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Lie algebra admitted by the differential system s*(3) and
functional basis of invariants polynomials

Lipia MusINscCHI

Abstract. The Lie algebra of the representation of the centro-affine group in the space of
coefficients, phase variables and covariant vector coordinates for the ternary differential
system with third-degree homogeneities s3(3) was obtained. Using this algebra, the num-
ber of elements in the functional basis of invariant centro-affine polynomials (invariants,
comitants, contravariants, mixed comitants) was determined and irreductible elements
from these bases were obtained, and for the comitants and contravariants a functional
basis was constructed.
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Algebra Lie admis: de sistemul diferential s*(3) si baze
functionale de polinoame invariante

Rezumat. A fost obtinutd algebra Lie a grupului centroafin de reprezentare in spatiul
coeficientilor, variabilelor de faza si coordonatele vectorului covariant pentru sistemul
diferential ternar cu omogenititi de gradul trei s3(3). Cu ajutorul acestei algebre a fost
determinat numarul de elemente din baza functionald a polinoamelor centroafin invariante
(invarianti, comitanti, contravarianti, comitanti micsti) si obtinute elemente ireductibile
din aceste baze, iar pentru comitanti si contravarianti o baza functionald a lor.

Cuvinte-cheie: sisteme diferentiale ternare, algebre Lie, baze functionale, invarianti,

comitanti, contravarianti, comitanti micsti.

1. INTRODUCTION

We examine the ternary differential system s°(3) of the form

dx’

=l P =P (joafy = T3), (1)
J
aBy

convolution holds. Let GL(3,R) be the group of centro-affine transformations of the

where the coefficient tensor a is symmetrical in lower indices in which the complete

phase variables of the system (1).
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Ternary differential systems are applied in diverse fields, including physics (rigid body
dynamics, laser physics, geophysics, and circuit theory), biology (population dynamics
and infectious disease models), economics, and engineering (missile defense systems and
optimal control of physical processes like continuous casting).

Ternary cubic differential system has applications in many domains, for example:
physic Kirchhoff equation for elastic rods with intrinsic curvature [1].

It is known [9] that the centro-affine group of transformations GL(3,R) can be ex-

pressed as the product of the following elementary one-parameter transformations:

= x, =22 =27 (4 e R\{0});
©=x!, =002 B =2 (1, e R\{0});

*=x!, ¥ =22 = 52 (43 e R\{0});

1

X =x1+,u1x2, )_62=x2,x =x7;

1 2 =3 3

x :x1+,u2x3,762:x,x‘:x; 2)

x! le, )_62=,u3xl +x2, X’ =x7;

%! :xl, ¥ =2 +p4x3, 3 :x3;

3

X =x,x =x°,X =u5x1+x3;

X =x,X :)C,)_C3:/16)C2+X3,

which are denoted by H; with parameter A; (i = l,_3) and H .3 with parameter y; (j =
1, 6) in the space of the phase variables E>(x) of the system (1), where x = (x!, x2, x3).
We consider one-parameter linear transformations

X = fl(x,a) (j = 13), 3)

where « is a real parameter continuously changing over a certain interval of R.
Applying the transformation (3) to the system (1) we obtain the system
¥ =al X (j..py = 1.3), )
where the coefficients 5{1 5y A€ expressed linearly by the coefficients a{l By
Let us denote by a and a the sets of coefficients of the right-hand sides in (1) and (4),
respectively. It is clear that each coeflicient of the set a is a linear function of the elements
of the set a with coeflicients depending on the parameter «.

‘We write this as

i R
aj|j2j3 - gj]j2j3(a’a) (]a]la]Z,]3 = 1,3) (5)
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Let us assume that the identity transformation in the group with formulas (3) ) is

achieved in the value of the parameter @ = 0. Having expanded the functions X/ (j = 1, 3)
and @’. . . (k € A) from (4), (5) into a Taylor series in the parameter @ in some

neighborhood of @ = 0, we obtain

¥ =x+ & (x)a+o(a) (j=1,3), (6)
a;:11'213 - aj:ljzjé + n§1j2j3(a)a +o(a) (k € A), )
where
: =
. ox’ (x, ) ; da; . i ... . =
&(x) = ————la=0, M}, s (@) = %M:o (Joj1sj2j3=13 k€ A).  (8)

In the case when we have a representation of r linear one-parameter groups of the form
(3) in the space of variables and coeflicients of the system (1), then their operators are

written in the form

) p) _ _
vi=&(xX)=— 4+ (i=1,r;7=13), 9)
L oxd
where
i 0 . L.
D, = [n§1j2j3(a)]i T (i=1r; j.j1,j2, j3=1,3; k € A). (10)
J1.d2s 03

To the representations of the groups (2) in the space of the coefficients and the phase
variables E33(x, a) of the system (1) correspond the operators of the form
0 0
2 3 1
0x? ¢ ox3 nmﬁa}ll
0 0

1 1
1 ""7133—a 1 "”7222a
i3 33

0

1
day,;

1 9

Ox! *

X=¢'—t¢

1 1
+ ’7112—6 T T3
)

