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The Lie algebra admitted by the ternary differential system
with nonlinearities of degree six

NATALIA NEAGU

Abstract. In this paper, the ternary differential system with nonlinearities of degree six
is investigated. For this system, nine Lie operators providing a linear representation of
one-parameter elementary groups are determined in the space of phase variables and
coefficients. The commutators of these operators, which form a Lie algebra Lg, are
constructed. The structure constants are determined, and the type of the Lie algebra is
analyzed. By means of the Killing form, it is proved that the Lie algebra Lg is reductive.
2020 Mathematics Subject Classification: 37C05.
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Algebra Lie admisa de sistemul diferential ternar cu neliniaritati
de gradul sase

Rezumat. In acest articol a fost studiat sistemul diferential ternar cu neliniarititi de
gradul sase. Pentru acest sistem au fost determinati noud operatori Lie de reprezentare
liniard a grupurilor elementare uniparametrice in spatiul coeficientilor si variabilelor de
fazd. Au fost construiti comutatorii acestor operatori, ce formeaza o algebrd Lie Lg. Au
fost determinate constantele de structura si studiat tipul algebrei Lie. Cu ajutorul formei
lui Killing, a fost demonstrat cd algebra Lie Lo este reductiva.

Cuvinte-cheie: sistem diferential, algebra Lie, grup elementar continuu uniparametric,

ecuatie de structurd, matricea aplicatiei asociate, forma Killing.

1. INTRODUCTION

An important role in the theory of ordinary differential equations is attributed to the
class of autonomous systems of first-order differential equations whose right-hand sides
are polynomials with real coefficients. The study of these systems is actual because they
arise in many problems of a theoretical or applied nature.

In this paper, we examine the differential system s°(1, 6) of the form

dx’

o = a{;xa +a xUxBxYxOxHx” (J,a,B,v,6,u,v=1,3), ()

afByouv
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where ail BySuy is a symmetric tensor in lower indices in which the total convolution is

done [1], [2], [3], [4]. The coeflicients and variables of this system take values from the

field of real numbers R.

2. LIE OPERATORS OF REPRESENTATION OF ELEMENTARY UNIPARAMETRIC
TRANSFORMATION GROUPS OF THE TERNARY DIFFERENTIAL SYSTEM WITH

NONLINEARITIES OF DEGREE SIX

Remark 2.1. In three-dimensional space, the number of elementary one-parameter con-

tinuous groups is determined by the following nine cases [8]:

=, =42 =3 (14 e R\{0}), 2)
*=xl, =t P =23 (b e R\ {0}), (3)
=x!, @ =% P = (13 € R\ {0}), (4)
e=xl b 2= =X (1 €R), (5)
H=xl+ o, =4 P = (e R), (6)
=xl, P=px! 42 =X (i3 €R), (7)
=xl, =, =5 (weR), (8)
=x!, =2 ¥ = usx' +x° (us € R), 9)
=, B2=x? P = wex® + x> (ug € R), (10)

the groups denoted respectively by H; with parameters A; (i = 1,3) and H j+3 with
parameters y; (j = 1,6), in the phase space E3(x) of system (1), where x = (x',x2, x%).

It is known [2], [3], [7] that to each one-parameter transformation group acting in the

space E®(x, a) of system (1), we can associate an operator of the form

.0
X=§J@+d (J=13), (11)
where
j 0 i 0 . —
d=rla_]+r](1',3)/5/1vj— (]’a’ﬁ,Y96a/'laV: 1’3), (12)
aaa’ afByouv
and
_i _j =
P _6“{’| gy M= —aa"’”‘”‘ﬂ _
6(1 a=qp» a 8(] a=qqp» (lﬁ'yé aa a=qp» (13)

(Joa,B,7,0,1,v =1,3)
when ap = 0, and conversely.

The following theorem holds
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Theorem 2.1. The Lie operators corresponding to the representations of the groups
H;(i=1,3)and H;3(j= 1,6), from (2) - (10), in the space of variables and coefficients

