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Maximal multiplicity of the line at infinity in a sextic
polynomial differential system

Vadim Repeşco

Abstract. We investigate planar polynomial differential systems of degree six having
an invariant straight line at infinity with high algebraic multiplicity in the sense of the
Poincaré compactification. By analyzing the determinant associated with the invariant
line at infinity, we show that the maximal multiplicity attainable in this class is 16. The
computations involved are extremely large, and only representative cases are presented.
The obtained results support the conjecture that the bound 𝑀∞ (𝑛) = 3𝑛 − 2 is sharp for
polynomial differential systems of degree 𝑛 ≥ 2.
2020 Mathematics Subject Classification: 37G05.
Keywords: planar polynomial differential systems, invariant straight line at infinity,
algebraic multiplicity, Poincaré transformation.

Multiplicitatea maximală a dreptei de la infinit ı̂ntr-un sistem
diferent, ial polinomial de gradul şase

Rezumat. În această lucrare investigăm sisteme diferent,iale polinomiale plane de gradul
s, ase care admit o dreaptă invariantă la infinit cu multiplicitate algebrică mare, ı̂n sensul
compactificării lui Poincaré. Prin analiza determinantului asociat dreptei invariante de la
infinit, arătăm că multiplicitatea maximă ce poate fi atinsă ı̂n această clasă este 16. Cal-
culele implicate sunt extrem de voluminoase, fiind prezentate doar cazuri reprezentative.
Rezultatele obt,inute sust,in conjectura conform căreia limita 𝑀∞ (𝑛) = 3𝑛− 2 este optimă
pentru sisteme diferent,iale polinomiale de grad 𝑛 ≥ 2.
Cuvinte-cheie: sisteme diferent,iale polinomiale, dreaptă invariantă la infinit, multiplici-
tate algebrică, transformare Poincaré.

1. Introduction

We consider the real planar polynomial differential system
𝑑𝑥

𝑑𝑡
= 𝑃(𝑥, 𝑦),

𝑑𝑦

𝑑𝑡
= 𝑄(𝑥, 𝑦),

(1)
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where 𝑃,𝑄 ∈ R[𝑥, 𝑦], gcd(𝑃,𝑄) = 1, and let

X = 𝑃(𝑥, 𝑦) 𝜕
𝜕𝑥

+𝑄(𝑥, 𝑦) 𝜕
𝜕𝑦

be the associated polynomial vector field. The degree of system (1) is defined as 𝑛 =

max{deg 𝑃, deg𝑄}.

Definition 1.1. An algebraic curve 𝑓 (𝑥, 𝑦) = 0, 𝑓 ∈ C[𝑥, 𝑦], is called an invariant
algebraic curve of system (1) if there exists a polynomial 𝐾 (𝑥, 𝑦) ∈ C[𝑥, 𝑦] such that

X( 𝑓 ) = 𝑓 (𝑥, 𝑦)𝐾 (𝑥, 𝑦). (2)

Invariant algebraic curves play an important role in the qualitative theory of polynomial
differential systems [1], [2], [3], [4]. The problem of determining the maximal number
of invariant straight lines of a polynomial differential system has been studied in [5].

Polynomial differential systems having an invariant straight line of maximal multiplicity
were studied in [6], [7], [8], and polynomial differential systems with a center-focus critical
point having an invariant straight line of maximal multiplicity were investigated in [9],
[10], [11], [12]. Invariant straight lines are also used in the construction of Darboux first
integrals; see, for example, [13], [14], [15].

In this paper, we use the notion of algebraic multiplicity introduced in [16].

Definition 1.2. Let C𝑚 [𝑥] be the C-vector space of polynomials in C[𝑥] of degree at most
𝑚. Then it has dimension 𝑅 =

(𝑛+𝑚
𝑛

)
. Let 𝑣1, 𝑣2, . . . , 𝑣𝑅 be a base of C𝑚 [𝑥]. If 𝑘 is the

greatest positive integer such that the 𝑘-th power of 𝑓 divides det𝑀𝑅, where

𝑀𝑅 =

©­­­­­«
𝑣1 𝑣2 . . . 𝑣𝑅

X (𝑣1) X (𝑣2) . . . X (𝑣𝑅)
. . . . . . . . . . . .

