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The ordinary Hilbert series for Sibirsky graded algebras of the
differential system s(5,7)

Lipia MusinscHI® AND VicTor Pricor

Abstract. In this paper are examined the construction of ordinary Hilbert series for
Sibirsky graded algebras of comitants and invariants in autonomous polynomial differen-
tial systems. These series are highly significant for addressing specific problems within
the qualitative theory of differential systems. However, constructing them for more com-
plex systems typically presents insurmountable computational difficulties, particularly for
generalized Hilbert series, from which ordinary Hilbert series are derived. To overcome
these massive calculation barriers, this study shows how adapting Molien’s formula can
effectively solve the problem. Using this approach, the ordinary Hilbert series for the
Sibirsky graded algebras of comitants and invariants was obtained for the differential
system s(5,7).
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Seriile Hilbert obisnuite pentru algebrele graduate Sibirschi ale
sistemului diferential s (5, 7)

Rezumat. In aceasti lucrare se examineazii constructia seriilor Hilbert obisnuite pen-
tru algebrele graduate Sibirschi ale comitantilor si invariantilor In sisteme diferentiale
polinomiale autonome. Aceste serii sunt extrem de importante pentru abordarea unor
probleme specifice din cadrul teoriei calitative a sistemelor diferentiale. Cu toate aces-
tea, construirea lor pentru sisteme mai complexe prezintd de obicei dificultdti de calcul
enorme, in special pentru seriile Hilbert generalizate, din care se obtin seriile Hilbert
obignuite. Pentru a depasi aceste bariere masive de calcul, acest studiu arata cum adap-
tarea formulei lui Molien poate rezolva eficient problema. Folosind aceastd abordare,
seriile Hilbert obignuite pentru algebrele graduate Sibirschi a comitantilor si invariantilor
au fost obtinute pentru sistemul diferential s(5, 7).

Cuvinte-cheie: sisteme diferentiale, algebre graduate Sibirschi, serii Hilbert, dimensiu-

nea Krull.
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THE ORDINARY HILBERT SERIES FOR SIBIRSKY GRADED ALGEBRAS OF
THE DIFFERENTIAL SYSTEM s(5,7)

1. INTRODUCTION

Consider a general two-dimensional autonomous polynomial system of ordinary dif-

ferential equations

dx

E = PS(xay) +P7(X’}’),

d
= 05(ry) + Q1(x.),

where Ps(x,y) (P7(x,y)) and Qs(x,y) (Q7(x,y)) are homogeneous polynomials of

(D

degree 5 (7) in real variables x and y with real coefficients.

Hereafter for the system (1) we will use the notation s(5,7) where (5, 7) are degree of
homogeneities of the polynomials on the right side with respect to the phase variables x
and y.

One of the method to study the differential systems of the form (1) is "The method
of algebraic invariants in the theory of differential equations”, which is developed in
the works of Academician K. S. Sibirsky [1], [2], [3] and his disciples. This method
generated applications of Lie groups and algebras, graded algebras of invariants and
comitants, generating functions and Hilbert series to the study of the system (1) (see, for
example [4], [S]).

While Sylvester’s generalized method [4] is a standard technique for evaluating both
generalized and ordinary Hilbert series for differential systems, its application to systems
with high-degree polynomial right-hand sides requires immense computational power,
often demanding supercomputers. Conversely, the residue method offers a more effi-
cient alternative and has yielded ordinary Hilbert series for Sibirsky graded algebras of
comitants and invariants across various differential systems [6, 7, 8, 9, 12]. Building on
these successes, extending this approach to derive an ordinary Hilbert series for additional

unexamined system such as the s(5, 7) is a valuable and highly desirable direction.

2. COMPUTATIONAL METHODS FOR ORDINARY AND GENERALIZED HILBERT

SERIES OF SIBIRSKY GRADED ALGEBRAS

In [4] it is shown that the set of centro-affine comitants generate a finite-determined
graded algebra of comitants (invariants) with respect to the unimodular group SL(2,R) C
GL(2,R). This algebras in [5] were named Sibirsky graded algebra of comitants
(invariants), respectively.