E%(x,a) of system (1), are

0
X :Xlw +d1,

0
Xp = Xzﬁ + dz,

0
X3 =X3$ +d3,

0 0 0
Xy=x*—+ds, Xs=x— +ds, X¢=x'— +ds, 14
4 7,1 T 5 o1 T 6 72 T (14)
0 0 0
X x—+d, X x—+d, X x—+d,
TEX G TY 8 = PR 8 9 = o 9
where
d;=D" +D (i=T1,9), (15)
and 0 0 0 0
(1) 1 1 2 3
D =ay g+ ayo T —ais — o
a4, as ay @
0 0 0 0
pW__ 1 2 29 29 3.2
2 2 aaé ! 8a% 3 éag 2 6a;
0 0 0 0
DV = —gl — — 42 S+ ad—,
3 3 8aé 3 8a§ ! ﬁaf 2 (?a;
0 0 0
DWW — 42 (a2 — a2 2 9 2 0 3 ,
b TG GG Ty TG a G
0 0 0 0 0
Dgl) a‘;’ : +a§—1 + (ag —a} — a%—z - ?—3,
(')a1 6a2 0 3 8a3 8a‘3
0 0 0 0 0
DM S S RS S S S S
6 1 1 2 2 292 392 243
éal aal 8a2 8a3 0 1
0 0 0 0
DD - 0 % 3% L3 + (a3 a2 P
7 2 1 1 2 2 2 3 2 2 2 3°
a, da; da; 6a3 day
() _ ;0 2 1 3 ;0 ;0
Dy __a38_a% a3a %+(a1 as ?+a2(9_ag+a36 g,
0 0 0 0
DWW — _,1 2 2 +ai2 L v 2-dH-ZL + 2L 1
9 %861; 38a§ 1 o (a3 — a3 oa3 36a§ (16)
© _ <1 i 9 0
D™ = =5ay1 1 —4ay1127 7 4“111113(9 1 -
111111 111112 A3
0 0 0 0
3"111122—5 1 36’111123—6 1 3‘1111133—8 1 2‘1111222—8 1 -
111122 111123 111133 111222
0 ] 0
2"1112236) 1 2"1112338 1 2‘1111333(9 1 ‘1112222(9 1 -
A111223 A111233 111333 112222
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1 d 1 d 1 9 1 9
~a112223 —aal ~ 4112233 —aal ~ 4112333 —aal ~ 4113333 _aal +
112223 112233 112333 113333
| d | d | d | d
+a720027 Sal + 9003 Sal + 933 Sal + arr7333 Sal +
220002 222223 222233 222333
1 0 1 0 1 0 64> 0
+a773333 o + 333333 Sal + 4333333 dal a111111—aa2 -
223333 233333 333333 111111
2 2 2 2 0
_5a111112—6a2 _5a111113—8a2 _4“111122—8012 _4a“”23—8a2 -
111112 111113 111122 111123
0 0
2 2 2 2
—4aiy 3 5 —3ai 1 3 —3ai1123 3 _3‘11112336 3 -
11133 11222 111223 111233
2 2 2 2 0
—3a) 333 902 — 241190 942 — 2475003 902 — 2475033 902 -
111333 112222 112223 112233
—242 ——  _24? L — 42 L — 42 L_
a112333 7 2 a113333 5 2 51122222(9 ) 51122223(9 )
4112333 4113333 120020 120023
L A S - S AN S R
12223375 5 12233375 2 1233335 5 1333335 2
122233 122333 123333 133333
0
3 3 3 3
—6aiy 3 —S5ajin 3 = 5aijs 3 —4aj 1 3 -
A1 11112 11113 11122
0 0
3 3 3 3
—4aj| 1y 3 —4ajy 3 3 = 3ai 10 3 _3”‘111223(9 3 -
11123 111133 11222 A11223
3 9 3 0 2 3 0 2 3 0
_3“1112336 3 _3“111333(9 3 - ‘1112222(9 3 - a”22236 3 -
111233 4111333 12000 112223
0 0
3 3 3 3
—2a31033 3 = 2ai1333 3 — 2433333 3 - alzzzzza 3 -
112233 112333 113333 122022
3 d 3 d 3 d 3 d
~d120023 —aa3 ~ 4122033 —aa3 ~ 4122333 —aa3 ~ 4123333 _aa3 -
122223 122233 122333 123333
3 0
~a133333 EyE )
133333
DWW = _,! L_zal L_al L_&,l _9 _
2 T T4y g 1112275 7 111235 T 11122275 7
111112 111122 111123 111222
0 0 0
_2"}11223 - a}11233 - 4“%12222 - 3“%12223 -
dal dal da!l da!l
111223 111233 112222 112223
24! 9 1 9 5,41 9 4q! d
—2a112233 2al aq12333 2al a122222—6a1 — 7199723 Bl
112233 112333 122222 122223
—34! — = 24! L_al L_&ll _9 _
1222337 1 122333 5 1 123333 5 1 220227 1
122233 122333 123333 220022
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0
1 1 1 1
—Say9073 —8a1 —4ay033 —aa 1 — 3a550333 —8a1 —2a;5)3333 _8a1 -
202223 222233 222333 223333
—al L+a2 —+ad? L—a2 L+
233333 5 1 iy 2 111135 3 1112275 3
233333 111111 111113 111122
2 0 242 0 2 0 2 9
+aii1133 22 — 247112 22 —ai11223 22 + ai11333 22 -
111133 111222 111223 111333
0 0
2 2 2 2
_3a”2222—6a2 — 2475003 EY- a112233 EY- + a113333 a2
112222 112223 112233 113333
0 0
2 2 2 2
—4a1500 ) —3at03 3 — 241503 22 ~ 122333 902 +
122220 122223 122233 122333
0 0
2 2 2 2
+ai33333 EY 5a000 E 4a350003 EY 3a%033 E
133333 202222 222223 222233
242 0 2 0 2 0 3 0
T40)))333 E 4723333 E + 4333333 22 a2 a3 -
222333 223333 333333 111112
g 0 3 0 3 0 g3 0
241125 3 T %2353 3“1112223— A3, 3
da da da da
111122 111123 111222 111223
e _9 _ 4a3 _0 _ 3q3 _9 _ 243 _9 _
1112333 3 11222277 3 1122237 3 1122333 3
da oa oa da
111233 112222 112223 112233
0 0 0
3 3 3 3
~a112333 7, 3 = 5aimm 3 —4aiy 3 = 3aiy03; 3 -
4112333 122020 122223 122233
243 0 3 0 643 9 5,3 d
—a0 17333 03 ~ 153333 o3 — 0ay0020 a3 ~ 20377223 a3 -
122333 123333 202222 222223
443 9 343 d 243 9 3 9
- “222233—aa3 - “222333—6a3 - a223333—6a3 ~ Q33333 0a )
222233 222333 223333 233333
D = _g! —(9 —al —(9 — 24! —(9 -aj —5
30T T4 g 111235 7 111335 7 1112235 7
111113 111123 111133 111223
2 1 0 1 0 1 0 2 1 0
—44111233 9al —3ayy333 9al ~ 112223 9al — 20112233 oa! -
111233 111333 112223 112233
34! 9 44! 0 1 9 24! 9
—34112333 2al a113333—6a1 - 5’122223—6a1 — 20177733 EVI
112333 113333 122223 122233
3 1 0 4 1 0 3 1 0 1 0
T30 17333 9 0123333—aa1 — 24133333 E 322203 Jal
122333 123333 133333 222223
24} _9 3al _9 4al _9 54} 9
T40222033 2 ~ 20357333 2 — Fd3)3333 9a) — 90333333 9a] -
222233 222333 223333 233333
1 0 2 9 2 d 2 0
—6a333333 9 “111113—6a2 ~an123 a2 2a711133 92
333333 111113 111123 111133