X𝑅−1 (𝑣1) X𝑅−1 (𝑣2) . . . X𝑅−1 (𝑣𝑅)

ª®®®®®¬
,

then the invariant algebraic curve 𝑓 of degree 𝑚 of the vector field X has algebraic
multiplicity 𝑘 .

In [7], it was proved that for planar polynomial differential systems of degree 𝑛 ≥ 2,
the maximal algebraic multiplicity 𝑀𝑎 (𝑛) of an affine invariant straight line satisfies

3𝑛 − 2 ≤ 𝑀𝑎 (𝑛) ≤ 3𝑛 − 1.

Moreover, for cubic systems the maximal multiplicity of a real straight line, including the
line at infinity, is equal to seven. Following the notation introduced in [7], we denote by
𝑀∞(𝑛) the maximal multiplicity of the invariant straight line at infinity.
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The aim of this paper is to study planar polynomial differential systems of degree six
of the form 

¤𝑥 =
6∑︁

𝑛=0

𝑛∑︁
𝑖=0

𝑎𝑖,𝑛−𝑖𝑥
𝑖𝑦 𝑛−𝑖 ,

¤𝑦 =
6∑︁

𝑛=0

𝑛∑︁
𝑖=0

𝑏𝑖,𝑛−𝑖𝑥
𝑖𝑦 𝑛−𝑖 ,

(3)

where 𝑎𝑖, 𝑗 , 𝑏𝑖, 𝑗 ∈ R.
The main contribution of this paper is the identification and classification, up to orbital

equivalence, of planar polynomial differential systems of degree six whose invariant
straight line at infinity has maximal algebraic multiplicity.

2. Obtaining systems with maximal multiplicity

For system (3), we apply the Poincaré transformation 𝑥 ↦→ 1
𝑧
, 𝑦 ↦→ 𝑦

𝑧
, followed by the

substitution 𝑦 ↦→ 𝑥 and 𝑧 ↦→ 𝑦. In this way, we obtain the system
¤𝑥 =

6∑︁
𝑛=0

𝑛∑︁
𝑖=0

(
𝑎𝑖,𝑛−𝑖 𝑥

𝑛−𝑖+1𝑦6−𝑛 + 𝑏𝑖,𝑛−𝑖 𝑥𝑛−𝑖𝑦6−𝑛
)
,

¤𝑦 = 𝑦
6∑︁

𝑛=0

𝑛∑︁
𝑖=0

𝑎𝑖,𝑛−𝑖 𝑥
𝑛−𝑖𝑦6−𝑛.

(4)

where the coefficients coincide with those of system (3). The invariant straight line 𝑦 = 0
of system (4) represents the invariant straight line located at infinity of system (3).

Therefore, in order to obtain an invariant line at infinity of maximal multiplicity, it is
necessary to impose that the polynomial det𝑀𝑅 admits 𝑦 as a factor of maximal possible
power. In this case, taking 𝑣1 = 1, 𝑣2 = 𝑥, and 𝑣3 = 𝑦, we obtain the matrix 𝑀𝑅 from
Definition 1.2:

𝑀𝑅 =
©­­«

1 𝑥 𝑦

X (1) X (𝑥) X(𝑦)
X2 (1) X2 (𝑥) X2 (𝑦)

ª®®¬ =
©­­«

1 𝑥 𝑦

0 𝑃 𝑄

0 𝑃 𝜕𝑃
𝜕𝑥

+𝑄 𝜕𝑃
𝜕𝑦

𝑃
𝜕𝑄

𝜕𝑥
+𝑄 𝜕𝑄

𝜕𝑦

ª®®¬ .
Computing the determinant of this matrix, we obtain

det𝑀𝑅 = 𝑃

(
𝑃
𝜕𝑄

𝜕𝑥
+𝑄𝜕𝑄

𝜕𝑦

)
−𝑄

(
𝑃
𝜕𝑃

𝜕𝑥
+𝑄𝜕𝑃

𝜕𝑦

)
= 𝑦

17∑︁
𝑖=1

𝐴𝑖 (𝑥)𝑦𝑖 . (5)

