 32154 52431
Lys=|51324|Ly=1[54312{Ly;=45321|Lyg=|41352
23541 51243 25143

41235 23415 34215

13254 14253 14532 14253
52431 52431 52413 52134
Lyy=145312{L30=1(25314|L31=|21354|L3x=(45312
21543 31542 35241 23541
34125 43125 43125 31425
15423 15234 13524 13452
42531 42153 32451 32514

L33 ={21354{L34=|54321|L3s={45312|L36=|54321
53142 31542 51243 25143
34215 23415 24135 41235
13452 13524 15423 15234
52134 52413 32514 32451
L37=145321|L33=|24351|L3g=[41352{Lg=|54312
21543 35142 53241 21543
34215 41235 24135 43125
14253 14532 13452 13524
42531 42153 42531 42153

Ly =151324|L4yp=1(25314|Lgy3=125314|Lggq=|54312
35142 53241 51243 35241
23415 31425 34125 21435
14532 14253 15234 15423
32451 32514 52413 52134
Lis=|51324|Lys=145321|Lgy7=(41352|L4g=24351
25143 53142 2354 31542
43215 21435 34125 43215

The corresponding 240 second transversals for the transversal given on the main

diagonal of the Latin squares L; — Lys, are the following:

Li: Ty ={(1,1),(2,3),(3,5), (4.2). (5.4}, T» = {(1,1),(2,4), (3,2). (4.5). (5.3)}
T3 ={(1,3),(2,2),(3,4),(4,5), (5. D}, Ty = {(1,5),(2,2), (3, 1), (4,3), (5,9},
Ts = {(1,4),(2,5),(3,3),(4,2), (5. D}, Ts = {(1,5),(2,4),(3,3), (4, 1), (5,2)},
T7 ={(1,2),(2,5),(3,1),(4,4),(5,3)}, Tg = {(1.3).(2,1),(3,5).(4,4), (5.2)},
To ={(1,2),(2,3),(3,4),(4,1), (5.5}, Tio = {(1,4),(2,1),(3,2),(4,3), (5,5 }.
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Ly: iy = {(1,1),(2,3),(3,5). (4.2), 5.4}, Tia = {(1,1),(2,5).(3.4), (4.3).(5.2)},
T13=1{(1,3),(2,2),(3,1),(4,5), (5.4}, T1a = {(1,5),(2,2),(3,4),(4,1),(5.3)},
Tis = {(1,4),(2,1),(3,3),(4.5), (5.2)}, Tie = {(1,5),(2,4),(3,3).(4,2), (5, D},
Ti7 ={(1,2),(2,1),(3,5), (4.4), (5.3)}, Tig = {(1.3),(2.5).(3,2),(4.4), (5. D},
Tio ={(1,2),(2,4).(3,1),(4.3), (5.5}, Too = {(1,4),(2.3),(3,2). (4, 1), (5.5)}.

Ly: Ty = {(1,1),(2,3),(3,5), (4.2), 5.4}, T = {(1,1),(2,5),(3.4), (4,3),(5.2)},
T3 = {(1,3),(2,2),(3,4),(4.5). (5, D}, Toa = {(1,4),(2,2), (3,5), (4. 1), (5,3)},
Trs ={(1,2),(2,1),(3,3), (4.5). (5.4}, Tos = {(1.5),(2,4).(3,3). (4. 1), (5.2)},
T = {(1,2),(2,5),(3,1),(4,4),(5,3)}, s = {(1,5),(2,3),(3,2), (4. 4), (5, D},
Ty = {(1,3),(2,4), (3, 1), (4,2), (5,5)}, T30 = {(1,4),(2,1),(3,2), (4. 3), (5.5)}.