101
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—a’ o 2a? -3a’? 0 a’ 0
112235 3 112335 3 1133375 3 11222375 3
111223 111233 111333 112223
2 2 2 9 2 d
—2a712933 a2 3atis33 EY 4aii3333 EY a127723 E
112233 112333 113333 122223
0
2 2 2 2
24755933 2 —3aiys33 22 —4aiy3333 22 = Sa33333 0a2 -
122233 122333 123333 133333
0 0
2 2 2 2
~4220023 E- 2a350033 E 3a%9333 EY 4a3y3333 E
222223 222233 222333 223333
0 17} d 0
2 2 3 3
—5a533333 9d2 — 64333333 P T anm pe T ainn pe +
233333 333333 111111 111112
0 0 0
3 3 3 3
+a1111226a3 —a111133 a3 + amzzzaag — 111233 a3 -
111122 111133 111222 111233
2 3 0 3 0 3 0 2 3 0
44711333 03 T a1 FPE ~ 112233 o> — 2d112333 03 -
111333 112222 112233 112333
343 9 3 d 3 d 23 0
—I4713333 23 + a2 pE ~ 12233 pE — 217333 23
113333 122222 122233 122333
343 9 43 0 3 0 3 0
—50123333 F 133333 Y + 3222222—803 ~ a22733 EER
123333 133333 222222 222233
243 9 3a3 9 4a3 9 543 9
—<0)))333 0a> ~ 20273333 oa ~ 70733333 PR — 20333333 0a ,
222333 223333 233333 333333
6 _ 2 2 ! 2 9
D, _allllll—aal + (@i =~ ) 7 '”’111113—8611 +
11111 111112 111113
0
2 1 2 1 2
+(“111122_20111112)8a1 +(“111123_“111113)aa1 +a1“1336a1 +
111122 111123 111133
2 1 0 2 1 0 2
+(aij1o0 — 3a““22)—8a‘ +(aiy1003 — 2“111123)—aa1 +(ay 33~
111222 111223
1 2 2 1 2
_a11“33)6a1 +aiy333 94! + (a10000 = 44111200) 94! + (ai10003~
111233 111333 112222
0 0
1 2 1 2 1
_3a1“223)—6a‘ + (a3 — 2411 1033) 75— + (@10333 — 6’111333)—6611 +
112223 112233 112333
17}
2 2 1 2 1
+ai13333 94! + (a0 = 54112200) 94! + (a3 — 44 112203) 94 +
113333 122222 122223

0 0
2 1 2 1 2
+(aip33 — 3a“2233)—8a‘ + (afp333 — 2a“2333)—8a1 + (afp3333~

122233 122333
1 2 2 1 2
_0113333)—(9“1 + 133333 9al + (a5 — 6“122222)—8611 + (a3~
123333 133333 222222
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0
1 2 1 2 1
_5a122223)8a1 + (ax0033 — 44 122033) 2l + (a30333 = 3a120333) 9al
222223 222233 222333
2 1 9 2 1 d
+(aya333 — 2a123333)—6a1 + (ay33333 — a133333)—6a1 +
223333 233333
2 0 2 0 242 0 2 9
+a333333(’)a1 A 22 ~ 441112 22 _0111113aa2 -
333333 111112 111122 111123
0 0
2 2 2 2
_3"111122—8(12 - 2a11“23—6a2 - 5’111133—6a2 - 4“111222—602 -
111222 111223 111233 112222
—34? 242 _90 a? _90 542 _90 _
1112233 2 1112333 2 113335 2 11222275 3
112223 112233 112333 122020
0 0
2 2 2 2
—4a75003 E 3at1033 EY 2a71 9333 EY 4113333 E
122223 122233 122333 123333
0
2 2 2 2
—6a717, 5 — Satymn; 5 —4aiy3 ) —3ai333 902 -
322020 4222223 4272233 4322333
-2a? - —a —a -a —5 - 243 —8 -
1233335 2 133333 2 153 iy 3
223333 233333 111112 11122
-a3 _90 343 - 243 _9o ad _9
111137 3 1112275 3 111237 3 111337 3
111123 111222 111223 111233
0 0
3 3 3 3
—4ay; 15, 9a = 3ay10; 9a° —2ay)p33 9a° ~ 4111333 9a° -
112222 112223 112233 112333
0 0
3 3 3 3
=5ai120m 9a° —4ay 53 9a° —3ay 5033 9a = 2475333 9a° -
122222 122223 122233 122333
0 0
3 3 3 3
~a7113333 9a — 6a17002 PE = Say5m; PE —4aiy3; PE -
123333 222222 222223 222233
3 3 0 2 3 0 3 0
—Ia15)333 e — 20173333 PP ~ Q133333 PYER
222333 223333 233333
© _ 3 9 3 3 1 0
Ds —“mmaal "‘“1111126—“1 +(a111113_a111111)—8a1 +
11111 111112 111113
3 3 1 9 3 1 9
+a““22—6a1 +<“111123‘“111112)—al +(C’111133_2a111113)—a1 +
111122 111123 111133
0
3 3 1 3 1
+01112228a1 +(“111223_a111122)—6a1 +(a111233_2“111123)—aa1 +
111222 111223 111233
0
3 1 3 3 1
+(ay a3 —3ay ) 4+ a112222—a1 + (a1 — 0111222)—(9 I +
111333 112222 112223
3 1 3 1 3
+(ai 033 ~ 2‘1111223)—8(11 +(a1p333 — 3"111233)—8&1 + (A 13333~
112233 112333
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0
1 3 3 1 3
_40111333)—a1 + alzzzzz—al + (a9 — “112222)—aa1 + (ap033~
113333 122222 122223
1 3 1 3 1 0
_2“112223)—6 I + (aip333 — 3“112233)aa1 + (ayp3333 — 4a“2333)—6a1 +
122233 122333 123333
0
3 1 3 3 1
+(ai33333 — 5“113333)aa1 -+ azzzzzz—aal + (a390003 — “122222)—6a1 +
133333 222222 222223
3 1 0 3 1 0 3
+(a3033 — 2"122223)—6 1 + (ayn333 — 3“122233)—(9 I + (ay3333~
471233 4712333
0 J
1 3 1 3 1
_4“122333)—aa1 + (a333333 — 5“123333)—8a1 + (a333333 — 6“133333)aa1 -
223333 233333 333333
T S S P T A S
Iy 2 2y 2 sy 2 1227 2
111113 111123 111133 111223
0 0 0
24> — 347 — - — 24’ _
111123 3 2 1113375 2 1112227 2 1112233 2
111233 111333 112223 112233
—34? 442 _9 _ a? _90 242 _9
1123375 2 113337 2 1122227 3 1122237 2
112333 113333 122223 122233
0 0
2 2 2 2
—3ai12033 P 4“112333—2 - 5a7 3333 2 alzzzzz—a 3 -
4122333 4123333 133333 4520223
2 2 2 2 0
—2a15003 —6a2 —3a1y03; —8a2 —4aiy33; —8a2 = Saiy3333 _aaz -
222233 222333 223333 233333
—642 _9 a3 _9 _ a3 _9 _ 2a3 _9 _
1333335 3 1153 1111123 3 1111133 3
333333 11113 11123 11133
3 9 243 d 3 0 3 0
_“1111226 3 41111237 3 _3“111133(9 3 _“111222(9 3 -
111223 111233 a111333 112203
2 3 0 3 0 4 3 0 3 0
- a1”2238 3 _3“1112338 3 - "111333(9 3 _anzzzza 3 -
112233 112333 113333 122223
0
3 3 3 3
—2a7y5; —a3 —3ay 533 —a3 —4aj9333 —ag —5aj 3333 _6a3 -
122233 122333 123333 133333
3 0 2 3 0 3 0 4 3 0
_61122222(9 3 — 201200237 3 = 3aiy3; 3 — 7197333 oa -
4292223 4772233 4322333 4323333
543 9 6a’ 9
- 6’1233338 3 - “1333338 3 ’
333333 4333333
6) _ 1 9 1 d 1 d
Dg —_6"111112—6a1 _5“111122—01 _5a111123—aa1 -
11111 11112 111113
44! 0 44! 0 44! d | 0
- amzzzaal— - a1”2236al— - a111233(')al— - 30“22228(11—_
111122 111123 111133 111222
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0
1 1 1 1
—3a;1503 94! —3ay10033 oa! —3a110333 oal — 241550, 9al
111223 111233 111333 112222
1 9 1 d 1 0 1 9
2455503 EI 2a155933 2al 2a15p333 E 2a153333 9al
112223 112233 112333 113333
0 0 0 0
_4l _9 _4 _9 _4 _9 _4 o
2222227 1 220235 1 220335 1 2023335 1
A122022 A122023 122233 4122333
0 0
1 1 1 2 1
_a223333—8a1 - a233333—8a1 +(ayy — 6“111112)—8a2 +(ay 1~
123333 133333 111111
0
2 1 2 1 2
_5“111122)6 3 ‘*‘(51111113_5"111123)a ) "‘(51111122_4‘1111222)(9 5 +
AT11112 a111113 22
1 2 1 2 1
+(ay 3 — 4“111223)—8 2 +(ayy33 — 4“111233)—3 ) +(ay 0~
11123 A11133
0
2 1 2 1 2
_3‘1112222)a 3 + (a0~ 3“112223)0 3 + (a3 — 3"112233)(9 3
A11222 A111223 a

