
CONDIŢII DE CENTRU PENTRU UN SISTEM DIFERENŢIAL CUBIC CU 
DOUĂ DREPTE INVARIANTE ŞI O CURBĂ INVARIANTĂ DE TIP ELIPTIC 

Rezumat. Pentru un sistem diferenţial cubic cu punct singular de tip centru sau focar, care posedă două 
drepte invariante şi o cubică invariantă de tip eliptic, s-a demonstrat că punctul singular este de tip centru 
dacă şi numai dacă primele două mărimi Lyapunov în acest punct se anulează. Au fost obţinute cinci serii 

 
1. Introduction  

We consider the cubic system of differential equations of the form  
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where the coefficients are real numbers, )(txx   and )(tyy   are real variables. The 
origin )0,0(O  is a singular point of a center or a focus type (a weak focus) for (1.1). The 

problem arises of finding the coefficient conditions under which )0,0(O  is a center. 

The derivation of necessary conditions for a singular point )0,0(O  to be a center 

involves use of computer algebra and we obtain them by calculating the focus quantities, 
which are polynomials in the coefficients of the system [1, 2, 4].  

The necessary conditions are shown to be sufficient by a variety of methods [3, 4]. 
It is known that a singular point )0,0(O  is a center for (1.1) if and only if the system has 

an analytic first integral of the form CyxF ),(  in some neighborhood of )0,0(O . Also, 

)0,0(O  is a center if and only if the system (1.1) has an analytic integrating factor of the 

form  ),(1),( yxyx k  in some neighborhood of )0,0(O .   

There exists a power series  ),(),( yxFyxF j  such that the rate of change of 

),( yxF  along trajectories of (1.1) is a linear combination of polynomials 
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Abstract. For a cubic differential system with a singular point of a center or a focus type having two 
invariant straight lines one invariant elliptic cubic curve it was proved that a singular point is a center if 
and only if the first two Lyapunov quantities at this point vanish. There were obtained five sets of 
conditions for a singular point to be a center.  
Keywods: cubic differential system, invariant algebraic curves, the problem of the center. 
 

de condiţii ca punctul singular să fie de tip centru.  
Cuvinte-cheie: sistem diferențial cubic, curbe invariante algebrice, problema centrului.
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Quantities jL  are polynomials with respect to the coefficients of system (1.1) 

called the Lyapunov quantities (the focus quantities) [1, 4]. The order of the weak focus 
)0,0(O  is r  if 0121  rLLL   and .0rL  The origin )0,0(O  is a center for (1.1) 

if and only if ,2,1,0  jL j . 

 
2. Invariant algebraic curves and Darboux integrability   

We shall study the problem of the center for cubic system (1.1) assuming that the 
system has invariant algebraic curves.  
Definition 2.1. An algebraic curve 0),(  yx  in 2C  with ],[),( yxyx C  is an 

invariant algebraic curve of a differential system (1.1) if  
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                             (2.1) 

for some polynomial ],[),( yxyxK C  called the cofactor of the curve 0),(  yx .  

Let the cubic system (1.1) have sufficiently many invariant algebraic curves 
qjyxj ,,1,0),(   with cofactors ),( yxK j . Then in most cases a first integral     

(an integrating factor) can be constructed in the Darboux form [4, p.26] 

 qq
qq C     2121

2121                               (2.2) 

and we say that the cubic system (1.1) is Darboux integrable.  The function (2.2), with 
Cj  not all zero, is a first integral (an integrating factor) for (1.1) if and only if 
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The method of Darboux is very useful and elegant one to prove integrability for some 
classes of differential systems depending on parameters [5].  

By Definition 2.1, a straight line 0),(,,,0  BACBAByAxC ,C  is an 

invariant straight line for (1.1) if and only if there exists a polynomial ),( yxK  such that 
the following identity holds 

),()(),(),( yxKyBxACyxQByxPA  . 
If the cubic system (1.1) has complex invariant straight lines then obviously they 

occur in complex conjugated pairs 0=1 ByAxCl    and 0.=2 yBxACl   

Let the cubic ststem (1.1) have two distinct invariant straight lines 1l , 2l  that are 

real or 1l , 2l  are complex ( 12 ll  ). The conditions for the existence of two distinct 

invariant straight lines for cubic system (1) where obtained in [6]. It was proved  
Theorem 2.1. The cubic differential system (1.1) has two distinct invariant straight lines 
if and only if one of the following sets of conditions holds:  
(I)     0 rpkfa ,  .0)4( 2  mcm  
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The invariant straight lines and their cofactors are  

