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MULTIPLICITATEA MAXIMALA A LINIEI DE LA INFINIT PENTRU
SISTEMELE DIFERENTIALE DE GRADUL PATRU

Rezumat. In aceastd lucrare se aratd ci in clasa sistemelor diferentiale de gradul patru multiplicitatea
algebrica maximala a liniei de la infinit este egala cu 10.
Cuvinte-cheie: sistem diferential de gradul patru, dreapta invarianta, multiplicitate algebrica.

1. Introduction and the statement of main result

We consider the real polynomial system of differential equations

Z=Py), Z=0xy). (1)

dt t
Denote n = max{deg(P),deg(Q)}. If n = 4 then system (1) is called quartic.

At present, a great number of works are dedicated to the investigation of polynomial
differential systems with invariant straight lines. The problem of the estimation of the
number of invariant straight lines which can have a polynomial differential system was
considered in [1].

In [2] it is given the estimation 3n — 2 < M,(n) < 3n — 1 of maximal algebraic
multiplicity M,(n) of an invariant straight line for the class of two-dimensional
polynomial differential systems of degree n > 2 and it was shown that in the class of
cubic differential systems the maximal multiplicity of an affine real straight line (of the
line at infinity) is seven.

In this paper we show that in the class of quartic differential systems the maximal
algebraic multiplicity of the line at infinity is equal to 10.

Theorem. For quartic differential systems the algebraic multiplicity of the line at infinity
Is at most ten. Any quartic system having the line at infinite of multiplicity 10 via affine
transformations and time rescaling can be written in the form

x=-x, y=x*+3y. (2)

2. The proof of the Theorem
We consider the real quartic system of differential equations

X=Xt opi(ny) =p(y), ¥=3oq;(x6y) = q(xy), @3)
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where  po_ag, p1(x,¥) = aix + @y, p(x,¥) = azx® + ayxy + asy?, ps(x,y) =
agx® + a;x%y + agxy? + agy®,  pia(x,y) = ajox* + a1 x3y + apx%y? + azxy® +
a14Y*, Qo=bo 1 (x,¥) = bix + byy, q;(x,¥) = b3x? + byxy + bsy?, q3(x,y) = bex® +
b;x%y + bgxy? + boy®, qu(x,y) = byox* + by X%y + b1;x%y? + byzxy® + byyy™.

Suppose that the right-hand sides of (3) do not have the common divisors of degree
greatest than 0, i.e.

gcd(p,q) = 1and yp,(x,y) — xq4(x,y) # 0, 4)

I.e. at infinity the system (3) has at most five distinct singular points.

The homogeneous system associated to the system (3) has the form

X=X1o0jVZ* T =P, ,Z), y=2loq;(x.NZ* =Q(x,,2). (5)
d d
Denote X = P(x, y, 2)5 +Q (x,y,2) e

We say that the line at infinity Z = 0 has algebraic multiplicity m + 1 if m is the
greatest positive integer such that Z™ divides E,, = P - X(Q) — Q - X(P) (see [3]).
In this section, for quartic system (3) we determine the maximal algebraic
multiplicity of the line at infinity Z = 0.
Because p2(x,y) + qi(x,y) is not identically zero, by a centro-affine
transformation and time rescaling we can make b,, # 0, and more that, b;, = 1.
For the homogenized system (4) we calculate the determinant [E, from the
definition of the algebraic multiplicity. E_ is a polynomial of degree 11 in x,y,Z. We
write it in the form:
Ep = Ao(x,y) + A1 (0, ¥)Z + Ay (x, y)Z% + A3 (x, ) Z° +
+A, (0, Y)Z% + As(x, ) Z° + Ag(x, y)Z° + A; (x,y)Z7 + (6)
+Ag(x, ¥)Z° + Ag(x, ) Z° + Ao (x, ) Z° + Ay4 (x, y)ZM

where A;(x,y),i =0,...,11, are polynomials in x and y.