1 2
+(ay 333 — 3“112333)—8a2

2
—2a77023) 902
112223

1 2
+(ay13333 — 2“123333)—aa2

113333 122022
2 d | 2 9 | 2 d
—a%2273) a2 + (a10033 — a30033) 902 +(a190333 — 4220333) 902
122223 122233 122333
0
1 2 1 2 1
+(a 93333 — “223333)—aa2 +(aj33333 — a233333)_6a2 T a0 Y
123333 133333 222002
| d | d | d | 9
+a772023 Y + ar933 Y + 7333 Y + arr3333 Y +
222223 222233 222333 223333
0 0
1 1 3 3
+a733333 9d2 + 4333333 92 —6ajy 111,73 —5aj 11 Py -
233333 333333 111111 111112
S 1 e — A}y e — 40y~ — 4y
- a1111238a3 - a1112226a3 - a1112238a3 - a1112338a3 -
111113 111122 111123 111133
0
3 3 3 3
—3ay 50, e —3ay 53 pE! —3ay 533 PE —3ay 333 23
111222 111223 111233 111333
0
3 3 3 3
241592 a3 — 24153 o> — 2415533 03 — 2415333 a3 -
112222 112223 112233 112333
Iy S A [ A T N T
123333 5 3 220227 3 222237 3 222337 3
113333 122222 122223 122233

111333

1 2
+(ayp033 = 2“122233)0a2

1 2
+ (ay12000 — 2a770020) P

1
+(ay;
112233

1 2
+ (a9 — azzzzzz)—aaz
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33~ 2“122333)—6a2