A central challenge in analyzing these algebras lies in identifying the generating set,
determining both how many generators are needed and their explicit forms. This requires

a systematic investigation of the specific types of comitants and invariants that constitute
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these generators. As highlighted in Modern Algebra [10], generating functions and
Hilbert series serve as crucial tools in tackling this problem.

Computing the generalized Hilbert series for differential systems featuring high-degree
polynomial right-hand sides demands considerable computational power, making super-
computing resources indispensable in practice. This highlights the necessity of relying
on the ordinary Hilbert series. As established in [4] and [5], analyzing the structure of
these Sibirsky graded algebras for the system (1) can be achieved via both generalized
and ordinary Hilbert series. Ultimately, the Hilbert series provides crucial information
regarding the upper bound on the degrees of the algebra’s generators.

The generalized Sylvester’s method for computing ordinary and generalized Hilbert
series is established in [4]. This approach has yielded the Hilbert series for the Sibirsky
graded algebras associated with some simple differential systems [4], [5]. For increasingly
complicated differential systems, this approach encounters insurmountable computational
barriers, underscores the necessity for alternative methodologies.

The Hilbert series serves as a powerful instrument for computing algebraic invariants,
encoding substantial structural information about the underlying ring. For instance,
crucial data, including the dimension and other geometric invariants, can be extracted

directly from the coefficients and properties of its Hilbert series.

Theorem 2.1. (Molien’s formula [11]) Let G be a finite group acting on a finite dimen-

sional vector space V over a field K of characteristic not dividing |G|. Then,

H(K[V]”, |G| Z deto(l—tcr)

oeG

If K has characteristic 0, then det?,(l — tor) can be taken as dety (1 — to).

In complex analysis, the Residue Theorem offers an effective method for computing

the Hilbert series of invariant rings [11].

Theorem 2.2. (The Residue Theorem [11]) Suppose that D is a connected, simply
connected compact region in C, whose border is D, and y : [0,1] — C is a smooth
curve such that y([0,1]) = 0D, y(0) = y(1) and circles around D exactly once in

counterclockwise direction. Assume that f is a meromorphic function on C with no poles

in 0D. Then we have
L / f(2)dz= Y Res(f.a).

aeD
There are only finitely many points in the compact region D such that f has non-zero

residue there.
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Theorem 2.3. [11]
1 1 d
H(K[V]%,1) /— -

T 2ni ) det(I-1,,(2) =
Sl

where S' c C is the unit circle {z : |z] = 1}.

To compute the ordinary Hilbert series for Sibirsky graded algebras of comitants and
invariants of differential systems, this formula was adapted using the Residue Theorem

and the corresponding generating function [4] as follows:

Theorem 2.4. [5]

(0)

1 er (2)

HSIF(I‘)=%/ FZ dz
Sl

where S' ¢ C is the unit circle {z : |z] = 1}, gol(ao) (z) is the corresponding generating

function [4].

3. COMPUTATION OF THE ORDINARY HILBERT SERIES FOR SIBIRSKY GRADED

ALGEBRAS OF DIFFERENTIAL SYSTEM 5(5,7)

Using Theorem 2.4, we obtain

Theorem 3.1. For the differential system having homogeneities of the fifth and seventh
degrees s(5,7), the ordinary Hilbert series for the Sibirsky graded algebras of comitants

Hs; , and invariants Hg , were determined
1
(I-0)7A+0)BA+2)3(1 =) (1 =381 —17)*(1 - 17)
+61 + 1812 + 4263 + 1516* + 7797 + 37495 + 1567117 + 5871615+
+2022871° + 649005:'° + 1950772¢'! + 5517001¢'% + 147404573+
+373553807'* + 90115809115 + 2076048807'6 + 4580033401!7 + 96996480718+
+19762675741" + 388139965712 + 7361236339:>! + 135028679751**+
+239906303511% + 413396988261 + 691705718611 +
+1125062378441% + 1780593363441>7 + 2744608633251 +
+4123675803871% + 6043759763730 + 8646703414061°! +
+120834502169232 + 1650368490795¢>% + 2204199741711#3* +
+2880122495419% + 36834236073551°° + 4612599259248 +

