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On some Noetherian criteria for singular integral operators
with bounded coeflicients
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Abstract. In this paper, Noetherian conditions are established for singular integral
operators with measurable and bounded coefficients. The study is carried out in spaces
of integrable functions with certain weights, and the integration contour is assumed to be
piecewise smooth. The established Noetherian conditions depend on the space in which
the research is carried out, on the coeflicients of the operators, as well as on the sizes
of the angles formed by the integration contour at its corner points. In the case of the
Lyapunov-type contour, the presented Noetherian conditions are necessary and sufficient
in which the operators studied are Noetherian.
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Asupra unor criterii noetheriene pentru operatorii integrali
singulari cu coeficienti marginiti

Rezumat. In aceastd lucrare sunt stabilite conditii noetheriene pentru operatorii in-
tegrali singulari cu coeficienti mdsurabili si mdrginiti. Studiul este realizat n spatii
de functii integrabile cu anumite ponderi, conturul de integrare se presupune neted pe
portiuni. Conditiile noetheriene stabilite, depind de spatiu in care se desfdsoard cerceta-
rea, de coeficientii operatorilor, precum si de méarimile unghiurilor formate de conturul
de integrare in punctele sale unghiulare. in cazul conturului de tip Lyapunov conditiile
noetheriene prezentate sunt necesare si suficiente in care operatorii studiati sunt Noethe-
rieni.

Cuvinte-cheie: operator singular, factorizarea functiilor, norma esentiald, conditii noe-

theriene, spatii cu ponderi.

1. INTRODUCTION

The previous theory of one-dimensional singular integral equations with continuous
coefficients was systematically developed by N. Muskhelishvili, F. Gakhov, I. Vekua and
others. Based on these classical developments, numerous studies were carried out in

the case of singular integral equations with discontinuous coefficients. In particular,
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I. Simonenko, I. Gohberg, and N. Krupnik established various local theories for singular
integral equations, which reduce global problems to local ones. In an attempt to use these
local theories, K. Clancey and I. Gohberg [1] investigated the concept of local factorization
of functions. They showed that the existence of a global factorization is equivalent to
the existence of a local factorization at each point of the integration contour, and the
Noetherian conditions of singular integral operators are determined by the existence of
factorization of the coefficients of the respective operators.

In this paper, the results of research in the theory of operators with local properties
[2-4] are applied to obtain some sufficient conditions under which singular operators with
scalar or matrix coefficients are Noetherian. These conditions are established for singular
integral operators acting in the spaces L, (I', p), where I is a piecewise Lyapunov contour
and p is the weight introduced by the mathematician B. Khvedelidze [5].

It is shown that the Noetherian conditions depend on the coefficients of the operator, on
the space L, (I", p), but also on the sizes of the angles formed by the contour at its corner
points. Thus, the Noetherian conditions at different points of the contour are different, and
especially, at the self-intersection points of the contour. In the case, where the integration
contour I' does not contain corner points, the results presented in this paper also become

necessary in which the operators under study are Noetherian.

2. INVERTIBILITY AND LOCAL FACTORIZATION

Let  be a rectifiable arc in the complex plane C. The notation L, (y) (1 < p < o) will
be used for the usual Lebesgue spaces with respect to arc length measure on y. In case y

is a piecewise Lyapunov arc and 1 < p < co, we define the singular integral operator S
on L,(y) by

1 [ o(1)
(00 = [£ar.
ni J, Tt
The fact that S, defines a bounded operator on L, (y) (1 < p < o), even if the arc y has
cusps, is established in [5], [6]. When the arc y is a piecewise Lyapunov contour I', one

defines the usual analytic projectors

2 2mi T—1

Py = 28 ! / 2O g (0,00(0) = ot) - (Pye) (0.
Y

bounded in L,(I') (1 < p < co). The range of the projector P, on L,(I") is denoted
by L;’,(F), while L, (I') denotes the span of the range of Oy on L, (I') and the constant
functions (1 < p < oo). Further, L3,(I') = Lo(I") N L5(T). Let a be a function in
Lo (T"). We denote by T, the singular integral operator T, = aP, + Q, acting on L, (I")
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(1 < p < ). A general reference to the theory of operators of the form 7, is the

monograph [7].
Let 7o be a fixed point on the Lyapunov contour I" and let ¢ belong to L,(I"). In
this section we will discuss the equivalence of various interpretations of the phrase “the

operator T, on L, (') is locally invertible at ty”.

Definition 2.1. Leta € Lo (I"), where I is a Lyapunov contour. The operator T, = aP+Q
in L, () is called left-Fredholm, right-Fredholm or Fredholm operator at a point ty € I’
if there is a function b € Lo (") and a neighborhood U of the point to such that a(t) = b(t)
fort € U, and the operator Ty, = bP + Q is left-Fredholm, respectively right-Fredholm or
Fredholm.

The next definition of “local invertibility” is due to Simonenko [2], see also the

references in [3].

Definition 2.2. We say that the operator T, = aP + Q in L, (") admits a local right (left)
regulator at a point ty € I if there exist an operator R, a compact operator K in L, (I"),

and a function u continuous on I" and equal to one in a neighborhood of to, such that
RT M, =M, + K, M,T,R =M, +K,
where M,, denotes the operator in L, (I") of multiplication by the function u.

We say that the operator T, admits a local regulator at #¢ if it admits both a right and a
left local regularizer at ¢.