112333

1
+ (ayp0003~
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3 d 3 d 3 9
—a: — — & — — & —_—
2223337 3 223333 3 233333 3 ,
122333 123333 133333
DO _ g4 0 a0 a0 a0
7T T4y g 112275 1112375 7 1122275 7
111113 111123 111133 111223
—2a! —(9 - 3a! —6 —al —(9 - 2a! —8 -
111223 77 111233 77 11222277 112223 77
da da da da
111233 111333 112223 112233
—34! — = 44! L_al L_zal _9
112233 77 112333 31 12202277 122023 77
da da da da
112333 113333 122223 122233
—34! L_41 L_&,l L_al L_
a122233 77 1 A122333 75 1 1233335 1 200222 4 1
da da da da
122333 123333 133333 222223
1 1 1 1 0
—2a5y0003 —6 1 —3aym3 a1 4a;97333 a1 Say3333 _6 1 -
4112233 4777333 4713333 133333
0 0
1 3 3 2 3
—6ay33333 77 Taimng 2 Tainneg s +(—aintannn) T3 +
da da da da
333333 111111 111112 111113
3 0 2 3 9 2 3 9
Tai12 575 +(=alm + a3) T3 +(=2ai) 1105 + a111133) 75 +
111122 a11123 a11133
17} 0 0
3 2 3 2 3
"‘“111222—802 +(=ajjm + "111223)—aa2 + (=247 1503 + “111233)—aa2 +
111222 111223 111233
0 0
2 3 3 2 3
+(=3aj s ans) T+ a112222—a2 + (=ajp + a112223)—a2 +
111333 112222 112223
0 0
2 3 2 3 2
+(—2a7,55p3 + a“2233)—8a2 +(=3ay 5 + 0112333)—aa2 + (—4ay py+
112233 112333
0
3 3 2 3 2
+‘1113333)—(9 > + A7 + (Za1n0m + Ains) 75— + (—2a703+
713333 122022 122223
3 9 2 3 9 2 3 0
+a122233)—6a2 + (=3aiy; + am333)—6a2 + (—4aiy;s; + a123333)—6a2 +
122233 122333 123333
0 0
2 3 3 2 3
+(=5aip3333 + Ai33333) 7 T 9o 75— + (FAh0000 + Gop3) 75—+
4133333 4222002 322223
2 3 0 2 3 0 2
+(=2a30003 + a39233) 9a2 + (=3ay33 + a333) 9d2 + (—4ayy+
222233 222333
0
3 2 3 2 3
+a3333) 2 + (=5a33333 + d333333) ) + (64333333 + d333333) 2z
223333 233333 333333
O T N B D o B - S
12753 11122753 11123753 111222753
111113 111123 111133 111223
243 —(9 -3a3 —8 -a’ —8 -2d3 —8 -
1122375 3 11123375 3 112222753 112223753
111233 111333 112223 112233
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—3a3 - 443 _90 al _90 243 _9 _
112233 5 3 112333 5 3 12222275 3 1222235 3
112333 113333 122223 122233
0 0
3 3 3 3
—3a350033 9a° —4aiyny; 9a° = 5aip3333 9a° ~ A0 PR -
122333 123333 133333 222223
2 3 9 3 0 4 3 0 3 0
- a222223—6a3 = 3a350033 —aag ~ F2333 —aa3 —Sa33333 _6a3 -
222233 222333 223333 233333
—6a3 L
2333337 3 ’
4333333
6) _ 1 0 1 0 1 0 1 0
Dy~ = ‘6‘1111113—8 1 ‘5“111123—(9 1 _5“111133—6 1 _4“111223—8 1 -
11111 11112 411113 11122
0
1 1 1 1
—4ay11233 ol — 44111333 oa! —3ay1003 oal —3ay1233 9al -
111123 111133 111222 111223
1 9 1 d 24! 0 24! 9
‘3"112333—5611 —3ay3333 2l a122223 E 122233 2al
111233 111333 112222 112223
0 0
1 1 1 1
245333 9 2a1y3333 E 24133333 E 222203 E
112233 112333 113333 122222
1 d 1 d 1 d 1 d
—-a ———a ———a ———a —_—
222233 1 222333 5 1 223333 5 1 233333 5 1
122223 122233 122333 123333
0 0
1 2 2 2
~a333333 2 6“111113—a2 - 5“111123—a2 = 5aiyy133 a2
133333 111111 111112 111113
2 2 2 2 0
—4ai) 103 902 —4ay 33 942 —4ay 333 9a2 = 3aim; 902 -
111122 111123 111133 111222
0 0
2 2 2 2
—3a7)5033 2 " 3ai1p333 P 3413333 P 2a15003 P
111223 111233 111333 A2
2 2 2 2 0
—2a55033 —6a2 — 241333 —8a2 — 24753333 —8a2 = 2ai33333 902 -
112223 112233 112333 113333
2 d 2 d 2 d 2 d
~4220023 E- 4227233 E 4227333 E 373333 E
12202 122023 122233 122333
2 0 2 1 3 1
~a333333 Py - a333333—6a2 +(ay — 6“111113)—a 3 + (a1~
123333 133333 Y1111
0 0
3 1 3 1 3
=5a111123) 73 +(ayy13 —5ai1133) 73 +(ayy1100 — 4471123) 73 +
11112 Q11113 11122
0
1 3 1 3 1
+(ayy1103 =441 1033) 75— + (@133 — 44 1333) 75— + (@000
111123 11133
0
3 1 3 1 3
_36’112223>—8a3 + (a0~ 3“112233)—aa3 +(ayy033 — 3“112333)—aa3 +
111222 111223 111233
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1 3
+(ayy1333 — 3a713333) 73

1 3
+ (ay12000 = 2a790003) T3

1
+ (ay19003~

a111333 112020
17}
3 1 3 1 3
_2“122233)—6a3 + (a3 — 2a190333) 75— + (A1333 = 20703333 75—+
112223 112233 112333
0
1 3 1 3 1
+(ayy3333 — 2“133333)—(9 3 + (a9 — 51222223)—(9 + (a190003~
4113333 122002
0
3 1 3 | 3
—Ay0033) 75 + (A1033 — @ops33) 75— + (120333 — “223333)—a 3 +
122223 122233 4122333
0 0
1 3 1 3 1
+(a1o3333 ~ A33333) 75— * (Ay33333 —A3apa) 73— + 6’222222—(9 3 +
123333 4133333 4292220
1 d 1 d 1 d 1 d
+a712023 . + 9033 Y + arr333 Y + drr3333 . +
4222223 4222233 4727333 4773333
1 9 1 9
tayz333 73—+ “333333—6 3 ,
333333 4333333
DW = _,! L_zal L_al L_&,l _9
o T Ty 111237 77 111337 71 1112237 73
111112 11122 111123 111222
0 0 0
1 1 1 1
_2“111233—8 1 - “111333—8 1 - 45’112223—(,j 1 - 3“112233—8 1 -
111223 A111233 A11202 112223
0 0
1 1 1 1
—2a415333 9a) ~ 4113333 9a) = Sa1553 9a —4a15933 94! -
112233 112333 122222 122223
1 0 24! 9 1 9 1 d
—3a2333 1 T 49123333 E 4133333 E 6455723 Jal
4122233 127333 173333 4222022
1 1 1 1 0
—Say033 E 4a357333 2 3ay3333 9 2a;33333 94 -
222223 222233 222333 223333
I T A S D - S N S
‘1333333(9 1 ‘1111113(9 ) “1111236 3 “1111336 3
733333 11112 11122 A11123
—34? 242 _90 _ a? _90 4a? _9 _
1122375 3 1123375 3 1113335 2 1122235 3
11222 111223 111233 112022
2 9 242 9 2 9 2 d
—3ai12033 E- “112333—6 3 - “113333—6 3 — Saiym; E-
112223 112233 112333 122022
0 0
2 2 2 2
—4ai)33 F 3aiys33 E 2413333 E- 4133333 Py -
122223 122233 122333 123333
642 9 542 d 442 0 2 9
~0a%22003 E- 477233 E- 377333 E 3a%3333 a2
222222 222223 222233 222333
0
2 2 2 2
—2a533333 P 0333333—aa2 + 0111111—6a3 +(aj2-
223333 233333 111111
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3 0 2