Thus, 𝑦 is a factor of the polynomial (5), which shows that the line at infinity is invariant.
The highest power of 𝑦 appearing in (5) is 18, and therefore we can conclude that

𝑀∞(6) ≤ 18.
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In order for the line at infinity of system (3) to have maximal multiplicity, we require that
all the polynomials 𝐴𝑖 (𝑥) vanish, that is, all coefficients of these polynomials with respect
to 𝑥 are equal to zero. From the condition 𝐴1(𝑥) = 0, we obtain that the multiplicity of
the line at infinity is equal to 2, and so on.

Despite extensive computational efforts, some cases could not be fully resolved due to
their extreme algebraic complexity. In particular, the corresponding polynomial systems
require up to 4.5 GB of memory, and even on a workstation equipped with an Intel Core
i7-14700K processor and 32 GB of RAM, the computations could not be completed
after more than 100 hours of continuous runtime. Consequently, several cases have been
omitted.

Despite these limitations, three polynomial differential systems attaining maximal
multiplicity were identified. The first of these systems is presented below.



¤𝑥 =
𝑎11

6,0
(
𝑎6,0𝑏1,0 − 𝑎1,0𝑏6,0

) 4

432𝑏5
6,0

(
432𝑥6𝑎4

6,0𝑏
6
6,0 − 2592𝑥5𝑦𝑎5

6,0𝑏
5
6,0 + 432𝑥5𝑎5,0𝑎

3
6,0𝑏

6
6,0 + 6480𝑥4𝑦2𝑎6

6,0𝑏
4
6,0−

−2160𝑥4𝑦𝑎5,0𝑎
4
6,0𝑏

5
6,0 + 180𝑥4𝑎2

5,0𝑎
2
6,0𝑏

6
6,0 − 8640𝑥3𝑦3𝑎7

6,0𝑏
3
6,0 + 4320𝑥3𝑦2𝑎5,0𝑎

5
6,0𝑏

4
6,0 − 720𝑥3𝑦𝑎2

5,0𝑎
3
6,0𝑏

5
6,0+

+40𝑥3𝑎3
5,0𝑎6,0𝑏

6
6,0 + 6480𝑥2𝑦4𝑎8

6,0𝑏
2
6,0 − 4320𝑥2𝑦3𝑎5,0𝑎

6
6,0𝑏

3
6,0 + 1080𝑥2𝑦2𝑎2

5,0𝑎
4
6,0𝑏

4
6,0 − 120𝑥2𝑦𝑎3

5,0𝑎
2
6,0𝑏

5
6,0+

+5𝑥2𝑎4
5,0𝑏

6
6,0 − 2592𝑥𝑦5𝑎9

6,0𝑏6,0 + 2160𝑥𝑦4𝑎5,0𝑎
7
6,0𝑏

2
6,0 − 720𝑥𝑦3𝑎2

5,0𝑎
5
6,0𝑏

3
6,0 + 120𝑥𝑦2𝑎3

5,0𝑎
3
6,0𝑏

4
6,0−

−10𝑥𝑦𝑎4
5,0𝑎6,0𝑏

5
6,0 + 432𝑥𝑎1,0𝑎

3
6,0𝑏

6
6,0 − 432𝑦5𝑎5,0𝑎

8