0)4(2 2
2,1  xmccl , )]/242([=),( 2

1,2 mcmxcyyxK  ; 

(II)     .=,=,=,= rnmsklpqdafcbg   

The invariant straight lines and their cofactors are 0=2,1 iyxl  ,  
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The invariant straight lines are 0=1 2,12,1 yxAl  , where 1A , 2A  are distinct 

solutions of the equation 01)(2  ndApcbA . The cofactors are 
2

1,21,2
2
1,2

2
1,21,2 )1)(()(1=),( ybAxycAAdgxyAxyxK   ; 

(IV)    ,)]/()([=,]/)()[(= 2hkgsghcshqhgkhcbp    

           ,]/)())((1)[(=,= 222 hgksgkchhhdmbl   

           .0=)4)((,1=,]/)(1[=,1= 2  shkghahhhdsnr   

The invariant straight lines are 0=1 2,12,1 yxAl  , where 1A , 2A  are distinct 

solutions of the equation 0)(2  sAkghA . The cofactors are 

.)1)(()(1)(=),( 2
1,2

2
1,21,2

2
1,21,21,2 yAbxyAcAdxhAgyAxyxK    

The sufficient conditions for a singular point )0,0(O  to be a center in system (1.1) 

with two invariant straight lines were determined in [6]. The presence of a center was 
proved by using the method of Darboux integrability and the rational reversibility.  

The problem of the center was solved for cubic system (1.1) with two invariant 
straight lines and one invariant irreducible conic in [4]; with two parallel invariant 
straight lines and one invariant cubic 03

03
2

12
2

21
3

30
22  yaxyayxaxayx in [7]. 

The problem of the center was solved in [8] for a nine-parametric cubic system 
that can be reduced to a Liénard type system.   
 
3. Conditions for the existence of one elliptic cubic curve 

In this paper assuming that one set of conditions (I) - (IV) holds, we shall 
determine the conditions under which the cubic system (1.1) has an elliptic cubic curve of 
the form 

,0),( 2
0010

2
20

3
30  yaxaxaxayx                              (3.1)  

with 00102030 ,,, aaaa R and 03000 aa .             
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By Definition 2.1, an algebraic curve (3.1) is an invariant cubic curve for (1.1) if 
and only if there exists a polynomial ycxcycxycxcyxK 0110

2
0211

2
20),(  , with 

real coefficients, such that the following identity holds  
),(),(),(2),()23( 1020

2
30 yxKyxyxQyyxPaxaxa  .                    (3.2) 

Identifying the coefficients of the monomials ji yx  in (3.2), we reduce this identity 
to a system of 18 equations }0{ ijF  for the unknowns ijcaaaa ,,,, 00102030 . We find that  

,2,3,3,3,2,0 00100211200110 baapcmckcbcc   
 0,023,032,032,0  bflabkmnplr                   (3.3) 

and 00a , 3020 , aa  are the solutions of the following algebraic system:  
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                                  (3.4) 

We solve the system (3.4) assuming that one set of conditions (I) - (IV) holds. In 
this way we determine the conditions for the existence of two invariant straight lines and 
one invariant elliptic cubic curve of the form (3.1).  
Theorem 3.1. The cubic system (1.1) has two distinct invariant straight lines 

0,0 21  ll  and one invariant cubic 0  of the form (3.1) if and only if one the 

following eight sets of conditions holds: 
 (i)      ),)(2(3,0 cbcbnrqplkfda   

   ;3/)3244(),)(2(2 2 cgbgbcbscbcbm   

(ii)     ,3/)32(,0 cbbnrqplkfda   

 ;9/)32)(233(,9/)32(2 cbbcgscbbm   

(iii)    ;2/3,0 mnrqplkfda   

 
(iv)    ,3/,9/)32(2,,,0 bdqcbbmcbgdfrka   

          ;9/)32(,3/)2(,3/)32(, cbbsbdpcbbnbdl   

(v)     ,9/)8(,,3/)4(,,3/)7(,0 2bmabqlbgafbcrd   

          ;9/)4(,3/)2(,3/)4( 22 bsabpkbn   

(vi)     ,3/)2(2,3/)3(,1,0  bcmbcgfdrka  

 ;3,2,,3/)2(,2, 2  bbcsbqbpbcnbl  
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(vii)     ),921/()243(,3/)3(,0 2 cbbcbbdbcgrka   