2 3 2
—aim) T3 vy T (@i 267 03) 5 + (af0
11112 A11113 1122
2 2 2
a111133)— +ayps s * (@, - 3“111223)— + (a71203—
A111123 A111133 11222
3 2 3 2 2
—2ay)1933) 73 + (i3 — “111333)—a3 + a1“333—6a3 + (a0~
111223 111233 111333
0
4“112223)—a 3 + (a3 1003 ~ 3“112233)—a 3 + (a7 1033 — 2"112333)—(9 3 +
112222 112223 112233
0
3 2
+(“112333 0113%33)—6 3 + a113333 P + (a0 ~ 5“122223)—6 3 +
112333 113333 122222
4 - 9 2
+(aiym03 — 6’122233)8 3 + (@y33 — 3"122333)a 3 + (aip333~
4122223 4122233
3 3 2 2
—2a7y3333) e + (af 3333 — 511333%3)—a 3 + 0133333—a3 + (a2000~
122333 123333 133333
(9
3 2 2
—0a359003) 7 + (a220003 — 5“222233)— + (ay033 — 4“222333) +
4320222 4322223 @333
0
+(a222333 - 36‘223333)—a + (0223333 - 2“2333%3) 53 +
32333 373333
0
2 3
+(ays3333 — A3a33) 53— + 4 333333a 3 . (17)
233333 4333333

Proof. We will examine the transformation group H1, given by formulas (2), in the space

of variables and coeflicients of system (1). Then, this system will be written in the form

dx/

_ =) Y =0 UV _ 18
I = d'pX +aa'375#vxxxxxx (j,a,B,v.6, 1, v =1,3), (18)
where
2 3
a a
1 _ 1 =1 _ 1 =1 _ 1 =2 1 2_ 2 2_ 2 =3 1 3_ 3
a, =a,, a, =A1a,, ay =A1az, aj = R a, =ay, a; =az, a; = 7 a, = a;,
1 1
al al al al
-3 3 -1 _ S 2 - 1122 - - 111222
ay=az, Ay =~ > A= 7 > dnnun = 3 o dlnn = 5
4 4 4 4
al al
-1 112222 -1 2 1 111113
1000 = —/11 > Q12000 = “122222’ ‘1222222 = 1“222222’ ay;s = FER
al al al
1 111123 -1 911223 -1 112223 -1 1
djypyos = 3 > 11223 = T 5 o %3 T FO A122023 = G122203>
/11 A 1
1 1 al
1 2 -1 1 L 1 1 112233
Ayrynz = 1“222223’ ajppzs = a111133/13 ajy1233 = 0111233/12’ Aj1a33 = T
1 1
al al
1 _ 1 -1 - 1a! 1 sz 112333
Q19033 = A100033> Gonposzz = A1Ay033> 1333 = 2 112333 = 1
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1
a
1 1 | _ 1 1 _ 913333 -1 1
A10333 = A1203330 9202333 = A1o333 13333 = 4 123333 = 4123333>
1 _ 1 -1 _ 1 1 _ 1 1 _ 1
Ay3333 = Ad3333> 133333 = A1333330 Go33333 = 410033333, A333333 = 103333335
2 2 2 2
) Y o2 Yz - YN 2 ~ Yo
“111111——/16 ’ amnz——/ls , a111122——14 , “111222——/13 ’
1 1 1 1
2 2 2
2 _ Yoo pe _ om 2 = 2 2 ERINE
2 9’ b 9’ 5 9’
112222 = 222 = T 222222 = 42002205 A11113 =
/l] 1 /11
2 2 2 2
2 _ 91123 2 _ %1023 2 _ %2023 2 _ %2023
1123 = 52 > 411223 = 53 > 4112203 = — 0 0 10003 = T
3 /lzl; 3 /l? 3 /l% 3 /1]
2 2 2
2 _ 2 ) 133 2 711233 12233
320023 = 4200223> 4111133 = BT ay11233 = B 112233 = 2
1 1 1
2 2 2
) @033 o ) 2 333 112333
a122033 = 1 4320033 = 42200335 A11333 = 3 > Q112333 = 5
1 4y 4
2 2 2
) _ Ap333 o _ 2 ) 0713333 _ 123333
120333 = 1 252333 = A222333> 4113333 = — 5 > 4123333 = 1
1 4 1
a2
) _ 2 _ 933333 o _ 2 ) _ 2
4323333 = 4223333> 4133333 = —/11 » 0233333 = 4233333, 4333333 = 4333333>
3 6 3 3 3
B VL) R S D10 s O DU+ S S 7
i = > A2 = 5 0 A2 = 7 Ain = 3
4 4 A %
3 3 3
-3 _ Mo 3 _ @y 3 _ 3 3 ERINE
A112202 = 5 Q100000 = 1 220000 = 42200005 Q11113 = 5
/ll 1 /11
3 3 3 3
3 M3 3 M3 3 @3 3 @003
anis = BT ay11223 = B A112023 = 2 120023 = 1
1 1 1 1
3 3 3
3 - 3 Y1133 e _ Y1233 P _ %12233
222223 T 903 Y3 T T s T T3 0 dimess T T 5 o
1 1 1
3 3 3
3 @033 3 _ 3 3 Y1333 3 12333
A122033 = 1 220033 = 42000335 @111333 = 3 > 112333 = 5
1 4 A
3 3 3
-3 _ @333 _3 _ 3 3 13333 3 _ 23333
a122333 = 1 4320333 = 42203335 @113333 = 5 0 123333 = 1
1 A3 1
&3
3 -2 3 _ G333 o =3 3 -2
223333 T 9223333 D133333 T T ) T 9233333 T 933333 9333333 T Dazaans