6,0𝑏6,0 + 180𝑦4𝑎2

5,0𝑎
6
6,0𝑏

2
6,0 − 40𝑦3𝑎3

5,0𝑎
4
6,0𝑏

3
6,0+

+5𝑦2𝑎4
5,0𝑎

2
6,0𝑏

4
6,0 + 2160𝑦𝑎5

6,0𝑏1,0𝑏
4
6,0 − 2592𝑦𝑎1,0𝑎

4
6,0𝑏

5
6,0 + 432𝑎4

6,0𝑏0,0𝑏
5
6,0 − 72𝑎5,0𝑎

3
6,0𝑏1,0𝑏

5
6,0+

+72𝑎1,0𝑎5,0𝑎
2
6,0𝑏

6
6,0 + 432𝑦6𝑎10

6,0

)
,

¤𝑦 =
𝑎10

6,0
(
𝑎6,0𝑏1,0 − 𝑎1,0𝑏6,0

) 4

432𝑏4
6,0

(
432𝑥6𝑎4

6,0𝑏
6
6,0 − 2592𝑥5𝑦𝑎5

6,0𝑏
5
6,0 + 432𝑥5𝑎5,0𝑎

3
6,0𝑏

6
6,0 + 6480𝑥4𝑦2𝑎6

6,0𝑏
4
6,0−

−2160𝑥4𝑦𝑎5,0𝑎
4
6,0𝑏

5
6,0 + 180𝑥4𝑎2

5,0𝑎
2
6,0𝑏

6
6,0 − 8640𝑥3𝑦3𝑎7

6,0𝑏
3
6,0 + 4320𝑥3𝑦2𝑎5,0𝑎

5
6,0𝑏

4
6,0 − 720𝑥3𝑦𝑎2

5,0𝑎
3
6,0𝑏

5
6,0+

+40𝑥3𝑎3
5,0𝑎6,0𝑏

6
6,0 + 6480𝑥2𝑦4𝑎8

6,0𝑏
2
6,0 − 4320𝑥2𝑦3𝑎5,0𝑎

6
6,0𝑏

3
6,0 + 1080𝑥2𝑦2𝑎2

5,0𝑎
4
6,0𝑏

4
6,0 − 120𝑥2𝑦𝑎3

5,0𝑎
2
6,0𝑏

5
6,0+

5𝑥2𝑎4
5,0𝑏

6
6,0 − 2592𝑥𝑦5𝑎9

6,0𝑏6,0 + 2160𝑥𝑦4𝑎5,0𝑎
7
6,0𝑏

2
6,0 − 720𝑥𝑦3𝑎2

5,0𝑎
5
6,0𝑏

3
6,0 + 120𝑥𝑦2𝑎3

5,0𝑎
3
6,0𝑏

4
6,0−

−10𝑥𝑦𝑎4
5,0𝑎6,0𝑏

5
6,0 + 432𝑥𝑎4

6,0𝑏1,0𝑏
5
6,0 − 432𝑦5𝑎5,0𝑎

8
6,0𝑏6,0 + 180𝑦4𝑎2

5,0𝑎
6
6,0𝑏

2
6,0 − 40𝑦3𝑎3

5,0𝑎
4
6,0𝑏

3
6,0+

+5𝑦2𝑎4
5,0𝑎

2
6,0𝑏

4
6,0 + 1728𝑦𝑎5

6,0𝑏1,0𝑏
4
6,0 − 2160𝑦𝑎1,0𝑎

4
6,0𝑏

5
6,0 + 432𝑎4

6,0𝑏0,0𝑏
5
6,0 + 432𝑦6𝑎10

6,0

)
,

where the nondegeneracy conditions 𝑎6,0𝑏6,0
(
𝑎6,0𝑏1,0 − 𝑎1,0𝑏6,0

)
≠ 0 arise naturally in

the process of solving the corresponding system of algebraic equations. After performing
the time rescaling

𝑡 =
432𝑏5

6,0𝜏

𝑎10
6,0

(
𝑎6,0𝑏1,0 − 𝑎1,0𝑏6,0

) 4
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and the change of variables

𝑋 = −6𝑎6,0𝑏6,0𝑥 + 6𝑎2
6,0𝑦 +

𝑎6
5,0𝑏

7
6,0

108𝑎2
6,0

+ 72
5
𝑎3

6,0𝑏
6
6,0

(
6𝑎6,0𝑏0,0 − 𝑎5,0𝑏1,0

)
+ 𝑎5,0𝑏6,0,

𝑌 = −
𝑏6

6,0

(
1296𝑎5

6,0𝑏1,0 − 𝑎5
5,0𝑏6,0

)
18𝑎6,0

𝑥 − 1
18
𝑏5

6,0

(
𝑎5

5,0𝑏6,0 + 6480𝑎5
6,0𝑏1,0−

−7776𝑎1,0𝑎
4
6,0𝑏6,0

)
𝑦 + 12𝑎5,0𝑎

3
6,0𝑏1,0𝑏

6
6,0 −

𝑎6
5,0𝑏

7
6,0

108𝑎2
6,0
,

the system is transformed into 
¤𝑋 = 𝑋,

¤𝑌 = −5𝑌 + 𝑏6,0
108𝑎2

6,0
𝑋6.