Hs, (1) = (1+
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+5657815206829°% + 67998644491861> + 8009849118621+
+9249759010353¢*! + 10474029634184+*? + 11632046713335:* +
+12671437176360:* + 13541867560076:% + 141989795471011*+
+14608045390919:*7 + 14746934237052:* + 146080453909197% +
+141989795471017°° + 135418675600761°" + 126714371763601°%+
+116320467133351%3 + 104740296341841>* + 9249759010353 +
+80098491186211°° + 6799864449186r°7 + 56578152068291°% +
+46125992592481>° + 3683423607355:%° + 28801224954197%' +
+2204199741711¢%% + 1650368490795:%° + 1208345021692%* +
+8646703414061% + 6043759763731% + 4123675803875 +
+274460863325:%8 + 1780593363441%° + 1125062378441+
+69170571861¢"" + 4133969882617 + 2399063035117+
+13502867975¢t™* + 73612363397 + 388139965717+
+19762675741"7 + 96996480718 + 45800334017 + 207604880r%+
+901158097%! + 37355380752 + 14740457133 + 551700134+
+1950772:% + 649005:%¢ + 20228737 + 58716:% + 156711 + 37497+

+779°" + 151697 + 42673 +186%* + 617 + 1),

1
(1=0)8(1+1)B3(1+2)0(1 —3)8(1 — 15)6(1 — 17)3
+1382 + 2963 + 116¢* + 5958 + 27061 + 1063517 + 3754018 + 121812:°+
+3675761'° + 1036904+ + 27458061'2 + 68531261'3 + 161860161+
+363087661'° + 7760741216 + 158496385:'7 + 310035338¢'8 + 5821116607+

+1051077807:%° + 182827431142" + 3068278763122 + 49750259781 +

HSI5’7(t) = (1 +5¢+

+78033674741%* + 11853300638:%° + 174543181361°° + 2493816569177 +
+345999702271% + 46649935356:% + 611604818761 + 7801607627111 +
+96874664089:>2 + 1171497259651>% + 1380204632481 + 1584741054091°% +
+1773796069521% + 1935864068491>7 + 2060369816121°8 + 2138782669871+
+2165560759907* + 213878266987+*! + 2060369816121 + 193586406849:* +
+ + 1773796069521 + 158474105409:% + 1380204632481*° + 1171497259651 +
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+96874664089* + 780160762711% + 611604818761°° + 466499353561 +
+345999702271>? + 249381656911 + 174543181361 + 118533006381°° +
+78033674741°° + 497502597817 + 30682787631°% + 18282743111+
+1051077807:%° + 5821116607%! + 3100353387%% + 158496385:% +
+77607412:%* + 36308766:% + 16186016:%° + 6853126:°" +
+27458061% + 1036904:% + 367576170 + 121812¢7" + 37540172+

+10635t7% +2706¢™ + 595¢7 + 11617° +29¢77 + 1378 + 5¢7° + %),

Remark 3.1. The Sibirsky graded algebras S5 7 and SIs 7 possess Krull dimensions of
27 and 25, respectively.

Remark 3.2. The Krull dimension of the Sibirsky graded algebras Ss 7 and SIs 7 sets the
maximal number of algebraically independent comitants and invariants for the differential
system s(5,7).

To compute the ordinary Hilbert series of invariant rings in [11] it was introduced
a residue-based method that was later applied to Sibirsky graded algebras of comitants
and invariants of differential systems. Crucially, this approach offers significantly greater

computational efficiency than the generalized Sylvester’s method.
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