Considering these equalities and introducing into (13) the notations @ = exp(A;) [?], where
exp(d;) = |11], we obtain
=x, &=¢=0,
m=0. m=a, my=a; =-aj, ;=n03=0, nj=-aj, ;m=m3=0,
’7{11111 = _50111111’ ’7}11112 = —4a}11112, ’7{11122 = _3‘1}11122» ’7}11222 = ‘25’111222’

1 _ 1 _ | 1 1 4l
Mi2222 = ~G1122220 M22222 = 0 M00000 = 2000000 Min1113 = ~44111113>
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77%11123 = _3“}11123’ 77}11223 = _25’}11223’ 77}12223 = _“}12223’ 77}22223 =0,
M3 = Gyms Minss = 34111133 Tios = ~20111230 Moo = ~ @1
1 _ 1 _ 1 1 _ 1 1 _ 1
M22233 = 05 Moo0033 = Go0p33s Miniszs = —26 111333 12333 = ~@1123335
’7i22333 =0, 77522333 = 0522333’ ’7i13333 = —a}13333, ’7i23333 =0,
1 1 1 _ 1 _ 1 1 _ 1
M3333 = A203333> Mi33333 = O 133333 = 90333330 1333333 = 333333
’7%11111 = _6“%11111’ 77%11112 = _5“%11112’ ’7%11122 = _4‘1%11122’ ’7%11222 = _3‘1%11222’
77%12222 = _2“%12222’ 77%22222 = —a%22222, 77%22222 =0, 77%11113 = _5"%11113’
77%11123 = _4‘1%11123’ 77%11223 = _39%11223’ 77%12223 = _24%12223’ 77%22223 = _9%22223’
’7%22223 =0, ’7%11133 = _4"%11133’ ’7%11233 = _3‘1%11233» ’7%12233 = ‘20%122337
77%22233 = _0%22233’ ’7%22233 =0, 77%11333 = _3"%11333’ ’7%12333 = _2“%12333’
’7%22333 = _0%22333’ ’7522333 =0, 77%13333 = _2“%133337 ’7%23333 = _“%23333’
’7523333 =0, '7%33333 = —a%33333, 77%33333 =0, W§33333 =0,

'7?11111 = _66‘?11111’ ’7?11112 = _5“?11112’ ’7?11122 = _4“?11122’ ’7%11222 = _3“?11222’
’7?12222 = _2"?12222’ ’7?22222 = _“%22222’ ’7322222 =0, ’7?11113 = _5"?11113»
77?11123 = _4“?11123’ ’7?11223 = _3“?112237 ’7?12223 = _2"?1222& ’7?22223 = _0?222237
’7;22223 =0, ’7?11133 = _4"?11133’ ’7?11233 = _3‘1?112337 ’7?12233 = _20?12233’
’7?22233 = _0?22233’ ’7;22233 =0, 77?11333 = _3"?11333’ 77?12333 = _2“?123337
'7?22333 = _a?22333’ 77;22333 =0, ’7?13333 = _2“?13333’ ’7?23333 = _“?23333’

3 _ 3 _ 3 3 _ 3 _
3333 = 05 Mi33333 = —A33333> M33333 = 05 M333333 = 0-

By substituting the values of these coordinates into (11) - (12), we obtain the operator X; and
dy, from (14) - (16).

Similarly, one can prove the determination of the operators X; and d; (k = 2,_9), from (14) -
(16), for the transformation groups H; (i = 2,3) and His (j= 1,6), when ui=0( = 1,6),
given by formulas (3)-(10), in the space of variables and coefficients E%(x, a) of system (1).
Theorem 1 is proved. O
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3. THE LIE ALGEBRA L9 OF THE ADMISSIBLE REPRESENTATION OPERATORS FOR

THE DIFFERENTIAL SYSTEM WITH NONLINEARITIES OF DEGREE SIX

For the operators X; (1,9) from (14) - (17), admitted by the system s> (1, 6), the follow-
ing holds

Lemma 3.1. The operators X; (1,9), from (14)-(17), form a Lie algebra Ly with the

structure equations
[X1, Xa] = -X4, [X1,X5] =—X5, [Xi,Xe] = X6, [X1,Xs] =Xs, [X2,Xu] =Xy,
[X2, X6] = —X6, [X2,X7] =-X7, [X2,Xo] = Xo, [X3,X5]=Xs5, [X3,X7] = X5,
[X3, Xs] = —Xs, [X3,X0] = —Xo, [X4,Xe] =Xo—X1, [X4,X7]=-X5,
[Xa, Xo] = X3, [X5,X6] = X7, [X5,Xs] = X5—- X1, [Xs5,Xo] = —Xq,
[X6, Xo] = X3, [X7,Xs] =—X6, [X7,X0] =X3-Xo, (19)
and for other commutators [X;, X;] = 0.

We introduce the notations

YI=X9, Hh=X1-X;3, Y3=X1-Xo, Ya=X4, Ys5=X5, Ye=Xs,

(20)
Y=X7, Ys=Xs5, Yo=X+X+ X;5.
The following lemma holds.
Lemma 3.2. The Lie algebra Lo(X1, . . ., Xo), with structure equations (19), is isomorphic

to the Lie algebra Lo(Y1, ..., Yo) with the following commutator table:

Table 1. The commutators of the Lie algebra Lyo(Y1,...,Yy)

Yi Y, | Y5 | Ya | Ys | Y5 | Vg Ys | Yo
Y, 0 Y, | Y 0 | Y4 |-Ys|Va-Y5| 0 |0
Y Y 0 0 | =Yy |-2Ys| Y5 | =¥ |2¥s| O
;| -V 0 0 |-2Yy| -Ys |2Vs| Y5 |-Y5!|O0
Ys 0 Yo | 2V | O 0 |-Y3| -Ys | Y1 |0
Ys| =Y. | 2¥s | Y5 0 0 | v 0 |-%|o0
Y Ys Yo | =2Y| Y5 | -¥7 | 0 0 0|0
Yo | -Ya+Ys| Y5 | -¥5 | Y5 0 | 0 0 |-Y|o0
Ys 0 s | -Ys | - | Y, | O Ye 0|0
Yo 0 0 0 0 0 | 0 0 0|0
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where the non-zero structure constants, except for those determined by antisymmetry with

respect to the lower indices, are
C112 =-1, C113 =1 Cfs =1 C186 =-1 C127 =1 C137 =-1, C§4 =-1
Cys=-2, CS=1, Cp=-1, Cyx=2, Ci=-2 Cy=-1, C%{=2,
=1 Ch=l. Cy=-l Ch=—-l Ch=1 -1