Let I" be a Lyapunov contour bounding the domain G in the complex plane. It will be
assumed that the point zero belongs to G. Let a be an element of G Lo, (I"); here G L (I")
denotes the group of invertible elements in L, (I"). The following is the standard definition

of factorization of the function a relative to L.

Definition 2.3. We say that a function a admits a factorization in the space L, (1 < p <
o) if it can be represented in the form a(t) = a_(t) t* ay(t), t € I, where k is an integer
and the following conditions hold:

1) the pair (a;', ay) belongs to L, (I'y) X Ly (T'y) and the pair (a-, a~') belongs to
L,T)x L, (T) (pl+q 1=1);

2) the operator a;'Sa='l is bounded in L,(T).

The following definition of local factorization is similar to the previous definition and

is contained in [2] (see also [1]).
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Definition 2.4. A function a admits a local factorization in L, at a point to € T if there
exists a neighborhood 7y of the point ty such that a(t) = a_(t)a+(t), where

(i) the pair of functions(a;', ay) belongs to L, (T'y) X Lg(Ty) and (a-, a~') belongs
to Ly,(T-) X L(T-); here Ty ¢ G4 UT are piecewise Lyapunov contours such that
LNl =y.

(ii) the operator a;'Sa~'l is bounded in L,(y).

In [1] it was established that a function a which admits a local factorization in L,
at every point 7o € I" also admits a (global) factorization in L. In the present work,
alongside the norms and essential norms of the operator S, we will use the equivalence
between the notions of local factorization of a function in L, (I') and local invertibility
of the singular integral operator 7, = aP + Q. The main result that will be used is the

following:

Theorem 2.1. Let I' be a Lyapunov contour. Assume a € G L (T"), and let tg € T.

1) Assume that 1 < p < oco. If a function a admits a local factorizationin L, at a point
to, then the operator T, = aP + Q in L, (I") has a local regulator at t.

2) If the operator T, = aP + Q in L, is locally invertible at ty, then a admits a local

factorization in L, at t.

3. NOETHERIAN CONDITIONS FOR THE OPERATOR A = aPr + bQr WITH SCALAR

COEFFICIENTS

Let a and b be two measurable and bounded functions on the contour I'. Here we will

establish sufficient conditions under which the operator
A ZaPr+er (31)

is Noetherian in the space L,(T', p). If the contour I is of Lyapunov type and p = 1, these
conditions coincide with the conditions established by 1. Simonenko [2] and, in addition,
are also necessary under which the operator (3.1) is Noetherian in the space L,(T', p).

Henceforth, we will assume that the contour I satisfies the following conditions:

a) I has a finite number of self-intersection points 71, 75, . . ., T, and a finite number
of angular points 7. (k =r+1,...,m);
b) at the points 7 (k =r + 1,...,m), the tangents to I" are perpendicular;

c¢) the contour I' can be completed up to a closed composite contour [ of Lyapunov
type by pieces, which divides the complex plane into two sets Fff and Ff_ and T
is the boundary for each of these sets Ffi. Obviously, the contour T is determined

unambiguously.
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We denote by map(r) (0 < ag(t) < 2) the angle formed by the contour I" at the point

T#71 (k=r+1,...,m). We will also need the functions @ (¢) = min{ag(t), 2 —ap(z)}
(O<a(t)<1)and 6(z) (t € '\ {71, 72,..., T }) defined by the relation
a(t) a(t)

1 1-z\ 2 1+z) 2
crgh(r) = 5 max_ <1+z>(1—+§) —(1—z)(1—f§) . (3.2)

We note that the set of values of the function 6(¢) is contained on the interval | 7, 7|

and 6(t) = 7 at all points ¢ of the contour I" where the Lyapunov conditions are verified.
In particular, if the contour I is simple and of Lyapunov type, then the set of values of
the function #(¢) is contained on the interval | 7, 7] and 6(¢) = 7.

Let 79 be an arbitrary point of the contour I" different from the points 71, 12, . .. 7. We
denote by A(1p) an angle with the vertex at the point z = 0 of size 20(1y), where 8(¢) is
defined in (3.2). By A(tx) (k = 1,...,r) we will denote an angle with the vertex at the
point z = 0 of size 6 = 7.

LetT'(o>T) bea completion of the contour I" up to a closed composite contour, which

satisfies condition ¢). If a € T'o,(I"), then we denote by a the function

a(t), for tel,

a(r) = -
1, for tel\T.

Let us also denote by M (I") the set of measurable and bounded functions on I" that
satisfy the conditions:

(1) essinfla(t)] > 0;

(i) for any point 7 € I there exists a neighborhood u(7) C I of the point 7 and two
functions g+, g7 which belong respectively to the sets! L% (), LL(T) together
with (g;)~! and (g;)~!, such that for ¢ € u(7) the set of values of the function
87(t) a(t) g5 (¢) is contained in the angle A(7).

It can be easily shown that the set M (I") does not depend on the choice of the composite

contour T, if T satisfies conditions a)—c).

Theorem 3.1. Let a € M(I'). Then the operator A = aPr + Qr is Noetherian in the
space L(T).

To facilitate the proof of the stated theorem, we will need the following three auxiliary
propositions. Let I'y be a simple closed Lyapunov contour on portions with a single

corner point #.