  ),921/()9627325( 222243 cbcbcbcbbcbq   

 ,3/)2(,3/)39(,9/)93(2 22 bpbbcnbcbm   

   ),37/()1220352(, 223 cbcbbccbbsbl   

  ;010827252633319,1 3223  ccbbccbbf  

(viii)     ,9/)4(,3/)4(,1,3/)7(,3/2,0 bkbgfbcsard   

   .2/3,3/)2(,3,2, 2  bbqpnmbl   

Proof. To prove Theorem 3.1, we solve the system (3.4) assuming that one set of 
conditions (I) - (IV) holds. 

In Case (I) the equations  of  (3.4) yield 0 qd and the system (3.4) becomes 
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We find 30a  from 021 F  and  20a  from 011 F , then 031 F  looks  

,0126))(32(4 002131  affsmgcbcbF                         (3.5) 

where .964,264 2
2

22
1 mbcbfmcbcbf    

 If ,01 f  then (3.5) implies  

))(2(2 cbcbm  , 3/)3244( 2 cgbgbcbs   
and we obtain the set of conditions (i) of Theorem 3.1. The invariant curves are  

01)2(,01)(2 21  xcblxcbl , 

0)12)(122(3)(3)(2 00
2223  acxbxcxbxyxxbcg  

and have the cofactors  
,)122)(2(,)12)((2 21 ycxbxcbKycxbxcbK   

.))(2(62 xycbcbbyK   

If 0,0 21  ff , then (3.5) implies  

9/)32(2 cbbm  , 9/)32)(233( cbbcgs  . 
In this case we get the set of conditions (ii) of Theorem 3.1. The invariant curves are 

032,03)32( 21  bxlxcbl , 

0)32()(27)(18 00
3223  abxyxxbcg  

and have the cofactors  
,9/)2)1(3(2,9/)32)(23( 21 bxcxbyKcbbxyK   

.3/)3)32((2  xcbbyK  

Let 0,0 21  ff . In this case the equation (3.5) yields  
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)/(]126))(32(4[ 2100 ffsmgcbcba   

and we obtain the set of conditions (iii). The invariant curves are 

0)4(2 2
2,1  xmccl , ,0),( 2

0010
2

20
3

30  yaxaxaxayx  

where )/(]126))(32(4[ 2100 ffsmgcbcba  , ,2 0010 baa   

3/))(2(2,2/)2)324(( 20003000
2

20 gacbbmaaambcba  . 

The cofactors of the invariant algebraic curves are 

)]/242([=),( 2
1,2 mcmxcyyxK  , ).32( mxbyK   

In Case (II) the system (3.4) looks  
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                         (3.6) 

If 0da , then (3.6) yields 3/)37264( 223
0030 cmbmbccbbaa  , 

2/)2)324(( 00
2

20  ambcba  and .0)964)(264( 222  mbcbmcbcb  

This subcase is contained in the case (iii) of Theorem 3.1.  
If 0,0  da , then the equations of (3.6) imply  

.9/)32(2,27/)8(,3/)34( 3
003000

2
20 cbbmbaaaba   

In this subcase we obtain the set of conditions (iv) of Theorem 3.1. The invariant 
algebraic curves are   

022
2,1  yxl , ,0)(27)32(),( 22

00
3  yxabxyx  

and have the cofactors  
/3)3323(2=),(1,2 dycxbxbyyxK  , .3/)3332(2  dycxbxbyK  

If 0a , then from the equations of (3.6) we find  
.3/)7(,9/)8(,0),3/()1(,9/)4(,81/)8( 22

002030 bcbmdbaaba   

In this subcase we get the set of conditions (v). The invariant algebraic curves are  
022