0

1
day,,

0

1
a4

o ., 9
T 1733 94l +
a3 33

1 1 1
DY) + ’7123(9 + ’7223a

0

1
dazs,

42 i_i_ 2
'7133a 2 ’72226
133

0

3
dajy,

0

2
am

0
a%zz
0

3
13 122 123 133

9 o .5 0
3 3 M33 73
day,, >33 dazs,

0 + P i 4P
0%12 113 aa%w 1228
0 0o
a%23 233 aa%33 3330

0
a%zz
0

2
333

2 0
+’71236a2 +
123
0y
M
da3
111

+n 0 —— 1 +13 ' .
12253 12353 1335 3 253
da da da daz,,

1 2 2
1333 ‘”71116 +’71126

2
+ M3 P

(1D

3 3
M2 + ’7113(9

3
1503

bl

3
1233 3
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where
ox/ ; oa

£ = Z—laz0, Moy = —5 = la=o. (12)

2. LIE OPERATORS OF REPRESENTATION OF THE CENTRO-AFINE GROUP G L (3, R)

IN THE SPACE OF PHASE VARIABLES AND COEFFICIENTS OF THE SYSTEM S3(3)

We analyze the representation of the group H; from (2) in the space of phase variables

and coefficients E33(x, a) of the system (1).
The system (1) after transformation obtains the form

dx!

2\2
— +
dt )

—1\3 —1\2=2 1=
= a}“(x ) +a}12(x )X +a}22x (x

—2\3 —1\2-3 —1=2-3 —212-3
+a%22(x ) +ah3(x )X +a123x XX +a%23(x )X+

—1 =312 —2 =32 —343
+a}33x x7)" + a£33x (x%) +a;33(x )
dx?
dt

2V + 225 + 2-3
222(x )T+ 2 3(x )X +a123x

—13 —1\2=2 —1 =212
= a%ll(x ) +a%12(x )X +a%22x (x)“+

—1— (13)

% + a? 3(x 2%+
=352 =352 =353
) ) +a333(x)

+a133x 'x +a233x 2(x

dx’

"3 =1\3, 3 =1\2=2 2,
o = a?ll(x ) +a?12(x )X +a122x (x )+

+a§22()_62)3 + a?m()_c])zx + a xlx ¥ +ad 3(x 2% +ad., a 33X @)%+
=2 ,=3\2 =353
+a233 (x)"+ a333(x )

where

1 111 1 112 1 1
a,,, = —, d,;, =3 s A1ry = 3a1,,
111 2 112 A 122

1
—_— R a R R R

T _ 1 T _ %13 17 _ 1 T _ 1 T _ Al

Ay = A1y, Gy =3——= 1 s Qo3 = 0ay3, Gyyy = 341053, G133 = 3a33,
T _ 1 T _ 1
33 = 31033, 333 = Ad1dsss,
2 2 a2

2 = aiy 2 = 3a112 > 412
- 9 - ) 9

111 112 2 ar3 = 1

|
—_w

65



LIE ALGEBRA ADMITTED BY THE DIFFERENTIAL SYSTEM s°(3) AND
FUNCTIONAL BASIS OF INVARIANTS POLYNOMIALS

2 a2
— — a — —
2 a2 2 —3dis A3 5 _ a2
“222 3y, A3 = a3, ajy3 =3 2 Ay = 6—= 1 a5y = 3ayy;,
1
., — S
2 _ 2133 2 _ 7.2 2 _ 2
ajy; =3 F 33 = 3ah33, Q333 = G333,
3 3 3
3 _ % PR 3"112 PR A1y
b b 9
111 /l? 112 /1% 122 1
3 3 3
—_ —  a —  a — —  a
3 _ 3 3213 3 %3 T3 43 3 ,%33
Aypy = Uyps AYj3 = 3=, A3 = A A3y = 33, Ay33 =
1

I
353 = 30353, Ay = a3, 11| = exp(A)). (14)

For A; = 0 we obtain the following non-zero coordinates of the Lie operator corre-
sponding to the group H

1 _ 1 1 _
'3 =X,Tn ="

1 1 _ 1 1 _ 1
2a111, M2 = —A112:M113 = —A113
2
77222 = azzz’ 77223 = a223, ’7233 = a233, ’7333 “3339’7111 —3ay;,
2 _ 52 2 _ 2 2 _ 2 2 _ 2 2 _ 2
M2 = —2a112,M13 = —2a713: M = 120> M3 = —A123: 133 = ~A133: (15)
3 _ 23 3 _ 5.3 3 _ 53 3 _ 3
M = =3a111>M1p = =247, M3 = —2a713, My = —d1p;
3 _ 3 3 _ 3
M3 = ~Ay23-M33 = ~a)33-
Thus, for the group H; we obtain the following operator
0
v =x1—a T+, (16)
x
where
5 0 4 0 J! 0 1 0
D amal “26‘ “361 +a 222(’)‘ +
111 112 113 %)
0 0 0 0
1 1 2
"‘51223(9 T ta 233a 1 "’61333—(9 1 3a 111—(9 C
a3 33 a333 111
—242 L_Z 2 0 a? 9 — g2 i_
“112(9 > "1138 2 1226 2 5’1236 ) (17)
ai; aj3 Ay i3
, 0 3 0 3 0 3 0
—a —3(1 —_— —2a —_— —2d —_—
1334 2 111 3 112 3 113 3
da oa oa da
ai33 111 112 113
_3 9 P 0 a3 d
1227 5 1236 3 133(9 3
122 a3 333
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Similarly for the groups H; (i = 2,3) and H;,3 (j = 1,6) we obtain the following
operators:

0
Hy o v =x"— +b, (18)
2
Ox
where
1 d 1 9 0 0
b = _allzaal - 2a1228a1 — a3 oal. 3a2226a1 -
112 122 123 222
0 0 0 0
1 1 2 2
_2‘1223—(9 1 _a233—a I +a1“8 ) 51113(9 3
473 ar33 ai a3
0 0 0 0
2 2 2 2
g o +dis T 2a3,, 2. 5o + (19)
122 133 222 223
+a? 0 _ al 0 _ 2a3 0 _ al 9
3335 2 12753 122753 12375 3
333 A A1 a3
;3 0 ;3 0
_3‘12228 3~ 2“2236 3 -
a4 ar3
0
H3 U3z = X3— + b3, (20)
3
Ox
where
U R R BN
3= _a‘”aal - améa] - am&a] — A3 9al
113 123 133 223
24 0 1 0 , 0 , 0
N B P I LU R - by
233 333 113 123
0 0 0 0
2 2 2 2
—2ais; FY Ry I 2ays, P 3ass, e + (1)
133 223 233 333
111 3 1128 3 1223 3
111 ai; A
N S A S R S
133 a3 222 6613 233 8(13 333 8613 .
133 222 233 333

Hi o vy =2 vy (22)
X
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where
0 0
_ 2 2 1 2
by =ay Jf(“uz_am)a 1 +ausa T
ai aip a3
+(a%,, - 2al,,)—— + (a%,, —al ;) —— + d* i+
122 112) 51 123~ 4n3) 1335 1
ST a3 ai33
0 0
2 1 2 1 2
+(ayys — 2a13) —— + (a5 - “133)'8a1 +asss oal
223 233 333
(23)
P S N S N S
111 2 112 2 113 2 122 2
da da da da
112 112 123 22
—24° 0 a0 ad 9 2aq3 9
1233 2 a1335 5 1113 3 1125 3
da da da da
223 233 112 122
P i_gcﬁ L_zéﬁ L_cﬁ 9
1137 3 122 3 123 3 13353
a3 a7 a3 33
, 0
Hs & vs =x @ + D5, (24)
where
0 0
_ 2 2 1 2
bs=aj —— +(ajp—ay) G +taj 3+
oa oa da
111 12 113
+(a%,, - 2al,,)—— + (a%,, —al ;) —— + d* i+
122 112) 51 123~ 4n3) 5 1335 1
122 123 133
0 0
2 1 2 1 2
+(ayy; - 2“123)—a — + (a5 - “133)'8 T T a333 dal
a3 33 333
(25)
P S N S N S
111 2 112 2 113 2 122 2
da da da da
112 112 123 222
—24°2 o _ a? 9 _ al 9 2a3 9
1237 2 1335 2 1115 3 1125 3
da da da da
223 233 112 122
P L_gcﬁ L_Zéﬁ L_cﬁ 9
1373 1227 3 123 3 13353
a3 a4 a3 33
. 0
H6 S VUg =X @ + b(,, (26)
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where
be = —3a! 9 - 24! 0 - 24! 0 al 0
6= 2y T 1225 7 12361 22231
111 112 113 122
0 0 0 0
1 2 1 2
a223a 1 2338 — + (ayy —3aj) —— +(ay, - 2”‘122)a R
123 33 aiy aj,
| 2, 0 | 2, 0 | 2, 0
+(ay3 = 2a1y3) —5— + (a1yy — ayp) 75— + (a5 — axy) 22 +
113 122 123
(27)
0 0 0
+(a133 0233)6 ot ‘1222a > T 02238 o T “233(9 R
33 %) a3 4333
0 0 0
3 3
"‘“3338 ) 3"1126 3 2‘11228 3 - 243 123(9 3
333 A a1 13
R R N S
"222(9 3 223(9 3 0233(9 3
b)) a3 133
3 0
H7 SV =X ox a0 + b7, (28)
where
b = —aj 0 —al 9 - 2al 0 al 0
7= 112a 1 1228 1 123(9 1 2226
113 a3 ai33 73
0 0 0 0
1 1 3 3
20y —— ‘3“233—6 T taing; ta 1125 PO
)33 333 ain 112
0 0
+(a113 a112)6 >t a1226 >t (am ‘1122)(9 + (am
a3 Ay a123
0 0 0 29
2 3
—2a13)—5— +a 2226 > T (a223 S e 92 +
ai33 ) a3
0 0 0
3 2 3 2 P
+(a333 — 2a53) —5— + (a33; — 3"233)(9 ) 112a 3
233 333 a3
N P P RPN .9
“1228 3 123a 3 azzza 3 a2238 3 —3ays; a3
a3 33 33 a333 333
. 0
Hg S Ug =X a3 + bg, (30)
ox
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where
0 0 0
_ 1 1 )
by = —3ay 3 —— a0 2“1236 1 —2a 1338 1 a3 -1 oal
111 ) 13 122
o _ 1 8 » 9o 0
_“2338 1 333a 1 —3a “38 5 ma 3
23 33 am 112
—2a? 9 as 9 a3 9 - a? 9 +
133(9 2 59X, da Py 2336 2 333 (9612
a113 122 123 133
(3D
+(a )y =303, =2 + (! — 20— + (aly — 20l —2—+
ayn —24113) 53 Aypp — 443 a3 ay;3 —4a133) 3
a1 A2 113
0 0 0
1 3 1 3 1 3
+(ajpy —ay3) 75— + (a3 - "233)—(9 — + (a3 - ‘1333)(9 3t
122 123 133
1 9 1 9 1 9 1 d
+azzz—a3 ""’223(9 3 ta 233(’) 3 ta 333a 3
222 a3 333 333
, 0
H9 © Vg = X ﬁ + bg, (32)
where
5 4! 0 g 0 4! 0 34! 0
9= “3(‘) 1 123(’) 1 1336 1 2238 1
4112 A1y 123 A0
5 0 4l 0 , 0 o 0 2 0
5’2%36 1 33%(9 1 a113a 2 1230 2 13%(9 S
a3 )33 a2 12 123
-3a2 -2a2 9 a? 9 +a? 9 +
257 2336 > 333(9 > 1116 3
222 73 ar33 111
(33)
, 3, 0 0 )
+ajp, —aj) 5+ aj3—— + (afy - “123) +
a1 m 122
+( 2 _ 3 ) 0 +a 2 +( 2 -3 3 ) +
Qpp3 — Az 03 133a 3 Appp — dy)3 a3
123 133 E555)
0 0
2 3 2 3
+(ayy; — 2ay35) —— + (a3 — a333)—6 3 ta 333(9 3
a3 33 a333