1By LE(T) (C LoI') we denote the set of bounded analytic functions in the domain Fg (Ff‘).
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Lemma 3.1. If the real and measurable function ¢(t) (t € I'y) satisfies the condition

esssup |¢(1)| < 8(10),

tely

then the operator A, = €'? Pr, + Qr, is Noetherian in the space L»(I).

Proof. Based on the results from [8], [9] we have

0 (7o)
2 b
where T (= T(L2(Iy))) is the set of compact operators in the space L, (Iy). The operator

}22 ISty + Tl (ry) = ctg

Ao can be written in the form

e +1

. @
0= ) (I+ltg§Sro).
As
e e()|  6(w)
1nf||t—S +T < sup |[tg—=|ct <1,
TeX ! g2 Fo L,(Ty) IEIE:) & 2 L 2

it follows that the operator Ag is Noetherian (invertible) in the space L, (I'g). Lemma 3.1

is proved. |

Lemma 3.2. Let a € Lo(I'g). If essinf;cr, |a(t)| > O and its value set belongs to the
angle A(19), then the operator B, = aPr, + Qr, is Noetherian in the space L;(I'y).

Proof. The function a can be represented in the form a(z) = y|a|-e'#, where (1) satisfies
the conditions of Lemma 3.1 and 7y is a complex number (|y| = 1). The function b(z) =
la(t)| admits factorization (see [7]), b = by - b_, where b*! € L¥ (Iy) and b*' €

L (Tp) and b=! € L (I'p). Then the operator By can be represented in the form

Bo = b_ (¢"Pr, + Or,) (ybyPr, + b-'0r,). (3.3)

By Lemma 3.1, the operator el ¢Pr, + Or, is Noetherian in the space Ly(I'y). As the
operators b_I and yb, Pr, + b='Qr, are invertible in L,(T}), from (3.3) it follows that
By is Noetherian in L, (I'p). The lemma is proved. O

Let I be a closed Lyapunov contour on portions with a single self-intersection point
70 and the tangents to Iy in 79 are perpendicular. As in the proof of Lemma 3.2, taking

into account that in this case (see [8], [9])
%Ielg ISty + Tllzy(rg) = 1 + V2,

the following lemma is also proved.
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Lemma3.3. Leta € Lo (Ty). Ifessinf,er, |a(t)| > 0 and the set of values of the function

T

a is in the angle with the vertex at the point z = 0 and of size 7, then the operator

By = aPr, + Or, is Noetherian in the space L ().

Proof. We give the proof of the Theorem 3.1. Let 7,41, ..., T, denote all the angular
points of the contour I'. Let 7 be an arbitrary point in T, gt e LE(I) and u(7) be a
neighborhood of the point 7, such that the set of values of the function g¥(¢)a(t)g7 (¢)
lies in A(7) for t € u(r). We can assume that u(7) does not contain points in 7%
(k=1,2,...,m) different from 7. Let

a(r), for t € u(r),
(1) = _
5 (gt (g7 (n)~", for 1 €T\ u(r),

where § is a complex number in A(7). The set of values of the function ET(t) =
g1 (n)a-(1)g7 (1) lies in the angle A(7). We will show that the operator B, = ETPI: +0OF
is Noetherian in the space L(I"). Indeed, let (> u(r)) be a piecewise Lyapunov
contour that has a single (angular) self-intersection point for 7 = 7 (k = 1,2,...,r) (for
T =1 (k=r+1,...,m)) and that has no such points for 7 other than the points T = %
(k=1,2,...,m). We denote by c.(¢) the function defined by the equality

b (1), for t€u(r),
c.(t) =
1, for 1 € Iy \ u(7).

As b (t) = 1 fort € T\ u(7), then the set of values of the function c.(¢) (¢ € T';) also
lies in the angle A(7). From Theorem 1.1 Chapter VII of the work [7], we deduce that
the operator B, = ETPF + Of is Noetherian in the space L>(T) if and only if the operator
C; = coPp + QFT is Noetherian in the space Lg(fT). Ifr=7n(k=r+1,...,m)or
T=1 (k=1,...,r), then, by virtue of Lemmas 3.2 and 3.3, respectively, it follows that
the operator C- is Noetherian in the space LZ(FT). However, if T € I:\ {t1,...,Tm}, then
from Theorem 5 of [10], it follows that C, is Noetherian in Lz(l:f).

Therefore, the operator B, = ET Py + O is Noetherian for any 7 € . We consider the
operator ZT = d. Py + Qf and write it in the form

Ar = (87)7"6(boPr + OF) ((81) ™' P + 687 0F) (3.4)
The operators (g7)~'61 and (g7) ™' Px + 6~ g7 QO are invertible in the space L,(T),
and B, = ET Pr+Qr is Noetherian in Lz(f), so from (3.4) it follows that A + is Noetherian.

Thus, the operator A= aPg + QO at any point 7 € [ is equivalent to the Noetherian
operator ZT. Based on Theorem 1.6 of [2], it follows that A is Noetherian in Lz(f).
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Then from Theorem 1.1 of Chapter VII of the paper [7], it follows that the operator
A = aPr + Qr is Noetherian in L,(T"). The theorem is proved. |

Let

p(t):ﬂ|t—tk|'8k (-1<Bi<p-1ti=1e, k=1,....m, n>m)
k=1

n
and the function % defined in the paper [10]. From Theorem 3.1 and the results of the
paper [11] it follows

Corollary 3.1. Let the functions a € Loo(I"). If ah € M(T'), then the operator A =
aPr + Qr is Noetherian in the space L, (T, p).