Lat Ty = {(1.1), (2.3). (3.9). (4.2), (5.4)}. T2 = {(1,1). (2.4, (3.2). (4.5). (5.3)}.
T3 = {(1,4), (2,2). (3.5 (4.3). (5. D}, Taa = {(1.5). (2,2). (3.4). (4, 1), (5.3)}.
Tis = {(1,2).(2.5). (3.3). (4.1). (5.4). Tz = {(1.4). (2.2). (3.3). (4.5). (5. D)},
Ty = {(13).(2.5). (3.2). (4.4). (5. D). Txs = {(1.5). (2.3), (3. 1). (4.4). (5.2)}.
Tyo = {(1,2), (2.4), 3, 1). (4.3). (5.5}, Tio = {(1.3). (2, 1). (3.4). (4.2), (5.5)}.
Ls: T = {(1.1), (2.3), (3,2). (4.5), (5.4)}. T2 = {(1, 1), (2.4, (3,5). (4,2). (5.3)}.
Le: Tia = {(1.1). (2.3), (3,2). (4,5), (5.4)}. Tas = {(1, 1), (2.5), (3,4). (4.3).(5.2)}.
Ly Tus = {(1.1). (2.3), (3,2). (4,5), (5.49)}. Tag = {(1, 1), (2.4), (3,5). (4,3). (5.2)}.
Tiy = {(1,3),(2,2), 3.4, (4.5). (5. D}, Tug = {(1.4). (2.2), (3.5). (4, 1), (5.3)}.
Tig = {(1,2).(2.5). (3.3). (4.1). (5.4)). Tso = {(1.5). (2.4). (3.3). (4.2). (5. D}.
Tsi = {(13).(2.5). (3. 1). (4.4). (5.2)). T = {(1.5). (2. 1). (3.2). (4.4). (5.3)}.
Tsy = {(1,2).(2.1). (3.4). (4.3). (5.5)). Tsa = {(1.4). (2.3). (3.1). (4.2). (5.5)}.
Ly Tss = {(1.1), (2.3). (3,2). (4.5), (5.4)}. Ts = {(1,1). (2.4), (3,5). (4.3). (5.2)}.
Tsy = {(1,4).(2.2). 3. 1).(4.5). (5.3)). Tss = {(1.5). (2.2). (3.4). (4.3). (5. D},
Tsg = {(1,4). (2.5). (3.3). (4.1). (5.2)}. Teo = {(1.5). (2.1). (3.3). (4.2). (5.4},
Tor = {(1,2), (2,1, (3,5), (4.4). (5.3)}, Tez = {(1.3). (2,5), (3.2). (4, 4), (5. D},
Tes = {(1,2), (2,3), 3.4 (4,1, (5.9}, Toa = {(1.3). (2.4), (3. 1), (4,2), (5.5)}.
Lot Tgs = {(1.1),(2.3). (3.2). (4.5). (5.4)}. Tes = {(1.1).(2.5), (3.4). (4,2).(5.3)}.
Ter = {(13).(2.2). (3.5). (4.1). (5.4)). Tes = {(1.5). (2.2). (3.4). (4.3). (5. D},
Teo = {(1,2). (2.4). (3.3). (4.5). (5. D). Tro = {(1.4). (2.5). (3.3). (4. 1). (5. D)},
Try = {(1,2).(2.1). (3.5). (4.4). (5.3)}. T2 = {(1.5). (2.3). (3.1). (4. 4). (5.2)}.
T3 = {(1,3), (2.4). 3. 1). (4,2). (5.5)}. Tra = {(1.4). (2, 1). (3.2). (4.3). (5.5)}.

Lio: Trs = {(1,1),(2,3),(3,2), (4,5), (5.4}, T = {(1,1),(2,5),(3,4),(4,2),(5.3)},
T77 ={(1,4),(2,2).(3,5), (4. 1), (5.3)}, T53 = {(1.5),(2,2), (3, 1), (4.3). (5.4)},
Tz = {(1,2),(2,4),(3,3),(4,5), (5. D}, To = {(1,5),(2,4), (3,3), (4.2), (5, D},
Tgi = {(1,2),(2,3),(3,5).(4,4), (5. D}, T2 = {(1,3),(2,5), (3, 1), (4.4), (5.2)},
Tgs = {(1,2),(2,1),(3,4),(4.3), (5.5}, Tga = {(1,3),(2,4),(3,2), (4. 1), (5.5)}.
Ly Tgs = {(1,1),(2,3),(3,2), (4.5), (5.4}, Tss = {(1.1),(2,5),(3.4), (4.3),(5.2)},