According to the work [9] we obtain
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Theorem 2.1. To the representation of the centro-affine group GL(3,R) in the space of

variables and coefficients of the system (1) correspond the Lie operators
0 0 0
1 2 3
U =X — +D,0p =x"—= + Dy, u3 =x"— + D3,
Ox! 0x? ox3

0 0 0
_ .2 _ .3 _ .1
Uy =X _axl + b4,U5 =X _3)(1 + b5,l/6 =X —axz + b6, (34)

0 0 0

3 1 2

U7 =X —+b7,vg =X —+b8,v9 =X"—= + Do,
0x? ox3 ox3

where d; are the operators of the representation of the group GL(3,R) in the space of
coefficients of the system (1) and are from (17)—(33).

For the system (1) the determining equations are [9]

PR =ETPL 4 (P (i, ),k =1,3), (35)
. ) i . . i
where &', = ank siP, = %.

Remark 2.1. The operators (34) satisfy the system of determining equations (35) for the
system (1) and, consequently, are admitted by this system. [9].

3. GL(3,R)-LIE ALGEBRA ADMITTED BY THE DIFFERENTIAL SYSTEM §°(3)

Lemma 3.1. The operators (34) form a nine-dimensional Lie algebra

Lo < vy, ...,v9 > with structural equations

[v1, v4] = —vg, [v1, Us] = —vs, [v1, us] = v, [V1, Us] = vs, [V2, 4] = vy,
[v2, 6] = —vs, [v2, v7] = —v7, [v2, v9] = vy, [U3, Us] = s, [v3, v7] = V7,
[v3, us] = —vus, [v3, v9] = —vg, [v4, 6] = V2 — vy, [Vs, V7] = —vs, (36)
[v4, vs] = o, [Us, 6] = v7, [Us, Us] = v3 — V1, [Us, v9] = —uy,
[ve, vo] = s, [v7, U8] = —ve, [U7, 9] = 3 — vy,

(the rest [v;,v;] = 0).

If we denote by

W] =Yg, Wy =V] —U3, W3 =VU] —VU2, W4 =U4, W5 =UVUs, W = Up, 37)
(37

w7 =VU7, W8 =V, W9 =VU] +V2 +VU3,

then we obtain
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Lemma 3.2. GL(3,R)-Lie algebra Ly < vy, ...,v9 > with structural equations (36) is

isomorphic to the Lie algebra Lg < wy, ..., wg > with structural equations

[wi, w2] = —wi, [wi,w3] =wi, [wi,ws] = ws, [w1,w6] = —ws,
(w1, w7] = W2 — W3, [W2, wW4] = ~wW4, (W2, ws] = —2ws, (W2, wWs] = we,

(w2, w7] = —w7, [wWy, wg] = 2wg, [w3,ws] = 2wy, [w3,ws] = -ws, N
[w3, we] = 2we, w3, w7] = w7, [W3, W8] = ws, [wW4, we] = —ws, e
[wa, w7] = —ws, [wa, ws] = W1, [ws, wWe] = W7, [Ws, Ws] = —wo,

[w7, wg] = —ws, ([wi, w;] = 0 otherwise).