The algebraic multiplicity of the line at infinity is m,, € N* if m_ is the maximal
number such that Z™=~1 divides E..

The algebraic multiplicity m,, of the line at infinity is at least two if the identity
Ay(x,y) = 0 holds.

The polynomial A, (x,y) looks as: Ay(x,y) = A1 (x,y)A2(x,y) Where

Ap1(x,¥) = —x° + (@10 — by1) x*y + (ay; — byp) X3y + (a1, — byz) x%y° +
+(ay3 — bia)x y* + as,y°®,
Ao (x,y) = (@11 — a1ob11)x® + 2(ay; — a10b12)x°y + (3ays + aipbyy — ayibyp —
=3 ajobi3) x*y? + 2(2 a4 + ay3byy — ay1biz — 2 agobiy) ¥°y° +
+(3 ayabis + ay3° by — ipbi3 — 3 @y b)x?y* +
+2 (@yab1; — a12b14) xy° + (a14b13 — ay3b1a)y°.

As Ay (x,y) £ 0 (see (4)), we require Ay, (x,y) to be identically equal to zero.

The identity Ay, (x, y) = 0 holds if the following conditions
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11 = Qq9 b11, Q12 = 49 b1z, a3 = a0 b13, a14 = a4 by, are satisfied.
The algebraic multiplicity m,, of the line at infinity is at least three if A;(x,y) = 0.
Unde the above conditions we have A, (x,y) = —A;;(x,y)A,,(x,y), where
Ay () =x* + by X3y + b1y X2 y2 + b3 x y* + by y* £ O,

A, (x,y) = (a7 — ayoas — aghyq + afy bs + ayoby11bg — asob;)x® +
+(2ag —2a49 - a; — 2 ag by, + 2 ayg byp bg + 2 a?ob, — 2 a;obg)x>y +
+(3aq — 3a,0ag — a19a7by1 + ag - byy + ay9 agbi; — a; by; — 3 aghys —

—afobizb6 + 3 ayoby3 bs + afy bi1b; + ajobib; + 3 afobg —
—ay9 b11bg — 3 ajobe)x*y? +

+(—4a,0a9 — 2a40agb;; +2a9byy +2a490a6 bis — 2a; by3 —

—4ag by —2af, byizbs + 4 ayobisbg + 2 ajg by by +2af byybg +
+4 a?, by — 2 ayg by1 bo) x3 y3 +
+(= 3 ayoa9by; — ay0agbi; + agbi; + ay9a;b13 — aghyz + 3 ay0a6b1y —
—3 azbys — 3 afobisbg — afy bz by + 3 aqo byy by + afohs, by +
+aiobi3bg + 3 afobi1bg — ajobizbg) X y* +
+(=2 ay9 a9 by + 2 ayg @y b1y — 2 ag byy — 2 a5y byy by + 2a50b14bg +
+2 a?,by,bg)x y° +
+(=010G9 by3 + A19Agh14 — Aob1y — afobiabg + afobi3be + ayg b1y bo) Y°.
If A;, (x,y) = 0 then we obtain the following two series of conditions:

1) ag = ayobs, a7 = ay9 b7, ag = ayo bg, a9 = ayq by;

2) a; = ayob; — ajoa — by, ag = aobg — ajy @ — a0 by —
bip @, a9 = a10by — ajoa — afobyy @ —ayo b @ — biza, by =
—ayo (ajy +afo byy + asobi; + bi3), @ =as0bs —ag a # 0.