Lip: Ty = {(1,1),(2,3),(3,2), (4.5), (5.4}, Tgg = {(1,1),(2,4), (3.5), (4.2), (5.3)},
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Liz: Tgo = {(1,1),(2,3),(3,4), (4,5), (5,2)}, Too = {(1,1),(2,4), (3,5), (4,2), (5,3)},
Tor = {(1,3),(2,2).(3,5), (4. 1), (5.9}, Tz = {(1,5),(2.2), (3,4), (4.3), (5. D},
To3 = {(1,2),(2,1),(3,3),(4.5). (5.9}, Tos = {(1,4),(2.5), (3,3), (4.2). 5. D},
Tos = {(1,3),(2,5), (3,1), (4.4), (5.2)}, Tos = {(1.5),(2,1),(3,2).(4,4),(5,3)},
To7 ={(1,2),(2,4).(3,1), (4.3), (5.5}, Tog = {(1,4),(2.3),(3,2). (4, 1), (5.5)}.

Lig: Tog = {(1,1),(2,3),(3,4), (4.5).(5.2)}, Tioo = {(1,1),(2.5).(3,2).(4.3). (5.4},
Tior = {(1,4),(2.2),(3,5), (4.3). (5. D}, Tz = {(1,5).(2,2),(3.4). (4. 1), (5.3)},
Tios = {(1,2),(2.4).(3,3), (4.5). (5. D}, Tioa = {(1,5). (2, 1),(3.3), (4.2), (5.4)},
Tios = {(1,2),(2.5), (3, 1), (4.4). (5.3)}, Tos = {(1,3). (2, 1), (3.5). (4.4),(5.2)},
Tio7 = {(1,3),(2.4),(3,2), (4. 1), (5.5}, Tos = {(1,4).(2,3).(3.1), (4,2),(5.5)}.

Lis: Tigg = {(1,1),(2,3).(3,4), (4.5).(5.2)}, Tuio = {(1,1),(2.4),(3,5),(4.2), (5.3)},
Tinn ={(1,3),(2,2), 3, 1), (4.5), 5.4}, Tz = {(1,4).(2,2).(3.5). (4.3), (5. D},
Tz = {(1,4),(2.5),(3,3), (4. 1), 5. 2)}, Tia = {(1,5). (2, 1).(3.3), (4.2), (5.4)},
Tis ={(1,2),(2,5), (3, 1), (4.4), (5.3)}, Tuie = {(1,5).(2,3).(3.2), (4.4), (5. D},
Tii7 ={(1,2),(2,1), (3,4), (4.3), (5.5}, Tug = {(1,3).(2,4).(3.2), (4. 1), (5.5)}.