Corollary 3.2. Let a,b € Loo(T) and essinf,cr |b(¢)| > 0. If ab™'h € M(T'), then the
operator A = aPr + bQr is Noetherian in the space Lo(T, p).

We note that the set M (I") is quite large. Thus, if the contour I is of a simple closed
Lyapunov type, then the class of functions M (I") coincides with the class A(2,T), defined
by I. Simonenko in the paper [12] and, in addition, the operator a Pr + bQr is Noetherian
in L(T, p) if and only if ab='h € M(T").

Let the contour I" be composite, closed and satisfy the conditions of Theorem 2.1. We
denote by M(I") C Lo,(I) the set of functions satisfying the conditions:

(i) essinf,cr |a(t)]| > O;

(i) forany 7 € '\ {ry,..., T;n} there exists a neighbourhood u(7) c I' of the point
7 and two functions g7, g7 which belong respectively to the sets LY, (I"), L (")
together with (g¥)~! and (g7)~' such that for any ¢ € u(7) the set of values of
the function g7 (7)a(t)g7 (¢) lies in an angle with the vertex at z = 0 of measure
T

(iii) atthe points ¢ (k = 1, ..., r) there exists a(1x =0), where the quantities a (7 +0)
are defined in the works [7], [8].

From Theorem 3.1 and the results of paper [11] it follows

Theorem 3.2. For the operator A = aPr + bQr (a,b € L. (I")) to be Noetherian in the
space Lo(T) it is necessary and sufficient that the function ab™" belongs to the set M ().

From Theorem 3.2 and Corollary 3.2, it also follows

Corollary 3.3. The operator A = aP, + bQ . is Noetherian in the space Ly(T, p) if and
only if the function ab™'h belongs to the set M(T).
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4. NOETHERIAN CONDITIONS FOR SYSTEMS OF SINGULAR INTEGRAL OPERATORS

We will study the operator A = aP, + bQ . in the case where the coefficients of the
operator are matrices of order m with elements in Lo (T").
Let A be a Banach space of functions, defined on the contour I'. By U™ we denote

the Banach algebra of matrix functions of order m with elements in 2.

Definition 4.1. Let the contour T be closed and a € GL™\(T"). We will say that the
matrix a admits a factorization [13] in the space Li, (T, p), if it can be represented in the
form
a=a_day, 4.1)
where d = (6, (t - zo)kf)i-’k:l, 70 € Fft and k; are integers (ky > ky > --- > k), and
the matrices a. satisfy the conditions:
(i) a_ €~ Léj‘l(F, p), as €t L;XI(F,pl“’) and a~' €~ LfIXI(F,pl‘q), a;l et

Ly p), (p~ +q7" = 1)
(ii) the operator a;'Pra'l is bounded in the space Lé,(F, p), where by Pr is
denoted the operator (6jkPl")§-,k:1-

Theorem 4.1. The matrix a € GLX (T admits a factorization in the space Li,(r, p)if
and only if the operator

A=aP:+ Q0+ (Q‘r:I_PT)
is Noetherian in the space Lé(F, p).

Theorem 4.2. Let the matrix a € G LX (T") admits a factorization in the space Li, (T, p),

where
ki >ky>--2kg>0, key1<kgpp<---<kj<0 (0<s<]),
then

ki.
1

1 s

dimker A = — Z ki, dimcoker A =
i=s+1 i=

The proof of these theorems is done in a similar way to the one in Theorem 3.1 of [13].
Let the function /4 be defined in [11]. From Theorems 3.1 and 3.2 and from the above, it

follows

Corollary 4.1. The matrix a € GLX(T') admits a factorization in LL(F, p), if and only
if the matrix b = ha admits a factorization in the space Li,(r). If b = bydb_, then
a = h7'b,db_h~" represents the factorization of the matrix a in LfD(F, p).
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Corollary 4.2. The operator aPr + Qr is Noetherian in the space Lé(r, p), if and only
if the operator Ay, = haPr + Qr is Noetherian in the space Li,(l“). Furthermore,

Ind Al ) = Ind Anf )

As we mentioned, if a, b € Lo,(I") and b(t) > 6 > 0, then the operators A = aPr + QOr
and B = baPr + Qr are or are not Noetherian in the space L, (I", p) and Ind A = Ind B.

We will show that this property is not possessed by operators of the form A and B in
the space LfD(F, p). Moreover, we will show that for any p (1 < p < o0) and any natural
[ (I > 2) there exist two matrices a, b € LX(I'), such that sets® b(t) > 6 > 0, baPr + QOr
are Noetherian in pr (I, p), but the operator aPr + Qr is not Noetherian in this space.