In the conditions 1) we have A,(x,y) = —A;,(x,y)A,,(x,y), where

A1 (%, y) = (a4 — 2a40a3 — az byy + 2afy by + ajobi1bs — asoby )x° +

+(2as — 3a49a4 — @19 a3 b1y — 2 azby, + afo byg by + 2 aq9 byp by +
+3 afobs — 2 aqobs) x* y —(4 ajoas + 2a1 @y b1y — as by + ag byy +

+3asz b3 — 3ayobyz by —2afy by by — ayo byp by — 4 afyhs +
+aiob11bs) x° y? —(3a10asbyy + a10@sb1z — A19a3biz + 2a4bi3 + 4 azhy, +
+afy bysbs — 4 ayo bys b3 — af by by — 2 ayg by by — 3 afg byybs) x*y° —

—(2 ajoasby; + asbyz — 2 aygazbyy + 3 asbyy + 2 afobiabs — 3a10by4by —
—2agobibs — ajobizbs) xy* — (ayo asbys — ayo Ay bys + 2 as byy + afy byy by —
—ajy byz bs — 2 asobys bs) y°.

If the identity A,,(x,y) = 0 holds, then the multiplicity m, is at least four. The
identity A,, (x,y) = 0 leads us to the following two series of conditions:

11) az=ajobs, a,=a by, as=aybs;
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12) ay=asobs+ 2a08 + by1f, as = ajobs + 3afof + 2 a;obyif +
bi,B, bis=—aj, (4afy + 3ajo by +2by,), by =ai, Bajy +
2 a0 bi1 +byp), B=az—apbs, B*0;

In the conditions 1.1) we have A;(x,y) = A;1(x, ¥)A3:(x,y), where

A31(x,y) = (3ay ayo— ay —3ajy by + ay by — aqg by by + ayohy) x* +
+(4 a9 ay + 2 ay @y byy — 2afoby byy + 2 a3 by — 2 a50 biby; — 4 afy by)x’y +

+(3 ayg ay byy + aya10b1; + by — afy by by +3 arhyz —3 agg by byz —

—3afy b1y by — @40 by by) - X*y? + (2a100,b15 + 2a,b13 + 4a1byy — 4a50b1bys —
—2afobi2b; — 2a10b13b;) x ¥* + (@10 a3 b1 — @y Qy9 by +3 @y bis + afg by byy —
—afy byz by — 3 ayq by by) y*.

The identity A5 (x,y) = 0 holds if one of the following two sets of conditions is

satisfied:

1.11) a; = a4 by, a, = aq by;

1.1.2) a; = aso by + 3 asoy + by1y, b1z = =3 a0 (2ay +byy), bz =ajy (8a+
3by1), by =—aiy Bay+by), ¥ =0a;—apby, v # 0.

If one of the conditions 1.1.1) or 1.1.2) is satisfied, then the multiplicity m,, > 5.

In the conditions 1.1.1) we have A,(x,y) = 6A1.(x,y) - As1(x,y), Where § =
ao — aq0 by and Ay (x,y) =4a;ox3+ by x3+3a0by x2y +2b, x%y +
2a10bi; xy? +3 bz xy? + aobi3 y* +4 by yP.

If § =0, then deg(gcd(P,Q)) >0 (see (4)). Let § #0 and A, (x,y) =0 =
by, = =4 ayo, by =605, bjz = —4aj, by =afy, then As(x,y)=641(xy)"
As1(x,y), where Ag;(x,y) =3 ajobg x* + byx? + 2a,0b; xy + 2bg x y + a10bg y* +
3byy?2.

The identity As;(x,y) = 0 holds if b, = =3 a;o bs, bg = 3 a?y bs, by = —a3, bs.
In these conditions Ag(x,y) =8 A11(x,y)(2 ajobs x + by x + ajob, vy + 2 bs y) =
0 = b,=-2ay9bs, bs = a?,b; = A,(x,y) = §(aob; + by) - A1 (x,y) =0= b, =
—ay0b; = Ag(x,y) = 4 6%(x — ay0y)° # 0.

Thus, we have obtain E, = Z8(4 x3 — 12a,, x%y + 12 a?, xy? — 4 a3, y3 +
3 bg X2Z — 6 ayobg xyZ + 3 aiybg y*Z + 2 by xZ% + 2 a;obs yZ? + b, Z3)6% and the
algebraic multiplicity m,, = 9.