Lis: Tiig = {(1,1),(2,3),(3,4), (4.5).(5.2)}, Tizo = {(1,1),(2.5),(3,2),(4.3), (5.4}
Ti21 = {(1,3),(2.2),(3,5), (4. 1), 5.4}, T2 = {(1,4).(2,2). (3.1), (4.5),(5.3)},
Tiz3 = {(1,4),(2.5). (3,3), (4.2), (5. D}, Tiz4 = {(1,5).(2,4).(3.3). (4. 1), (5.2)},
Tizs = {(1,2),(2.,3),(3,5), (4.4), (5. D}, Tize = {(1,5). (2, 1), (3,2), (4,4),(5.3)},
Ti27 ={(1,2),(2,4), (3, 1), (4.3), (5.5}, Tizg = {(1,3). (2, 1), (3.4). (4.2), (5.5}
Li7: Ting = {(1,1),(2,4).(3,2), (4.5).(5,3)}, Tizo = {(1,1),(2.5),(3,4),(4.3), (5.2)},
Ti31 = {(1,4),(2.2),(3,5), (4. 1), (5.3)}, Ti32 = {(1,5).(2,2).(3,1), (4.3), (5.4)},
Ti33 = {(1,2),(2,1), (3,3), (4.5), 5.4}, T34 = {(1,4).(2,5).(3.3). (4.2), (5. D},
Tizs = {(1,3),(2,1), (3,5), (4.4). (5. 2)}, Tze = {(1,5).(2.3).(3.2), (4.4), (5. D},
Ti37 ={(1,2),(2,3),(3,4), (4. 1), (5.5}, T3 = {(1,3).(2,4).(3.1), (4.2), (5.5}
Lig: Tizg = {(1,1),(2,4),(3,2), (4,5).(5.3)}, Tuao = {(1,1),(2.5).(3,4),(4.3). (5.2)},
Tia1 = {(1,3),(2,2), (3, 1), (4.5), 5,4}, Tz = {(1,4),(2,2),(3,5), (4.3), (5. 1)},
Tia3 = {(1,2),(2.5).(3,3), (4. 1), 5.4}, Tiaa = {(1,5).(2,4).(3.3). (4.2), (5. D},
Tias = {(1,2),(2,1), (3,5), (4.4). (5.3)}, Tas = {(1,5).(2,3).(3.1), (4.4),(5.2)},
Tia7 = {(1,3),(2,1), (3,4), (4.2), (5.5}, Tag = {(1,4).(2,3).(3.2), (4. 1), (5.5)}.
Lig: Tiag = {(1,1),(2,4).(3,5), (4.2).(5,3)}, Tiso = {(1,1),(2.5),(3,4).(4.3), (5.2)},
Lyo: Tis1 = {(1,1),(2,4),(3,2), (4,5),(5,3)}, Tis2 = {(1,1),(2,5),(3,2),(4,3), (5.4},
Tis3 = {(1,3),(2,2), (3, 1), (4.5), (5,4}, Tis4 = {(1,5),(2,2),(3,4), (4. 1),(5,3)},
Tiss = {(1,2),(2,4), (3,3), (4.5), (5. D}, Tise = {(1,4),(2,5).(3,3), (4. 1), (5,2)},
Tis7 = {(1,3),(2,1),(3,5), (4.4), (5. 2)}, Thss = {(1,5),(2,3).(3,2), (4.4), (5. 1)},
Tiso = {(1,2),(2,1), (3,4), (4.3). (5.5}, Teo = {(1,4). (2,3).(3,1), (4.2),(5.5)}.
Lyi: Tier = {(1,1),(2,4).(3,5), (4.2). (5,3)}, Tiex = {(1,1),(2.5),(3,2),(4.3), (5.4}
Ties = {(1,4),(2,2), (3, 1), (4.5). (5.3)}, Tiea = {(1,5).(2,2),(3.4), (4,3), (5. D},
Ties = {(1,2),(2,1), (3,3), (4.5), (5.4}, Ties = {(1,5),(2,4).(3,3), (4. 1), (5.2)},
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T167 = {(1’ 2)9 (2" 3)a (37 5)7 (47 4)7 (5’ 1)}9 T|68 = {(1’ 3)a (29 5)7 (37 1)7 (4’ 4)’ (57 2)}’
Tieo = {(17 3)7 (2’ 1)’ (3$ 4)’ (4’ 2)’ (5’ 5)}’ Ti70 = {(1’4)’ (2’ 3)$ (3’ 2)’ (4’ 1)’ (5’ 5)}

Ly;:
L23Z

T171 = {(L 1)7 (2’4)7 (3!5)! (4’ 2)$ (5’3)}! T172 = {(1’ 1)’ (2! 5)! (3’ 4)’ (4’ 3)’ (5’ 2)}7
Ti73 ={(1,1),(2,4),(3,5),(4,3),(5,2)}, Ti7a = {(1,1),(2,5),(3,4),(4,2), (5,3)},

Ti7s ={(1,3),(2,2),(3,4), (4.5). (5. D}, Ti76 = {(1,5).(2,2),(3,1), (4,3), (5.4},
Ti77 ={(1,2),(2,5).(3,3), (4. 1), 5.4}, Tizs = {(1,4),(2,1).(3,3),(4.5). (5.2)},
Ti79 = {(1,2),(2,3), (3,5), (4.4), (5, D}, Tigo = {(1,5), (2, 1), (3,2), (4.4),(5,3)},
Tigi = {(1,3),(2,4),(3,2), (4. 1), (5.5}, Tig2 = {(1,4),(2,3),(3,1), (4.2),(5,5)}.