By rescaling the 𝑂𝑌 -axis using the transformation 𝑋 = 𝑥, 𝑌 =
𝑏6,0

108𝑎2
6,0

𝑦, we obtain the

system {
¤𝑥 = 𝑥,
¤𝑦 = −5𝑦 + 𝑥6.

(6)

The other two systems are omitted, as they are equivalent, up to affine transformations
and time rescaling, to system (6). Consequently, up to this point, we have obtained a
single system whose invariant straight line at infinity has multiplicity 16. Since some
cases could not be fully resolved, we formulate the following conjecture:

Conjecture 2.1. Let X be a real planar polynomial differential system of degree six. Then
the maximal algebraic multiplicity of the invariant straight line at infinity is

𝑀∞(6) = 16.

Moreover, up to affine changes of coordinates and time rescaling, there exists a unique
system attaining this maximal multiplicity, which can be reduced to the normal form (6).

3. The general case

From system (6) and from the polynomial systems with maximal multiplicity at infinity
studied in [17], we observe that some of these systems have the form{

¤𝑥 = 𝑥,
¤𝑦 = (1 − 𝑛)𝑦 + 𝑥𝑛,

(7)

where 𝑛 is the degree of the system.
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Applying the Poincaré transformation 𝑥 ↦→ 1
𝑧
, 𝑦 ↦→ 𝑦

𝑧
, followed by the substitution

𝑦 ↦→ 𝑥 and 𝑧 ↦→ 𝑦, system (7) is transformed into{
¤𝑥 = 𝑛𝑥𝑦𝑛−1 − 1,
¤𝑦 = 𝑦𝑛.

(8)

The polynomial det𝑀𝑅 associated with system (8), which determines the multiplicity
of the invariant straight line at infinity for system (7), is given by

det𝑀𝑅 = 𝑛(𝑛 − 1)𝑥𝑦3𝑛−2.

This implies that any planar polynomial differential system may admit the invariant line
at infinity with multiplicity at least equal to 3𝑛 − 2. Therefore, in general, we obtain that

𝑀∞(𝑛) ≥ 3𝑛 − 2.

As shown in [17] for the cases 𝑛 ∈ {2, 3, 4, 5}, this value indeed represents the maximal
multiplicity, that is,

𝑀∞(𝑛) = 3𝑛 − 2, 𝑛 ∈ {2, 3, 4, 5}.

This suggests that the bound 𝑀∞(𝑛) = 3𝑛 − 2 is sharp for all 𝑛 ≥ 2, although a complete
proof for arbitrary degree remains open.

Conjecture 3.1. For any planar polynomial differential system of degree 𝑛 ≥ 2, the
maximal algebraic multiplicity of the invariant straight line at infinity, in the sense of the
Poincaré compactification, is given by

𝑀∞(𝑛) = 3𝑛 − 2.

4. Conclusions

In this paper, we studied planar polynomial differential systems of degree six admitting
an invariant straight line at infinity of maximal algebraic multiplicity. Using the Poincaré
compactification and the associated determinant criterion, we provide strong evidence
that the maximal multiplicity of the invariant straight line at infinity for sextic systems
is equal to 16 and formulate a conjecture asserting the uniqueness of the normal form
attaining this value. Moreover, by considering a general family of polynomial systems,
we showed that the multiplicity 3𝑛 − 2 of the invariant straight line at infinity can be
attained for any degree 𝑛 ≥ 2. This result confirms and extends previous classifications
for quadratic, cubic, quartic, and quintic systems, and places the sextic case into a unified
theoretical framework.
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[7] Şubă, A., Vacaraş, O. Cubic differential systems with an invariant straight line of maximal multiplicity.
Annals of the University of Craiova. Mathematics and Computer Science Series, 2015, vol. 42 no. 2,
pp. 427–449.
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