For the Lie algebra Lg < wy, ..., w9 >, non-zero structural constants up to antisymmetry
in lower indices are:
1 _ 1 _ 4 _ 8 _ 2 _ 3 _
Ch,=-1,C;3=1,Cj5=1, C=-1, Ci; =1,C{; =1,
4 _ 5 _ 6 _ 7 _ 8 _ 4 _
C24 = _1, C25 = _2, C26 = 1, C27 - _1’ C28 - 2’ C34 - _2’

(39)
5 6 7 8 3 5
Cs=-1,C5=2,Cy; =1, Ci3 =1, Cjg = -1, Cpy = -1,
Ciw=1,Cl=1,C4=-1,C5%=-1.
According to (38) we have
Lo < wy,...,w9 >= Lg < W1, ...,wg > BZ < w9 >, (40)
where Z < wy > is a non-zero center of the Lie algebra Lg < wy, ..., wg >.
Next we determine the type of the algebra Lg < wy, ..., wg >.
The Killing form [2] of this algebra is
K<v,w>= K(,ﬁxayﬁ, Kop = C;anB (a,B, 7,0 = 1,_8). 40

From (41) using (39) we obtain
K <v,w>=6x"y! + 12x%y? + 6x°y? + 6x%y° + 12x°y° +
+6x6y4 + 6)cgy5 + 6x4y6 + 6xly7 + 6x5y8.
For it we have det(K,p) # 0, consequently, the Killing form is non-degenerate [2].

According to Cartan’s criterion [2], Lie algebra Lg < wy, ..., wg > is semisimple.

From (40) and definition of reductive Lie algebra we obtain

Theorem 3.1. The algebra Lg < vy, ..., v9 > is a reductive Lie algebra and corresponds
to the centro-affine group GL(3,R).

This algebra is isomorphic to the GL(3,R)-Lie algebra admitted by the differential
system s3(1,2) [9].
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4. ON THE NUMBER OF CENTER-AFFINE INVARIANT ELEMENTS FOR THE

DIFFERENTIAL SYSTEM 5°(3)

Based on the ideas from the papers [3]-[8] some ternary differential systems were
examined in the works [8]—-[10] under different aspects. The problem of constructing the
functional bases of invariants, comitants, contravariants and mixed comitants for different
ternary differential systems is a rather important one.

Consider the center-affine group GL(3,R) given by transformations g:

= qlx® (A=det(qh) #0) (j,a=1,3). (42)

Definition 4.1. According to [3] the vector of phase variables x = (x',x?,x%) of the
system (1), which changes by formulas (42) is usually called contravariant.

Solving the equation (42) with respect to x/ we obtain

¥ = plE (rj=13), (43)
where
Piql = o (44)
is the Kroniker’s symbol, for which we have
6§={1’ forr =, 45)
0, forr #s.

Definition 4.2. According to [3] the vector of phase variables u = (uy,us,u3) of the

system (1) which changes according to the formulas

u, =plu; (r,j=13), (46)

where p{ are from (43) is called covariant, and it is also called contragradient with the

vector X.

Geometrically, the vector x = (xl,xz, x3) is a point in a three-dimensional space, and

the vector u = (u1, up, u3) - is a line.

Definition 4.3. According to [3] we say that the polynomial x(x, u, a) of the coefficients
of the system (1) and of the coordinates of the vectors x and u is called a mixed comitant
of the system (1) with respect to the center-affine group G L(3,R) if the following identity
holds

s(x,i,a) = A 8s(x,u,a) 47
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for all g from GL(3,R) and every coordinates of the vectors x and u, as well as all

the coefficients a of the system (1), where g is an integer number called the weight of

comitant.

If the mixt comitant s(x, u, a) does not depend on the coordinates of the vector u, then
following the traditions of the academic C. Sibirschi school, we call it simply comitant,
and we will note it by k(x, u,a). If s(x,u, a) does not depend on the coordinates of the
vector x we call it contravariant [3] and we will note it by r(x, u, a). If s(x, u,a) does
not depend on the coordinates of the vectors x and u, then we will call it invariant of the
system (1) with respect to the GL(3,R) group and we will note it by j(x, u, a).

If the mixed comitant s has the weight g = 0, then it is called absolute, otherwise

relative.

Definition 4.4. We will say that the set of polynomial mixed -comitants
{sr(x,u,a), k € B}, of the system (1), with respect to the GL(3,R) group forms a
functional basis of the comitants of the system (1) with respect to GL(3,R) group, if
any comitant s, (x,u,a) r ¢ B of the system (1), with respect to the GL(3,R) group, is
expressed as a unique function from the comitants sy (x,u,a). Here B is a set of finite or

infinite natural numbers.

Definition 4.5. The functional basis of the mixed comitants of the system (1) with respect
to the GL(3,R) group is called minimal, if excluding any comitant from the basis, it

ceases to form a functional basis.

Similary, it is defined the functional basis of the comitants, contravariants and invariants
of the system (1) with respect to the GL(3,R) group.

Definition 4.6. The polynomial s(x,u,a) is called irreducible, if it is not expressed
polynomially by invariants, comitants, contravariants and mixed comitants, of the same

or lower degree.