L24:

Tigs = {(1,1),(2,4),(3,5),(4.3). (5. 2)}, T34 = {(1,1).(2,5),(3.4). (4,2),(5.3)},

Tigs ={(1,3).(2,2).(3.5). (4. 1), (5.4}, Tige = {(1,4).(2,2). (3, 1), (4.5).(5.3)},
Tigr = {(1,2),(2,4), (3,3), (4.5), (5, D}, Tigg = {(1,5),(2,1),(3,3), (4,2), (5.4)},
Tigo = {(1,3),(2,5),(3,2), (4.4), (5, D}, Tigo = {(1,5),(2,3),(3,1), (4.4),(5,2)},
Tio1 = {(1,2),(2,3),(3,4), (4. 1), (5,5}, Tz = {(1,4), (2, 1), (3,2), (4.3),(5.5)}.

Tio3 = {(1,3),(2,2). (3, 1), (4.5). (5.4}, Thoa = {(1,4),(2,2), (3,5), (4. 1), (5.3)},
: Tios = {(1,3),(2,2), (3, 1), (4.5). (5.9}, Tos = {(1,5).(2,2),(3.4), (4.3), (5. D},
tTior = {(1,3),(2,2), (3, 1), (4.5). (5.4}, Thgg = {(1,4).(2,2).(3.5), (4. 1), (5.3)},
Tigo = {(1,3),(2,2), (3, 1), (4.5), (5.4}, Taoo = {(1,5).(2,2).(3,4), (4.3). (5. D},
t o = {(1,4),(2,2), (3,5), (4, 1), (5,3)}, Taz = {(1,5),(2,2),(3,4), (4.3). (5, D},
 Thos = {(1,4),(2,2), (3,5), (4. 1), (5,3)}, Tooa = {(1,5).(2,2),(3.4). (4,3), (5. D},
: Thos = {(1,2),(2,1), (3,3), (4.5). (5.4}, Taos = {(1,5).(2,4).(3.3), (4.2), (5. D},
tThor = {(1,2),(2,1), (3,3), (4.5). (5.4}, T = {(1,4).(2,5).(3,3), (4. 1).(5.2)},
 Tago = {(1,2),(2,1),(3,3),(4.5), (5.4}, Taio = {(1,4),(2,5).(3,3), (4. 1), (5,2)},
cTon ={(1,2),(2,1).(3,3), (4.5). (5.4}, Tz = {(1,5).(2,4), (3,3),(4.2), (5. D},
st Tz = {(1,4),(2,5),(3,3), (4. 1), 5,2}, To14 = {(1,5).(2,4),(3.3), (4,2), (5. D},
tTois = {(1,4),(2,5).(3,3), (4. 1), (5. D)}, Tais = {(1,5).(2,4).(3.3), (4.2). (5. D},
t Ty = {(1,2),(2,1), (3,5), (4.4). (5.3)}, Tuig = {(1,5).(2,3).(3,2), (4.4). (5. D},
oo = {(1,2),(2,1), (3,5), (4,4), (5.3)}, T = {(1,3),(2,5), (3, 1), (4.4). (5,2)},
(T ={(1,2),(2,1),(3,5), (4.4). (5,3)}, T2 ={(1,5).(2,3),(3,2), (4,4), (5. D},
t T3 = {(1,2),(2,1), (3,5), (4.4). (5.3)}, Tro4 = {(1,3).(2,5).(3.1), (4.4).(5.2)},
tTos = {(1,3),(2,5), (3. 1), (4.4). (5. 2)}, Tis = {(1,5).(2,3).(3,2), (4.4). (5. D},
t Ty = {(1,3),(2,5), (3, 1), (4,4), (5. 2)}, T = {(1,5),(2,3).(3,2), (4.4). (5. D},
Ta9 ={(1,2),(2,1),(3,4),(4.3). (5.5}, Tazo = {(1,3),(2,4), (3, 1), (4.2). (5.5)},
(T3 ={(1,2),(2,1),(3,4),(4.3). (5,5)}, Trxz = {(1,4).(2,3),(3,2), (4. 1), (5.5},
t Ty = {(1,2),(2,1),(3,4), (4.3). (5,5)}, T34 = {(1,4).(2,3).(3,2), (4. 1), (5.5},
tThss = {(1,2),(2,1), (3,4),(4.3). (5,5)}, Tzs = {(1,3),(2,4).(3,1), (4.2).(5.5)},
Tz = {(1,3),(2,4), (3, 1), (4,2), (5,5)}, Tazg = {(1,4),(2,3).(3,2), (4. 1), (5,5)},