Based on Corollary 4.2, we can consider p(¢) = 1. Obviously, it is enough to consider
[ =2and I" = I'y, where Iy is the unit circle. As the matrices a and b will have elements
from CP(T"), then we can also consider p = 2. So, lett = ¢'? (0 < 0 < 27),

] 0
2 —cos — -1 3 +2cos — 1
a(r) = % ol b(1) = 2 .
—4+sin= 2—cos— 1 2 —cos =
+Sln2 0082 0082

The matrices a and b are continuous at any point ¢ € Iy \ {1}. Under these conditions
the operator aPr, + Qr, is Noetherian (see [7]) in the space L%(Fo), if and only if

det[,ua(t +0)+ (1 —wa(r- O)] 20 (tely, 0<u<l).
It is directly verified that for g = % and to = 1 we have
det|poa(to +0) + (1 — po)a(to — 0)] = 0.
Therefore, the operator A = aPr, + Or, is not Noetherian in the space L%(F 0). Let
¢ =ab.
It is easy to show that
det[puc(t+0)+ (1 —p)ec(-0)] #0 (re€lp, 0<pu<l),

i.e. the operator B = abPr, + Qr, is Noetherian in L%(F 0)-

Theorem 4.3. Let the matrix a € GLIN () satisfy the following conditions:
(i) for any T € T'\ {11,...,Tm} there exists a neighborhood u(t) and a pair of
matrices g+ and g7, (g (1))*! € LEU(T), (g7 (1)*! €= LEU(T), such that
Re’(g5(Na(Ng; () = 6 >0 (1 € u(r);

%Recall that H > M, where H and M are Hermitian matrices, means that >, 23:1 (cij=dij)(xi=Xj) = 0,

where ¢;; and d;; are the elements of the matrices H si M, respectively.
3Recall that Re B = (B + B).
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(ii) there exist the limits a ;(ti + 0);

(iii) the spectrum of matrices a™' (13 +0) -a(tx = 0) (k = 1,...,m) have no common

points with the semiaxis R™.

Then the operator A = aPr + Qr is Noetherian in the space LIZ(F).

The proof can be done using the results of the paper [13] and the local principle from [2]
and [10].

If the matrix a € GLYX!(T) is piecewise continuous, then the conditions of Theorem
3.3 are also necessary for the operator A = aPr + Qr to be Noetherian in the space
L’z(F). Indeed, let A be Noetherian in the space LIZ(F). Then from [13] we deduce that
the spectrum of the matrix a~!(7 + 0) - a(7 — 0) (7 € T') has no common points with the

semiaxis R™. It remains to use the following lemma.

Lemma 4.1. Let B and C be two non-degenerate numerical matrices. For there to exist

numerical matrices M and N such that
Re(MBN) >0 and Re(MCN) >0 4.2)

it is necessary and sufficient that the spectrum of the matrix B~'C has no points in

common with R™.

Proof. Let X be the matrix that reduces the matrix B~1C to the Jordan form,

XB~lcx™! = diag(Gy, ..., Gy),

where

Ag 0

1 0

G = ,

0 1 Ak
and diag(Gy, . .., Gy) is the diagonal matrix with the elements G (k = 1,...,s) on the
diagonal.

As A ¢ R, there exists anumber y; € C, such thatRe yx > 0 and 8, = Re(yxdx) > 0.

Let
I —1

£ Yk 0 0 0
0 &y 0 0

Fi = 0 0 01,
0 0 0 Yk
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where [; is the order of the matrix G, €k is a positive number. Direct calculations
show that the principal minor of order r of the matrix Re(G Fy) has the form s,‘("kg(g k)
where wy = (21 —r — 1)5, and g(&x) — &) for &x — 0. It follows that we can choose
ex > 0, such that Re(G¢Fy) > 0. We denote N = X~ F, where F = diag(Fi, ..., Fy),
and M = XB~!. Based on what has been demonstrated, the matrices MBN (= F) and
MCN = XB~'CX~'F satisfy conditions (4.2). The sufficiency is proved.

The necessity of conditions (4.2) can be demonstrated as follows. Consider on the
unit circle Iy a nondegenerate matrix a of continuous functions at any point z # 1 and
a(1+0) =B,a(1-0) = C. If there are two matrices M and N such that Re(MBN) > 0
and Re(MCN) > 0, then in the space Ll2 (T'o) the operator aPr, +Qr, is locally Noetherian
at the point z = 1. Since deta(z) # 0 for z # 1 and a is continuous at any z € I’y \ {1},
it follows that the operator aPr,, + QOr, is locally Noetherian also at these points of the
contour I'y. Therefore, the operator aPr, + QOr, is Noetherian in L12(F0). From Theorem
2 of [13], it follows that the spectrum of the matrix B~'C has no points in common with

R™. The lemma is proved. |

Next, to make the exposition easier, we will assume that the contour I" is made up of
two closed curves vy and y, of Liapunov type on portions with a single common point 7.
3 T
At the point 7 the tangents to y; and y, form an angle of measure 7.
In the following we will establish a class of matrices L'/ (I") (which also contains the
unitary matrices) such that the operator aPr + Qr is Noetherian in the space Li,(l“, 0),

where
n
p(r) = | JIe = 0l
0

to, t1, ..., t, are distinct points on I in which all the angular points of the contour I are
includedand -1 < B <p-1(k=0,...,n).

To begin with, we will consider p = 2. Let 7 € y; \ {to} (r € v2 \ {fo}) and z; (z2) be
fixed points of F}, (F}},). We denote by h(t) the function (1 —z1) #(/2((1—2,) (/)
where B(7) = Bx fort =1t (k =0, ...,n) and B(7) = 0 at the other points of the contour
I', and B and 1 respectively are the numbers and points that define the weight p (7).