The quartic system {(3), (4)} takes the form:

X =a0x* —4 a3 x3y +6ad,x?y? —4at, xy3 + ady y* + ayobs x3 — 3 a?ybg - x2y
+3 ajobs xy* — atobey® + aiohs x* — 2 afobs xy + ajob; y* +
+a,obix — a?obyy + ajobg + 6, (7)
y =x*—4a,0x3y + 6 a2y x2y? — 4 a3, x y3 + afoy* + bgx® — 3 a;obgx? y +
+3a?,bgxy? —ad, bgy® + by x> — 2 a;0bs xy + a?y b3 y> + by x — ajob; y + b,.
In the conditions 1.1.2) we have A,(x,y) = A11(x,y) - A41(x,y), Where

A41(x,y) = —4(10 a10 x3 + 4‘ a%O bO x3 - aO b11 x3 + a10 bo b11 x3 + 12 ao a%O xz y -
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—12 a3, by x? y + 3 agaso byy X2y — 3 aZybyby1x? y — 12 ag a3y x y% +
+12 aty by xy? — 3 ag a?y by x y2 + 3 a3y bobyy x V2 + 4 agat, y2 — 4 ajoby v +
+aoaiobyy ¥* — afobg byy ¥* + asobs x* ¥ + byibg x*y — by x* y — 9 afy be x*y vy —
=3 ayoby1be X?y Yy — a0 b, x* yy —2bgx*yy — 6 afo b, x y* y —
—2ay0by1b; x y?y — 3 ayg bg x y*y — by1bg xy?y — 3 by xy? vy — 3 afobs - ¥y —
—ay0b11bg Y°y — 5 ayobe Y3y — 2by1bg ¥y .
The identity A, (x,y) = 0 yields
b; = (—4aya,o + 4aioby — aghyy + ayobobiy + a1obs ¥ + bi1bg ¥) /Y,
bg = a10(8 agayg — 8afoby + 2aghyy — 2a,0bobyy — 5a10bgy — 2byy - bs ¥) /v,
by = afy (—4 agaig + 4 afo by — ag byy + @1 bg byy + 3 ayo bg v + byy be ¥) /Y.
In these conditions As(x,y) = —A11(x,y) - As1(x,y)/y, where
As1(x,y) = 4 a3 a;q x? — 8 aga?yby x2 + 4 a3y b3 x* + a3 by x? —
—2agaygbg by x2+ a2y b by, x* —8aia?yxy+ 16agal,byxy —
—8afob§ xy —2a§ ajobyy xy + 4agafobobys xy —2ajobiby xy +
+4agady y* — 8 agatohy y* + 4 afobg y* + agaiobyy y* — 2 agaiohoby y? +
+afob§byy y* — 4 agasobg x*y + 4 afy bobg x*y — agby1bs x* v + ayoboby b x* v +
+8 ag afy bex y ¥ — 8 afobobg X y ¥ + 2 agaiob11b x y ¥ — 2 afobobiibg x y ¥ —
— 4 agaiobs y* v + 4 atobobs - ¥* v — agaio b1y b y* v + aiy bg byy bs y* v +
+2ay0 b3 x? ¥ + by b3 x? y? = byx?y? —6afo by xyy? —2 a0 by by xyy? —
—2bsxyy®— 3afo by y?y? — aio b1y by y?¥? — 2a10bs y?y? — byy b5 y? v2.
The identity As; = 0 = b, = (4a¢ a;o — 8 ay a?y by + 4 a3, b:+ a3 by, —
—2ay - ayobobyy + afob§ byy — 4agai0bs vy + 4afobo by — agbyibs ¥
+ ayobob11bs ¥ + 2 a1+ b3 y? + byy b3 ¥?) /Y2,
bs = —ayo (4 a§ ayo — 8 ag afy by + 4 aiy b§ + a§ byy — 2agayg - bobyy + afobibyy —
—4aya,0bg ¥ + 4 afobobs ¥ — agby1bg ¥ + a1 bo byy be ¥ +
3ai0bs- y? + by by ¥ /¥ =