Theorem 4.1. [9] For the polynomial s(x, u, a) in the coefficients of the system (1) and
the coordinates of the vectors x and u to be a mixed comitant of the system (1) with the
weight g and respect to the GL(3, R) group, it is necessary and sufficient that it satisfies

the equations

Vi(s) = —gs (i=13), Vj(s) =0 (j=49), (48)
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where V; (i = 1,9) have the form

0 0 0
Vi=vi-ui—, a=vo—-ur—, V3=v3 —uz—

ou ouy (9143’
0 0 0
Vi=vs—u1—, Vs=vs—uij—, Vs =vg—ur—, (49)
ouy ous ouy

0 0 0
Vi=v7 - Mza—w, V=3 _u3(9_u]’ Vo =v9 _u38_u2’

where v; (i = 1,9) are from (34).

Note 4.1. From the theory of systems of differential equations (see for example [3]),
it follows that the maximum number of functionally independent solution (invariants j,

comitants k, contravariants r and mixed comitants s) is equal to
u=N-rankM +1 (g #0), (u=N —rankM (g =0)), (50)

where N is the number of variables in the system of equations, M is the matrix constructed

on the coordinates of the differential operators (34).

Theorem 4.2. The number of the invariant center-affine polynomials of the differential
system s3(3) that form the functional bases of invariants u(j), comitants u(k), con-

travariants u(r) and mixed comitants u(s), respectively, is given in the following table

() | uCk) | u(r) | pu(s)
22 | 25 | 25 | 28

The number of this invariant elements is necessary for constructing their functional

bases.

5. AN ELEMENTS FROM THE FUNCTIONAL BASES OF INVARIANT POLYNOMIALS OF

THE DIFFERENTIAL SYSTEM §° (3)

According to the basic theorem of the theory of invariant tensors [4], of invariant
centro-affine polynomials, these invariants are constructed using the product of the tensor
coeflicients, using the alternation operation (using the unit vector), followed by the total
convolution operation (summation by an upper and a lower index).

In the case of the system s°(3) the general form of the mixed comitant is

A___AQ___ - Q___ XX X u_Uu_ U gNRB L gDIO203 g Sy
———
(51

d 0 w 81 82

where d, 0, w, g1, g» are natural numbers, which indicates the number of elements in the

brace.
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Particular cases of the mixed comitant are the invariant (6§ = w = 0), the comitant

(w = 0) and the contravariant (6 = 0).
We will study the construction of invariant centro-affine polynomials of the system
5s3(3) of the form (51) through the prism of the type below

(0, d; w), (52)

where ¢ is the degree with respect to the coordinates of the phase variable vector x =

(x1,x3,x3), d - the degree with respect to the tensor coefficients a{l 5
and w is the degree with respect to the coordinates of the covariant vector u = (u1, u, u3).

) of the system s°(3),

Next, we will investigate the centro-affine invariants of the system s3(3) for which
(0 = w = g2 =0), and according to the form (51) will be written as

a a ceea_ 8(!](}20/3 .“8(4)1(4)2(1)3

, (53)
d 81

where each upper index meets once again lower. Following this property we obtain that
3d = d + 3g,. From here we have

2d = 3g1, (54)

where d and g; are natural numbers.
Then from the equality (54) it follows that

Remark 5.1. For the product (53) to be a centro-affine invariant of the system s3(3) it is
necessary and sufficient that d be a multiple of 3 and g, be a multiple of 2.

1 1 ala a3 W] w2 w3 1
We will mention that & veenE (811 o135 - - - » Evyywy) are called the unit

trivectors with coordinates

araaz _

£ 0 otherwise,

(55)
(6123 = —€132 = €312 = —€321 = €231 = —&23 = 1,

Eu oz = 0 otherwise).

Next we will focus on the construction of the invariants of the system s°(3). In this

case the type (52) of the invariants will be written as
(0,d;0). (56)
Therefore, the lowest degree of the invariant (51) of the system s3(3) has the type

(0,3;0).

76



Muginschi L.

In this case we can write unambiguously

a___a___a___gNnmguicws, (57)

The question arises, how will the indices of the expression (57) be trained in the total
convolution?

In this situation, Aronhold’s symbolic is welcome [3].

Invariants of the type (56) for the system s°(3) can be written using Aronhold’s

symbolic [3], from which it is easy to pass to the tensor form and vice versa.

Remark 5.2. We will describe the work with Aronhold’s symbolic. We introduce for the
tensor coefficients of the system s°(3) the symbolic Aronhold equality

izﬁy:aj’aa‘aﬁ'ay (j’a9ﬁ’7:L_3)’ (58)

a
which we will denote by the ideal vector a (a’,a, ag, a-its coordinates). According to
the above mentioned, the invariants of the system s>(3) are a product of tensor coefficients.
In this case, we will examine the removal of some misunderstandings in the product of

tensors with Aronhold’s symbolic.

J

Suppose, for example, that for the tensor @upy it is necessary to write the product

alg ab .. (59)
Taking into account (58) with the ideal vector a (the symbols a’l, ag, ag, a, do not
make sense by themselves, only their product does), we obtain that for (59) the symbolic

notation has the form

ajaaalgayaka 5Qudy, (60)
. J k J k .
which can mean, for example, @y 5405y 45 well as @op50yuy and so on. To remove this

polysemy, another ideal vector b is introduced for which analogously we have

agﬁy = bl byobgh,. 61)

In this way, the ideal vectors a and b are different, but the products (58) and (61) are
the same. Such ideal vectors a and b are called parallel ideal vectors, or they are
also called parallel symbols. Then for the product (59) we obtain the exclusion of any

misunderstanding and will write

J

a
aBy

ko _ k
Ay =4 aqaga,b"bsb,b,,

or
J k 1 k
Copy sy = b’bo,bgbya“asaya,.