(21)
Ci=-1, CS%=-1.
From Table 1 we observe that
Lo =(Y1,...,Yo) = Lg(Y1,...,Ys) ® {Yo}, (22)
where Z = {Yy} is the non-zero center of the Lie algebra L9 = (Y1,...,Yy).
To determine the type of the Lie algebra Lg(Y1,...,Ys), we construct the associated
application matrix [2], [3]:
(ad(X)) =
o—-xr X! —x! x8 0 0 0 —x*
x’ 0 0 0 —x8 0 —x! X
—x’ 0 0 —x© 0 x* x! 0
3 X —x* =t X423 —x! 0 0 0 23)
- 0 2% =X —x/ 2x% + x3 0 x* 0
0 x© 2x0 0 0 —x2 =253 —x8 x’
0 —x’ x’ 0 X0 -x> x2 =3 0
—x 2% a8 0 0 x! 0 —2x% = x3

In a similar way, we construct the associated application matrix for the elementY € Lg:

(ad(Y)) =
y3 _ y2 yl _yl yS 0 0 0 _y4
y7 0 0 0 _y8 0 4l y5
_y7 0 0 _y6 0 y4 yl 0
_ y5 _y4 _2y4 y2 + 2y3 _yl 0 0 0 (24)
0 _2y5 _y5 _y7 2y2 + y3 0 y4 0
0 y6 2y6 0 0 _y2 _ 2y3 _y8 y7
0o -y 0 y® -y ¥y 0
_y() 2y8 y8 0 0 yl 0 _2y2 _ y3

Using the structure constants C,g from (21) and the matrices (23) - (24), we obtain the
trace of the product matrix tr((ad(X))(ad(Y))). By means of the trace of the matrix
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product tr((ad(X))(ad(Y))), we determine the Killing form [2], [3]:

K < X,Y >= tr((ad(X))(ad(Y))). (25)

Therefore
K<X,Y>=6x'y + 12x2y2 + 6)62)/3 + 6)c3y2 + 12)c3y3 + 6x4y6 + 6)c5y8 + 6x6y4+

+6x7yl + 6x8y5.

(26)
Taking into account the Killing form (26), we obtain that
K17 = K23 = K33 = K46 = K53 = Koy = K71 = Kg5 = 6,
(27)
K» = K33 = 12,
and for other elements K3 =0, (@, = m) for which we have
0 0 0 00 O0OG6GO
012 6 00 00O
0 6 12 0 0 0 0O
det(Kqp) dto 0 0 0060();&0 (28)
e =de .
o> 00 000006
0 0 0 6 00O0TO0
6 0 0 00 0 OO
0 0 0 06 00O

4. CONCLUSIONS

Since det(Kqp) # 0, it follows that the Killing’s form is non-degenerate, and in
accordance with Cartan’s criterion [3], we obtain that the Lie algebra Lg is semisimple.
Therefore, based on relation (22), we obtain that the Lie algebra Lg is a reductive Lie
algebra.

The Lie algebra Ly obtained for the ternary differential system with nonlinearities of
degree six (1) is isomorphic to the Lie algebra Lo admitted by the ternary differential

system with quadratic nonlinearities, from [8].

Acknowledgements. This work was supported by the National Agency for Research and
Development of the Republic of Moldova under project number ”25.80012.5007.76SE Qualitative

and algebraic investigation of differential models”.

114



Neagu N.

(1]

(2]

(3]
(4]

(5]

(6]

(7]

(8]

REFERENCES

SiBIRsKY, K.S. Introduction to the Algebraic Theory of Invariants of Differential Equations. Kishinev,
Shtiintsa, 1982 (in Russian, published in English in 1988).

Pora, M.N. Algebraic methods for differential systems. Piteshti University, Ser. Appl. Ind. Math., 2004,
vol. 15, 340 p. (in Romanian).

OvsyanNIkov, L.V. Group analysis of differential equations. Moscow, Nauka, 1978, 400 p. (in Russian).
VuLpg, N.I. Polynomial bases of comitants of differential systems and their applications in qualitative
theory. Chisindu, Shtiintsa, 1986, 171 p. (in Russian).

Popa, M.N. Lie algebras and differential systems. Optional course. Chigindu, Tiraspol State University,
ASM, 2008, 163 p. (in Romanian).

Popa, M.N. Applications of algebras to differential systems. Chiginau, IMI, ASM, 2001, 224 p. (in
Russian).

Popa, M.N., RePESCO, V. Lie algebras and dynamical systems in plane. Optional course. Tiraspol State
University, Chisindu, Moldova, 2016, 237 p. (in Romanian).

GERSTEGA, N. Lie algebras for the three-dimensional differential system and applications. Synopsis of
PhD thesis, Chisindu, 2006, 21 p. (in Romanian).

Received: October 13, 2025 Accepted: December 24, 2025

(Natalia Neagu) “IoNn CREANGA” STATE PEDAGOGICAL UNIVERSITY OF CHISINAU, 5 GH. IABLOCIKIN ST.,
REpPUBLIC OF MOLDOVA; "VLADIMIR ANDRUNACHIEVICI” INSTITUTE OF MATHEMATICS AND COMPUTER
SCIENCES, 5 ACADEMIEI ST., CHISINAU, REPUBLIC OF MOLDOVA

E-mail address: neagu.natalia@upsc.md

115



	Introduction
	Lie operators of representation of elementary uniparametric transformation groups of the ternary differential system with nonlinearities of degree six
	The Lie algebra L9 of the admissible representation operators for the differential system with nonlinearities of degree six
	Conclusions