A, y) = —(x— a;py)? (x + 3a0y + by y) - Ag1(x,¥)/y?, where
Ag1(x,y) = —4ad a;o x? + 12 a3 a?y by x*> — 12 ay a3y b x*> + 4 aj, b3 x? —
—aj by x2+3a? ajy by byy x> —3 ag a?, b3 by x? + a3, b3 by x* +
+8ad a?y xy — 24a¢ -ad, by xy +24a,aly b xy—8aj, b3 xy +
+2 ag ay9 by Xy — 6 a§ af bo byy xy + 60, - ajy b byy xy — 2aiy by by xy —
—4a3 ajy y* + 12 af afy by y* — 12 apazy bg y* + 4 afy * byy? — agaio byy y* +
+3ag ajy bg by y* — 3ag afy b§ byy y* + a3o bg by y* + 4 af aye+ be x*y —
—8ag aiy by bg X2y + 4ady bE bg x*y + ag by b x*y — 2 ag ayg bg by1 bg X%y +
+afy bg by1be x* v —8agafobgxy vy +16 agajy by bg xy v —
—8afybybexy ¥ —2a5 -ajoby1 bsxy v +4agaiyby by bgxy y—
—2ajo b§ byy b xy v +4af ajy bs y* v — 8ag ato bo b y* v +
+4 afy b§ be y* v + af afo biy be y* v — 2 ag aiy by byy bg y* ¥ +
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+afy bg byy be y* ¥ — 4 ag ayo by x* y* + 4 afy by by x* y* — ag byy by x* y? +
+ay9 bo byy + b3 x*y? +8ag afo by x yy® —8ajs by by xy y? +
+2ag ayo byy by xy v* — afo bg byy - by xy y* — 4 ag ajy by y?y? +
+4 afy by by y* v* — ag afo byy b3 y* v* + afy b b1y by y* y* +3 a0 by x*y3 +
+by byy x*y® — by x?y® —6afo by xyy® —2a;0b by xyy® +2a10 by xy y* +
+3 ajy by y?y® + afy bibyy y?y® — afo byy?y? — 3 x%y* — 18 ajoxy y* —
—6by, yy* — 27 afy y* v* — 18 ayo byy y* v* — 3 bf; yPyH).
The identity A¢, (x,y) = 0 holds if b, = —(a,o by + 3y), b1 = —4ay,.
In these conditions we have A, (x,y) = y(x — a0 y)* (4ag—4 a0 by —bsgy) =0 =
ap = (4aypbo+bsy)/4 = Ag(x,y) =y*(8 b3 —3 b)) (—x + a0 ¥)*/4 = b; =
3b¢/8 = Ag(x,y) = 3y*(—x + a0 y) (16 byx — b x — 16 ayobyy + a;obd y —
64yy)/16 £ 0.
So, E,=-Z°y%(-4x+4a,,y—bsZ)(—48b,x+ 3b3x+48a,,b,y—
3a,0biy—64byZ+4b,bsZ+192yy)/64 and m,, = 10.
In this case the quartic system {(3), (4)} looks as:
x = 8a,9 x* —32a?, x3y + 48a3, x?y? — 32 at, xy® + 8 a3, y* +
+8 a,obg X2 — 24a%, bg x*y + 24 a3, bg xy? — 8 a}y bg v + 3 a,, - bEx? —
—6 az,b? xy + 3a3,biy? + 8 a;ob;x — 8 aZ, byy + 8 a;oby +
+8xy—32a,0yy +2bey)/8, (8)
y=(8x*—32a;,x3y+48a?, x*>y? —32a3,xy® +8aj, y* +
+8 by x3 — 24 a,y bg x*y + 24 aZybg xy?> — 8 a3, bg y> + 3 b2 x* —
— 6 a;obé xy +3a?ybiy*+8b,x—8a,nb;y +8by—24yy)/8.
The transformation of coordinates X =bs+4x—4a,,y, Y = 4(64 b, —