These two symbolic writing are equal in rights.
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In the case of the cubic product (57) of the coordinates of the tensor coefficient a

-
aBy
it is necessary to introduce three parallel symbols to each other and so on, when we have
products of higher degree.

We proceed analogously in the case of the symbolic writing of polynomial differential

systems with different tensor coefficients.

Now we will examine the product (57) with three parallel symbols a, b, ¢ by writing

the first expression
J13 = (@a)(bb)(ce)labe)?, (62)

where
(@a) = a'ay + d*ar + a’as, (bb) = b'by + b*by + b>b3,

(cc) = cley + ey + es,

ay az as (63)
labc) =| by by b3 |,
¢ €2 C3
with the tensorial product
j1’3 = agpsagqtazrugpqrgstu‘ (64)

Examining all the possibilities of placing the parallel symbols a, b, ¢ in the round
brackets (in those squares only the sign can be changed, but since it is squared, this does
not matter, but it is necessary that the same symbol does not occur in the square bracket,

because a priori it is zero) we obtain the following expressions:
j2.3 = (@a)(be) (cb) [abe]?,
J3 = (@b)(ba)(@e)[abe]?,
j3.3 = (@b)(be) (ca) [abe]?, (65)
ja = (@c)(ba)(cb)[abe]?,
Js = (@c)(bb)(ca) abe]*.
Interchanging the parallel symbols we obtain

J2,3 =Js’ J2,3 =J3’ J3,3 =J4. (66)
a<b aec ae—b

From these 5 expressions form (68) only two are obtained, to which the tensor expres-

sions correspond

. _a B Y _pgrstu . _ _a B ¥ pqr .stu
J23 = Qopslyq O, &7 &, J33 = g @y Garys™" €. (67)
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Using the Jacobi matrix constructed on these elements we determine that they are
functionally independent.
The next type that exists is (0, 6; 0), using the procedure described above, 15 function-

ally independent invariants were determined

Jas = agalyl a'(BlBl 5 azﬁzyzagazﬁzazaz 62a$73 638(11 03 o123 6717273 5016263
J53 = a3“171 aga/bél agawzafﬁﬁl ﬁzaﬁﬁz)@a;ﬁs 5sgm @20 b3 Y1727 0102 53’
J6.3 = agalﬂ aiﬁl 50 agﬁznagazﬁs ast 62a¥y3 638“1 ©a3 o123 5717273 5616263
J13= ag’(llw aﬁﬁl o1 a;ﬁﬂzag@ﬁ} aljas 62 alli% 538m 20 PP 71723 5010203 ’
Js3 = a,l(llflnq a€B| 5 agﬁznagthﬁs a";a3 5 a;;)’z 63801 @203 o183 717273 5610203
Jo3 = agmyl aglﬁ 51az,3272a;’502ﬁ3al(lz0362a;73 53801 PP VYN 010203,
J103 = agam a€ﬁ1 51 a:yyﬁznazm&a/;% 52‘12;/3 53‘9a1 @ a3 B1P2P3 717273 5610263
Jns = agéll)’l alﬁﬁl 61 aZﬁznagazﬁsag(u 62“1/173 638a] 0203 f1Pofs V17273 g 5263’ (68)

J123 = agdlm a’ljﬁl 51 “Zﬁm“imﬁﬂﬁ% 62agy3 63‘9a1 @3 B3 717273 5610263
J133 = ag‘ll 7 alfﬁl 01 agﬂm fmzﬁsa#ds 62a;7’3 (53Sm 0 L g1V 50 6263’
J1a3 = agalylaﬁﬂ 51aZﬁ272a/6102B3a5m 6za273 638a1 azasgﬁlﬁz'&s%n%f:él6253,
J153 = agal i a’iﬁl s agﬁzyzazazﬁﬂif% 52“;% 533“1 @203 B1B23 Y1727 5010203
Ji6.3 = agal'}’lalfﬁl 51agﬁzwaiwzﬁzaﬁm620573538(“ 0 gL g2V 5010203,
J173 = aganq a’;ﬁl 50 aZﬁzyzagaz,Bgalcia_; 52":1;/3 63801 03 o123 5717273 5616263

B

Y

0 @3 P1B2P3 Y1723 616203

i — 40 o M v
J18.3 = Ayayy,98p, 6, apyy, L6 B3 v az 5, pys 63

Remark 5.3. In this way, 18 functionally independent irreducible invariants were con-
structed that are contained in a functional basis of the invariants of the ternary differential
system s> (3).