2,1  yxl , 0)32(9)32(),( 23  ycbbbxyx  

and have the cofactors /3)33432(2=),( 222
1,2 byaxxybabyabxyxK  ,   

 .3/)3433(2 22 ybxyayaxbK   

In Case (III)  the equations 040 F , 030 F  of  (3.4) implies ,3/)4( 20
2

20 aba   

,9/)2( 2030 baa   where .0b  From the relations (3.3) we obtain ,3/)2( bp   
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,3/)2( bg  ,1f  .3/)3( bcbn   In this case 031 F  and the system of algebraic 

equations (3.4) is not compatible.  
In Case (IV)  the relations (3.3)  yield  ,3/)33(,1 abbaccgf   

3/)]12933)(1[(,3/)2( 2  adbcbasabk  
and the equations 0,0 3040  FF of (3.4) looks  

.0)43(,0)92( 00
2

2030302040  abaaFabaaF  

Assume 0a , then from equations 012 F  and 022 F  we express 20a  and 30a , 

respectively. Then .01)3( 2
0011  dbaF  

If ,32 b  then 1d  and we obtain the set of conditions (vi) of  Theorem 3.1. 
The invariant algebraic curves looks 01 11  yxAl ,  01 22  yxAl ,  

,0)(98)936188(),( 223
00

23  yxbxaxbxbxyx  

where 1A , 2A  are distinct solutions of the equation .063)3(3 2  bcAcbA  The 

cofactors of these invariant algebraic curves are ),2(2 bxbcxbyyK   

.3/]333)(3)33[( 22
2,1 AybyxxyAcAxAbcK   

If 0a  and ,32 b  then from the equations ,011 F 021 F of (3.4) we find that  

).921/()243(),3/()1( 22
00 cbbcbbdbda   

In this subcase we get the set of conditions (vii) of Theorem 3.1. The invariant algebraic 
curves are 01 11  yxAl ,  01 22  yxAl , 

 xcbbxcbcbcbcbbyx )3(54)8154315276625(2),( 3222234  

,0)37(81)3(27)21772(9 222  ycbbcxbcbb  
where 1A , 2A  are distinct solutions of the equation  

.0)1220352(3)1897()37(3 223222  cbbccbbAbccbAcb  
The cofactors of these invariant algebraic curves are  

,3/)333)93()33(( 222
2,1 AybyxxybbcbAxAbcK   

.3/)3933(2 2 bxbybcxxbyK   

If 0a , then the equations ,030 F 040 F  of (3.4) yield ,3/)4( 00
2

20 aba   

.27/)8( 00
3

30 aba   We express )13/(1 2
00  baa  from .011 F  Then the equations 

of (3.4) imply .2/3,9/)29(),33/()3(,0 22  bbaaabcd  

In this subcase we obtain the set of conditions (viii). The invariant algebraic curves are  
01 11  yxAl ,  01 22  yxAl , ,091836368),( 223  ybxxbxyx  

where 1A , 2A  are distinct solutions of the equation .0683 2  bAA  The cofactors of 

these invariant algebraic curves are 3/)9323(2 22 xybybxbyK   and 
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.3/)333)9()4(( 22
2,1 AybyxxybAxbAK   

The proof of Theorem 3.1 is complete. 
 
4. Integrability conditions for cubic system (1.1) with three algebraic curves  

Let the cubic system (1.1) have at least two invariant straight lines and one 
invariant elliptic cubic curve, i.e. one of the sets of conditions (i) - (viii) of Theorem 3.1 
is satisfied. In this section, we pay attention to the problem of the center for system (1.1) 
and prove that the origin )0,0(O  is a weak focus of order at most two.  

Lemma 4.1. The following three sets of conditions are sufficient conditions for the origin 
to be a center: 
(1)     ),)(2(3,0 cbcbnrqplkfda   

   ;3/)3244(),)(2(2 2 cgbgbcbscbcbm   

(2)     ,3/)32(,0 cbbnrqplkfda   

 ;9/)32)(233(,9/)32(2 cbbcgscbbm   

(3)    ,3/,9/)32(2,,,0 bdqcbbmcbgdfrka   

         .9/)32(,3/)2(,3/)32(, cbbsbdpcbbnbdl   

Proof. In Cases (1), (2) and (3), the cubic system (1.1) has two invariant straight lines 
and one invariant elliptic curve. The system has a Darboux  first integral of the form  

Cll  321
21

 .                                               (4.1) 

The first integral (4.1) can be easily constructed by using the identity (2.3) and the 
cofactors ,1K 2K , K  of the invariant algebraic curves ,01 l 02 l , 0 . 