4 b, bg + (48 b, —3 b3)x — (48 a;y by — 3 a,o b + 192 y)y)/3 and time rescaling
t = —1/y reduce the system (8) to the system
X=-X, Y=X*+3Y. €)]
In the conditions 1.2) we have A;(x,y) = —A;,(x,y) - A3.(x,y), where
A3 (x,y) = (=3 aja,0 + a; + 3 afoby — a;byq + ayobibyy — agoby)x* -
—(4 ay0a; + 2 aya50byy — 2a50b1byy + 2a, by, — 2a10biby, — 4 afoby)x3y +
+(12a,a3, — 12a%, b; + 9a,a?y, by; — 3 ajo a, byy — 9a3, byby;, + 5a,a,0b1, —
ay by, — 5 afobiby, +3afoby1 by + ajgbyyby) x*y* —
—(12 ayaf, — 8a3ya, — 12a3,b, + 8a,a3,b,; — 6a,a,by; — 8 afyb by; +
+4 ayafobi, — 2 aq9a;b1, — 4 a3obi by, + 8aty by + 603 byib, + 2af0bsyby)  xy® +
+(3a,a3, — 5aty ap — 3 afoby + 2a,atobyy — 3aioazbyy — 2a30 by by +
+a,a3oby, — afoayb1y — afobibyy + 5 afob, + 3 afoby1 by + aiobi,by)y* +
+ B(aiobs + by1bs — by)x* +
+ B(2 afobg + 2a10b11bg + 2 byp bg — 2 bg) x*y - (9 aiobg + 6 afoby b +
+3 ayg bip bg — afo by — @1g byy by — byp by + ayg bg + by bg + 3 bo)x?y? —
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— B (6 aiob; + 4 afoby1b; + 2 aygbiybs + 2a10bg + 2b11be)xy® -
—B(3 afobg + 2 afy byy bg + aig byy bg + afg bg + ajg by1bg + by bo)y* .
As A;;(x,y) £ 0, we require that A3, (x,y) = 0. The identity Az;(x,y) =0
holds if
a; = 3a,a19 — 3aiob; + a;byy — aiobibyy + asoby — asobef — bi1bg B+ by B,
bg = (—6a,af, + 6a3,by — 3 a;a10byq + 3 afobibyy — arby, + asobiby; +
+3afobs B + 3a19b11bs B + bizbsf — 2a10b,5)/B,
by = —a;o (=6 a,afy + 6ai,b; — 3a;,a10b11 + 3 afobibyy — a;byy + agobibyy +
+4afobsff + 3a10b11bsff + bibsfS — aiob;B)/B.
In these conditions A,(x,y) =0 =
by = —(4 aya,o — 4afoby + agbyy — ayobobyy — ayaiobs + afobibg — aiby b +
+ayobyb11bg + arb; — ayobib; — 2a10bs B — byibsf + ay0beff +
+b11bgB — beb, B + 28%)/B,
bs = (4aoaf, — 4aioby + ag@iobyy — afobobyy — ajafobs + aiohybs — a;a;oby1bg +
+afob,bi1bg + ajasob; — afohib; —3afy - bsff — ajobyibsf + ajobéf +
+ay0b11b¢B — ayobsb, B — 6a108% — 2b11 %),
by, = =3(2aiy + asoby1) = As(x,y) = =411 (x,¥) - As1(x,y)/B, where
Asy = (—4aya,a10 + 4a,aioby + 4agaioby — 4aiobob; — aga byy + aia;obobyq+
+aya;0bibyy — afobobibyy + afasobg — 2a,afobbg + aiobibg + aibyibg —
—2a,a40b1b11bg + afobibi1bs — aib; + 2a; - ajobib; — afobib;)x* + (8 aga;af, —
—8 a,aiyby — 8 agaiyh, + 8 ajobob; + 2 agay ajg by — 2a,afoboby; —
—2aqga?yb by + 2a3,bob by, — 2a?a?,bg + 4a,adyb b — 2aj,b?bg — 2a%a by, b +