For t = 19 we define the function &, (t) as follows:
he, (1) = (t —21) 7' (t — 22) 72,

where o] and 0 are real numbers satisfying the condition o) + 0% = —'%. The functions

(t - zj)_ﬁ(T)/2 ((t=2z;)97) (j = 1,2) are defined so that they are continuous on the
complex plane with the cut that joins the point z; with co and intersects the contour I" at

a single point 7 (zg).
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Theorem 4.4. The operator

A=aPr+bOr (abeLX(I))

in the space LIZ(F, p) is locally Noetherian at the point T € I if and only if this property

is possessed by the operator

Ar = hyaPr + bQr
: I
in the space Ly (I).
The proof is based on the factorization of the function /., applying Theorem 2.2,
therefore we do not dwell on it.
Consider the following function (see [8])

1-2 (1) 1 5(1)
(1+2) (1—+§) —(1-2) (1—:’)

1
arctg[z Hi%’i] ] , tel\ {1},

(1) = B
n
T I =1y,

4.3)
where §(t) = %, a(t) = min(e(2), 27 — ap(r)), and () is the angle formed by the
contour I' at the point ¢ # #g.

We denote by M /(") the set of function matrices a(r) = (ajk(t))i',kzl (t € I') of order
I with elements a jx(¢) € Lo (I") that satisfy the following conditions:
(i) Vrtzéilinf det|a(r)| > 0;
(ii) for any point T € T' except perhaps for a finite number of points 1, (k =
1,2,...,5), there exists a neighborhood u(t) C T of the point T and two func-
tion matrices g, (gt)*! €t LX!(g7)*! €= LY such that for any t € u(t) the

relation
Re(gt(t)h-a(t)g7 (1)) > (1) cos §(7), (4.4)

where 0(7) is the function defined by relation (3.3) and ¢ (7) is the norm of the oper-
ator hra in the space LZI(M(T)). As, it is known, ¢(T) = SUpP; ¢, (1) 51 (h-(t)a(r)),
where s1(hca) is the largest eigenvalue of the matrix (hraa*h’.);
(iii) atthe points Ty (k = 1,2,...,s) there exist the finite limits a(tx —0) and a(7t; +0)
of the matrix a(t) and the spectrum of the matrix e~ ™F(7) g~V (1, + 0)a (1 — 0)
does not intersect the negative semi-axis R™.
It is easy to see that if all points 7 (k = 1,2,...,s) where the limits a(7 + 0) exist are
regular, then conditions (iii) are equivalent to conditions (ii). This can be deduced using

Lemma 3.1.
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Theorem 4.5. Leta € M Ii(F) Then the operator
A=aPr+ Qr
is Noetherian in the space Lzl (T, p).

We note that if I is a closed contour of Lyapunov type and p(¢) = 1, then this theorem
was proved by I. Simonenko (see [10], Theorem 8), and the set MII(F) coincides with
the class M (2,T) defined in [10]. Given that I is a simple Lyapunov-type contour,
Theorem 4.3 is contained in the work [14].

We will prove two lemmas from which we will immediately deduce Theorem 4.5 and

which, at the same time, are also of interest in themselves.

Lemma 4.2. Let the contour Ty have a single corner point to and po(t) = |t — 1|
(=1 < B < 1). If the matrix a € GL (T) satisfies the condition

Re(h,(1)a(t)) = o > ||hgyall cos 6(1p),
then the operator
Ag = aPr, + Or,
is Noetherian in the space le(F, p) and its index are equal to zero.

Proof. Based on Corollary 3.3, it suffices to prove that the operator

hoaPr, + Or, (ho(t) = hey (1))

is Noetherian in the space LZZ(F). Lety € le(Fo,p) and ||¢|| = 1, then

Ohyd 2 20" Re(hya) o? o?
- ———¢|| <I- 5+ ;< 1- 5
lhoalll llhoal|l llhoal|l lhoalll
Consequently,
ohoa )
- < sin6(1y).
” lhoal|l?
As (see [9)]),
1

inf ||Pr, +T|| = ——,
TGI” To I sin 0(1)

where I = 1(L12(1“0)) is the set of all compact operators in the space le(Fo), then

h
([ ﬂ) Pr,+T

- < 1.
| hoal||?

inf
TeX

It follows that the operator

I 7 ohpa p
hoal]?) "
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is Noetherian in the space LZZ(FO) and its index is equal to zero. We write the operator

hoaPr, + Qr, in the form
hoaPr, + Or, = (I = (I - whoa) (@™ Pr, + Ory))

where w = o ||hgal|| 2. The operator a)‘lPrO + QOr, is invertible, therefore the operator

hoaPr, + QOr, is Noetherian and its indices are equal to zero. The lemma is proved. 0O

Lemma 4.3. Let the matrix of functions a € GL>! () satisfy the following conditions:

(i) there are two matrices g such that (g*)*' et LX(Iy), (g7)*! €= LXN(Iy);
(ii) Re(g™ (1)ho(1)a(r)g™ (1)) = o > || hoal| cos 6(tp),

then the operator aPr, + Qr, is Noetherian in the space le(Fo, 0).

The proof of the lemma follows from Lemma 4.2, from the equality
hoaPr, + Qr, = (§7) ™' (¢*hoag™ Pr, + Or,) ((g") ™' Pr, + g~ 0Ory).
and from the invertibility of the operators (g~)~'7 and g*Pr, + g~ Or,.