In Case (1): 1,2,1 321   , 01)2(,01)(2 21  xcblxcbl  and 

0)12)(122(3)(3)(2 00
2223  acxbxcxbxyxxbcg . 

In Case  (2): 1,3,0 321   ,  032,03)32( 21  bxlxcbl  and 

0)32()(27)(18 00
3223  abxyxxbcg . 

In Case (3): 1,1 321   ,  02,1  iyxl  and 

.0)(27)32(),( 22
00

3  yxabxyx  

Lemma 4.2. The following set of conditions is sufficient for the origin to be a center  
 (4)      .2/3,0 mnrqplkfda   

Proof.  When the set of conditions (4) is satisfied, the cubic system (1.1) has two 

invariant straight lines 0)4(2 2
2,1  xmccl  and one invariant elliptic cubic 

,0),( 2
0010

2
20

3
30  yaxaxaxayx   

where ,2 0010 baa   

)]964)(264/[(]126))(32(4[ 222
00 mbcbmcbcbsmgcbcba  ,  
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3/])(2[2,2/]2)324[( 20003000
2

20 gacbbmaaambcba  . 

The system (1.1) is Darboux integrable and has an integrating factor of the form  

.1
2

1
1 

 ll                                                      (4.2) 

The existence of an integrating factor (4.2) can be easily verified by using the identity 
(2.3) with cofactors  

)]/242([=),( 2
1,2 mcmxcyyxK  , ).32( mxbyK   

Lemma 4.3. The following set of conditions is sufficient for the origin to be a center:   
 (5)     ,3/)2(2,3/)3(,1,0  bcmbcgfdrka  

.3,2,,3/)2(,2, 2  bbcsbqbpbcnbl  

Proof. When the set of conditions (5) holds, the cubic system (1.1) has three invariant 
straight lines  

01 11  yxAl , 01 22  yxAl , 013  ybxl , 

where 21, AA  are distinct solutions of the equation 063)3(3 2  bcAcbA  and one 

invariant elliptic cubic .0)(98)936188(),( 223
00

23  yxbxaxbxbxyx  

The system (1.1) has a Darboux first integral  

Clll  4321
321

 ,                                               (4.3) 

where ),183(,183 2
2

2
1  bcbbbcbb    bb 2,2 43   

and .72930 22  cbcb   
The first integral (4.3) was constructed by using the identity (2.3) with cofactors 

,3/]333)(3)33[( 22
2,1 AybyxxyAcAxAbcK   

,3/]33)33()32(3[ 22
3 xbyxybcxcbbyK   

).2(2 bxbcxbyyK    

Theorem 4.1. The origin )0,0(O  is a center for cubic system (1.1) with two invariant 
straight lines and one invariant elliptic cubic curve (3.1) if and only if the first two 
Lyapunov quantities vanish.  
Proof. By using the algorithm described in [4], we compute the first two Lyapunov 
quantities 1L , 2L  for each set of conditions (i)–(viii) of Theorem 3.1. In the expressions 

for jL we will neglect the denominators and non-zero factors. 

In Cases (i) and (ii) the first two Lyapunov quantities vanish. Then we obtain the 
center conditions (1) and (2) of Lemma 4.1.   

In Case (iii) the first two Lyapunov quantities vanish. Then Lemma 4.2.   
In Case (iv) the first two Lyapunov quantities vanish.  Then Lemma 4.1, (3).   
In Case (v) the vanishing of 1L  gives 3/)5( bc   and the second Lyapunov 

quantity looks .03
2  abL  In this case a singular point )0,0(O  is a focus.  
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In Case (vi) the first two Lyapunov quantities vanish. Then Lemma 4.3.  
In Case (vii) the vanishing of the first Lyapunov quantity gives 3/)4( bc  . The 

second  one looks 095 2
2  bL  and therefore a singular point )0,0(O  is a focus.   

In Case (viii) the first Lyapunov quantity looks .01  bL  In this case a singular 

point )0,0(O  is a focus. Theorem 4.1 is proved. 
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