Analogously, we construct the centro-affine comitants of the system s3(3), which
according to the form (51) will be written

X x ...xTa___a___---a___ gumas
[ —

0 d 81 82
where each upper index meets once again lower. We obtain that 3d + 3g, = 6 + d + 3g;.
From here we have

w1 W) W “ e
gD & oy Evinu;

) (69)

2d = 6 +3g1 — 32, (70)

where d, ¢, g1 and g, are nonegative integer numbers.
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The first possible type is (2, 1;0), of this type we have only one comitant

ki =ag, xPx. (71)

There are two comitants of the type (4, 2;0)

_,a B VO UV _ B y. 6. 1 60
ko3 = Ay b5, X XXX, k33 = Aopysugh X X X7 (72)
There are four comitants of the type (3, 3; 0)
_ B b% 5.v o _ B Y v Sono
ka3 = ags,ayynly ,sX X xCel™0 ks3 = Agps0yundyooxtx x9g077, 73
_ B Y 6.V.,.0 TUT _ B Y U, 7T 0 OVOo
ke.3 = dgspayplyooX "X X°E , k713 = Uoyslp,, AnooX X" x e .
There are two comitants of the type (6, 3;0)
— L, B Y S U v . T O Y
kg3 = Ay @y @5, X XX XXX,
B Y 6 Y (74)
_ o« M VT prar
ko3 = Ay p @y gy X XXX XXV €0,

Theorem 5.1. The invariants j1 3 — ji6,.3 from (68) together with the comitants ki3 —
ko3 from (71)—(74) form a functional basis of the irreducible comitants of the ternary
differential system s> (3).

Analogously, we construct the centro-affine contravariants of the system s3(3) for
which (6 = g» = 0), and according to the form (51) there will be written

a___a___+Q___y_y_---y_ g0 wiwrw3

, (75)
d w 81

where each index from above meets again from below. We get 3d + w = d + 3g;. From
here we have
2d =38 — w, (76)
where d, w and g; are natural numbers.
Two contravariants of the type (0, 2;2) were constructed

_ o« B ayras B1B2Ss3
71’3 - aaalﬁl aﬁ02ﬂzua3uﬁ38 2 ’

B B1B2B "
_ a | a3 1P2P3
r23 = aﬁalﬁlaaa2B2”“3”ﬁ3g & .
Four contravariants of the type (0, 3; 3) were constructed
_ o« B Y a1 a3y 2272 JP1B3Y3
33 = dapa Yy arp Ay asps U Uty € € ’
_ B Y a1@3Y1 23272 B1B3Y3
43 = Aaya 980,898, asp ¥y Uy € € € ’ (78)

B

_ Y ajazyl n2p2y2 JP1B3Y3
5.3 = dgya Campprasps it lys© & & ’

_ L« B Y ayazy1 P18z B3y
re,3 = aﬁmﬁlayazﬁzaaa3ﬁ3u71uy2u738 & E .
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One contravariant of the type (0, 4; 1) was constructed

_ L B b4 S
73 = aﬁalﬁ1ayazﬁzaéag,&aa%nu%

ternary differential system s> (3).

Y@ a3 sﬁlﬁ’zyl 8,337273 .

(79

Theorem 5.2. The invariants ji3 — jig.3 from (68) together with the contravariants

r1.3 — 173 from (T7)—(79) form a functional basis of the irreducible contravariants of the

Analogously, we construct the centro-affine mixed comitants of the system s°(3) with

the type (51), therefore we have

2d =0 +3g1 -38 —w,

where d, 0, w, g1 and g, are nonnegative integer numbers.

One mixed comitant of the type (3, 1; 1) was constructed
$13 = agyéxﬁxyxéua.

Two mixed comitants of the type (1, 3; 1) were constructed

@ B

v 71 a2y P1B2y3
aa1B19Barp Y1727 X UyE 2 ,

$23=4a

_ B Y Y1 aya2y2 P18y
$33 = Ag a5,y 0,5, Ay y2ys X UaE g .

One mixed comitant of the type (2, 3;2) was constructed

_ B Y @ a3 1523
= a a xPxBuqjuge
543 = Ay o181 Y a8y Y assys akp

One mixed comitant of the type (3, 3;3) was constructed

— a
55.3 = Ao By, aazﬁznaasﬁw’s

differential system s> (3).

of the Jacobi matrix of these elements was calculated at the point

1 2 3 1 1 1
x=Lx=Lx=Lu=Lu=Lu=1,a, =1,4a,,,=0,4a,;=1,
Ll d el A el A 0 a0 =1. 4 =1
Aupp = L, Q3 = =1, Aj33 = =1, dypy =Y, Gpp3 =Y, Apzz = 1, dzzg = 1,
2 _ 2 _ 2 _ 2 _ 2 _ 2 _ 2 _
apy =1 aj ==l ay;3=0,a15 =1, a7 =0, aj33 = 1, a3, =0,

2 _ 2 _ 4 2 _ 3 _ 3 _ 4 3 _ 3 _
ay3 =0, a33 = -1, a55 = 1, ay = 1, ay, = -1, a3 =0, aj = -1,

3

81

EBiy1y2:

_ 3 _ 3 _ 3 _ 3 _ 3 _
ajp3 =0, a133 = -1, a3y =0, a3; =0, ay33 = 1, a3 = -1,

B Y x‘”x‘”zx‘”uau5u783132538717273.

(80)

(81

(82)

(83)

(84)

Remark 5.4. In this way, 5 functionally independent irreducible mixed comitants were

constructed that are contained in a functional basis of the mixed comitants of the ternary

Remark 5.5. To prove the functional independence of the invariant polynomials, the rank
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