Proof. We give the proof of Theorem 4.5. From conditions (i) and (iii) of the definition
of the set M f,(F), it follows that the operator

A=aPr+Qr

is locally Noetherian at the points 7, (k = 1,2, ...,s). From conditions (ii) in the usual
way, with the help of Lemma 4.3 and the local principle, it is established that the operator
aPr + Qr is locally Noetherian also at the points 7 € I' \ {7, ..., 7s}. Consequently the
operator aPr + QOr is Noetherian in the space LZI(F, p). The theorem is proved. m|

Corollary 4.3. Let a, b € LXN(I). If
Vraiinf,cr det |b(¢)| > 0
and b~ la € M[f(F), then the operator aPr + bQr is Noetherian in the space Lzl (T, p).
We note that the set M pl (") is quite large. This follows from the following corollary.

Corollary 4.4. Let the functions a and b € CP;(T"). Then the operator aPr + bQr is
Noetherian in the space LZI(F, p) ifand only if b='a € Mff (I).
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An important role in establishing Theorems 4.2 and 4.3 was played by the knowledge of
the essential norms in the space Lzl (T, p) of the operators St, Pr and of the multiplication
operator on the matrix a. If in the space L Il, (', p) the norm is defined by the equality

1
lell” = > llejl1P,
J=1

then for p = 2, the norm of the operator Ay is calculated from the relation
||AO”L2[(F,p) = esssup,cr (1), (4.5)

where s(¢) is the largest eigenvalue of the matrix (a*(t)a(t))l/ 2, Relation (4.5) has an
important role in determining the Noetherian conditions for singular operators. Simple
examples show us, however, that for p # 2 relation (4.5) is false. In order to use the
essential norm of the operators St and Pr also for p # 2, we will modify the norm in the
space L[l,(F, p) in such a way that (4.5) holds.

Lemma 4.4. If in the space L 117 (T, p) the norm is defined by the equality
r/2

1
el = [| D lesF | oo lan, (4.6)
j=

then the relation (4.5) holds.

Proof. Obviously, for any #g € I', the norm of the operator a(#y)I in the Euclidean space
Clis equal to 5(t). Therefore the norm of Ay is equal to esssup, - s(¢) and the lemma is

proven. O

We will assume that the norm in Lﬁ,(l“, p) is defined by (4.6). In this case (see [15]),
the equalities

”SFO||L§,(Fo,lt—llf’*z*ﬁlwllﬁ) = IStollz,, vy, Je-11p-2-8 11 +118)

where Iy is the unit circle and 8 € (-1, p — 1). From this, in particular, it follows that

ctgl, for p > 2,

2
IStolles ey =5 a7
tg—, forl<p<2,
2p
e (1-18)
ISToll 2y, 2ty = ctgm—7— (1Bl < D).

Let I" be a closed Lyapunov contour. We denote by G s the set of all function matrices

a in LX(T) that satisfy the following conditions:
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(i) forany point T € T there exists a neighborhood u(t) of this point and two matrices

gt and g7, such that
(gr()* " LI'M),  (g7()* ™ L)
(ii) fort € u(t), the matrix g7 (t)a(t)g* (1) is unitary and o (g5 (t)a(1)gt (1)) lies in
an angle A1 (8) with the vertex at the point 7 = 0 and of measure 6.

Condition (ii) is equivalent to the fact that the set of values of the form
(¢-agin.n)  meCh nll=1,1€u(r))
lies inside the angle 1, (9).

Theorem 4.6. Let a € G s, where

; 0 . lzz;pt by 1221 ; n
—=min |l tg—,[7? ctg—|.
) 83,70 7 8,
Then the operator A = aP, + Q_ is Noetherian in the space L; (I).

The proof of this theorem is done in the usual way, using the local principle and the

following lemma.

Lemma 4.5. Let Ty be the unit circle and b be a unitary matrix in LXY(Ty), and for any

t € Ty its spectrum lies inside the angle | arg z| < a, where
tg in |/ 22;pt dy 5 tg—
— =min ([ 27 tg—,12P ctg—].
) 820 820
Then the operator B = bPr, + Qr, is Noetherian in the space Li, (ITp).
Proof. The operator B can be written in the form

B= %(b +e)(I+(b+e)"' (b—e)Sr,).

where e is the unit matrix of order /. For [ = 1 there exists [14] an operator Ky of rank

one, such that in the real space L, (I'p), we have

ctgzl, for p > 2,
ISr, = Kollz, ) =4 -7
tgz—, forl <p<2.
P

From [5] we deduce that this relation is also true in the complex space L, (I'p). As the

norm in pr (Ip) is defined by (3.6), then it is easy to deduce the equality

2-p b8

[?p ctg—, forp=>2,
2p

IS, = Kol

i =1 o 4.7)
p(10) ng’tgl, for1 < p<2,
2p
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By Kj in the space LfD(FO) we mean the operator diag(Kp, ..., Kp). Let f = i(b +
e)~'(b — e). The matrix f is self-adjoint and for any ¢ € I its spectrum lies on the

segment [—tg%,tg%] .Leto ={¢; 321 and fo = {lﬁj}ézl, then

1 1
201 <1822 Y les (01,
J=1 J=1

Therefore, || f|| < tg5. From relations (4.7) and the assumptions of the lemma it
follows that if || f (S, — Ko)|| < 1. Thus, the operator / —i f'St, is Noetherian (invertible).
Just as the multiplication operator on the matrix b + e is invertible, it follows that the

operator B is Noetherian. The lemma is proved. |

Let

n

p) =[Jlr-ul  (eTr-1<p<p-1).
k=1

We denote by G5, the set of all matrices a in LIXH(T) that satisfy the following

conditions:

(i) forany T € T\{t1,...,t,} there is a neighborhood u(t) of this point and two g7
and gz such that (g5(n)*' €* LN, (g7 (1)*' e~ LZ(D);
(ii) for vt € u(t) the matrix g7 (t)a(t)g+(t) is unitary and its spectrum lies in an

angle 1. (6) with the vertex at the point z = 0 and of measure §:

o (g7 (Da(n)gi (1)) C A-(6);

(iii) there is a neighborhood u(ty) of the point t, (k = 1,...,n) and the pair of
matrices g; and g, (g;g(t))il et LN, (& (1)) e LXUT) such that, for
any Vt € u(ty), the matrix

8- (a(t)g7 (1) gz ()a(t)g7 (1)
is unitary and

o (g7 (Na(t)gz(t)) € A(6) (fort € u™(1x)),

27y

(g (Da(DgiDe 7 ) C u(d) (fort € u™ (1),

where

ut(t) = {t:t €u(ty), t > tr}, u (t) ={t:t€uty), t <t}

It follows from Theorem 4.4.

57



ON SOME NOETHERIAN CRITERIA FOR SINGULAR INTEGRAL OPERATORS
WITH BOUNDED COEFFICIENTS

Theorem 4.7. Let a € G 5 p, where

T

te% = min(17F 1g 2, 17 ct
— =min|l?r tg—,[ 2 — .
) 82070 7 8,

Then the operator A = aPr + Qr is Noetherian in the space Lfv(F, 0).

5. OBSERVATIONS ON THE CASE OF THE UNBOUNDED CONTOUR.

GENERALIZATIONS

Let I" be an unbounded and admissible contour, O ¢ I" and
n n

p(@) =1z [ [le—alf* (zxel, -1<pe<p-1.-1<B+ Y Be<p-1).
k=1 k=1

In the space LfD (T, p), we consider the operator
A =aPr+ Qr,

where a, b € LIXY(T") (T = I' U o). With the help of the invertible operator B, defined
by the relation

1 1
(Bp)(z) = —so(—), 5.1)
z \z
the study of the operator A in the space Llp (T, p) reduces to the study of the operator
A= C~lPl= + be,
where I' = {r : ¢t = %, zel}, a@) = a(%), b(r) = b(%) , in the space L. (T, p)
with the weight

n n 1
p(z) = lzlPo | | 1z = ze P, Bo=p-2-B-) Pr, tk = —]|.

Thus, the theorems presented for the operator A in the space Lﬁ,(f, p) are easily
transposed to the operator A in the space pr (I, p). Similar results to the Theorems
4.2 —4.5 hold for the operator A = aPr + Qr in the case of the unbounded contour, which
we will not explain. We will focus on the case where the integration contour I" consists

of a finite number of bounded and unbounded curves.

m
r=|Jr;,
Jj=0

So, let I" be such a contour,
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where Iy is unbounded and admissible and I'; (j = 1,...,m) are bounded. For a start,

we will assume that all the curves I'; are closed and disjoint. If

p(2) =1z | [le—aulf (0¢D),

k=1
then by p; (j = 0,1,...,m) we will denote the restriction of the function p(z) on I';
(j=0,1,...,m). We also denote by R; the multiplication operator to the characteristic

function of the contour I';:

¢(z), for z eI}y,
(Rj¥)(2) =
0, for z e '\ T;.
We consider the operator
A= aPr + Qr,

where a, b € LX(T). As

m
Z Ry =1,
k=0

then the operator A can be written in the form

m m m
A:ZRjAZRk: Z R;AR;. (5.2)
j=0 k=0 jok=0
The operators R ;AR represent the restriction of A on the contour I'; (j = 0,1,...,m)

that were studied in the previous sections. AsI'; NIy = @ for j # k, the operator R; AR
(j # k) is an integral operator with continuous kernel on I'; X I'; and, therefore, is

compact in the space Llp (T, p). From these arguments it follows the following assertion.

Theorem 5.1. The operator A = aPr + Qr is Noetherian in the space Li,(F, p) if and
only if the operators
RJ'AR]' =A= aPFj + Q[‘]

are Noetherian, respectively, in the spaces L;(F ., pj). In addition,

m
Ind Al ., = Z;)Ind Al vy o (5.3)
=

On the other hand, with the help of the results of the paper [6] we can extend the
obtained results to the case where the contour I" also contains open Lyapunov curves on
portions, and by appealing to Theorems 4.2, 4.6 and the local principle, we can consider
the case where the curves curbele I'; (j = 0,1, ..., m) have a finite number of intersection

points, in particular the point z = co. In this paper we will not dwell on these details.
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6. CONCLUSIONS

In the paper, the notions of equivalence and local inversibility were effectively applied
to the determination of Noetherian conditions for singular integral operators with scalar or
matrix coefficients, bounded and measurable. In certain cases, specified in the paper, the
obtained leads are necessary and sufficient in which the studied operators are Noetherian.
The Noetherian conditions, as well as the index of the operators, depend on the space
in which the research is carried out, but also on the sizes of the angles formed by the
contour at its corner points. At the same time, an important role in establishing the
main theorems in this paper was played by the sizes of the essential norms of the Riesz
projection operators, established by the author in the papers [8], [9, [11], as well as by the
authors of the papers [7], [13], [14], [17]. The methods and ideas used, and the results
presented in this paper can be used in the subsequent study of singular operators in order

to expand the class of integration contours, research spaces, and operator coefficients.
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