 Tazo = {(1,3),(2,4),(3,1),(4,2), (5.5)}, Taao = {(1,4),(2,3),(3,2), (4. 1), (5.5)}.
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Proposition 2.4. There does not exist recursively 1-differentiable prolongations of Latin
squares of order 5, obtained by adding two new elements and two transversals, one
of which is on the main diagonal with the fixed order of elements {1,2,3,4,5} or
{2,3,4,5, 1}, that intersect exactly in one cell.

Proof. The proof is obtained by direct calculation. For Latin squares with each of the
240 pairs of transversals, 6 types of prolongations according to extension schemes II, III,
V, VIII, IX, XII were considered. O

Acknowledgments. The Institutional Research Program of the Moldova State University for
2024 — 2027 years, subprogram 011302 "MANSDP”, has supported part of the research for this

papetr.

REFERENCES

[1] Bruck, R.H. Some results in the theory of quasigroups. Trans. Amer. Math. Soc., 1944, vol. 55, pp.
19-52.

[2] BeLousov, V. Foundations of the Theory of Quasigroups and Loops. Moscow, Nauka, 1967 (in Russian).

[3] KeepweLL, A.A., DeNEs, J. Latin Squares and Their Applications. Second edition. North Holland,
2015. DOI: https://doi.org/10.1016/C2014-0-03412-0.

[4] GonsaLEs, S., Cousero, E., Markov, V.T., NEcHAEV A.A. Recursive MDS codes and recursively
differentiable quasigroups. Diskret. Mat., 1998, vol. 10, no. 2 pp. 3-29.

[5] SyrBu, P. On the order of recursive differentiability of finite binary quasigroups. Bul. Acad. Stiinge
Repub. Mold., Mat., 2023, vol. 103, no.3, pp. 103-106.

[6] SyrBu, P., CuzneTOV, E. On recursively differentiable k-quasigroups. Bul. Acad. Stiinte Repub. Mold.,
Mat., 2022, vol. 99, no. 2, pp. 68-75.

[7] Syrsu, P., CuzneTov, E. On recursive 1-differentiability of quasigroup prolongations. Bul. Acad. Stiinge
Repub. Mold., Mat., 2023, vol. 101, no. 2, pp. 102-109.

[8] Cuznerov, E. On a method of prolongation of quasigroups. Proceedings of the International Conference
dedicated to the 60th anniversary of the foundation of Vladimir Andrunachievici Institute of Mathematics
and Computer Science, October 10-13, 2024, Chisinau, Republic of Moldova, pp. 55-60.

Received: November 03, 2025 Accepted: December 24, 2025

(Elena Cuznetov) MoLpova STATE UNIVERSITY, 60 ALEXEI MATEEvICI ST., CHISINAU, REPUBLIC OF
MoLpova

E-mail address: 1enkacuznetova95@gmail.com

39



	Introduction
	Methods