+4a,a2yb;by1bg — 2a3,b?b b + 2a2a b, — 4a,a2,b b, + 2a3,b%b,)x y +
+(4a,atyby — 4aga,aiy + 4agatoby — 4ajoboby — aga;aiobiy + a;a3obobyy +
+aoaiob; by — atobobibyy + af aiobg — 2a,atobibg + ajobibs + aiafobyibg —
—2a,a3ob;by1bg + atobibyy - bg — aiaiob; + 2a,ai,bib; — atobib;) y* +
+B (3 agayobs — 3 afobobs — aia10bg + afohy - b — a;by1b¢ + ajobiby1 b +
+agb; — ajobgb; + a;bgh; — aobibgh;)x? + B(6 a3ybybs — 6ayaz,be + 2a,a%,bZ —
—2a3,b;b¢ + 2a,a,yby1 b2 — 2a%, byby1bZ — 2aya,0b, + 2a2,byb, — 2a,a,0bgh, +
+2ajobibgb;) x y + B (3 agaly b — 3 afy by bg — ay a3y bg + afy by b —
—a,afy byq b¢ + aiy by byy bE + aq afy b; — aiy by by + a; afy b by —
—a3y by bg b,)y?* + B2 (3a; — 6 ayg by — by byy + b, + ajg b3 bg + byq by bg —
—b3 b;)x? + B2 (18 aja,9 — 12 a?y by + 6 a;by; — 4 ayob1by1 — 2a,0by —
—2a?, by bg — 2a, by1b3 bg + 2a,9bsb;) *xy + p? (27 a; a?y — 30 a3, b, +
+18 a; a;o byy — 19 a?, by by, + 3 a; b?, — 3 ayg bib?, + a?y b, + a3y b bg +
+afy byy by bg — aiy b3 b;)y* — B>be x* — (10 ayo bg + 6 byy bg— 4 b)) xy —
—p3(13 a?ybg + 12 aygby1bg + 3 b? bg — 4 a;ob;, — 2 byy by)y?.
The identity As(x,y) = 0 holds if
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b, = (—12d3a,, + 36a?a?,b, — 36a,a3,b? + 12at,b3 — 3a3by; + 9aia gbiby; —
9a,a?yb?b,; + 3a3,bibi; + 20aga,a,08 — 20a,a?,byB — 20aya?,b,f +
+20ai,bob, B + 5a0a1by1 8 — 5a1a10boby1 8 — 5a9ay0b1by1f + 5afobobybyyf +
+16a2a,0bgf — 32a,a2,b1bef + 16a3,bZbeff + 4 aZby beff — 8a,a,0b; - by1bef +
+4afobiby1bef — 12a,a10b3% + 12a5,b1b3B? — 3a,by1b3 % + 3a19b1by1bsff% —
+12a0a10bs? + 12a5obobef? — 3agby1bsf? + 3asoboby1bs B? — 4a,a10bif? +
+4afob b - B — arby 1 bgf* + ajobibyb¢f* — 6a,B° + 12a10b, 5% + 2b,by4 B3 +
+4a,0b3bef8® + by1bs - b + 2bsf*)/(28°) and

b; = =3(4a,a;9 — 4afoby + a;byy — ayob1byy — 2a10be — b11beB)/(2).
In these conditions A4 (x,y) % 0, therefore m,, = 7.
In the conditions 2) the identity A,(x,y) = 0 leads us to the following conditions
a, = 2a,0a3 + asby; — 2a2,b; — ajoby1bs + a;obs + ajgbga + by bgax — by + a?,
as = 3afoas + 2a19a3by; + asby, — 3ajobs — 2aoby by — ajobiabs + agobs +
+2a?,bgat + 2a,0 - by bga + byybga — ajob,a — bga + 3a a? + by a?,
by = —adybg — aZ,b, — a,obg + 6a%ya + 3a b a + byya,
biz = —ajo(4af, + 3aioby1 + 2by3).
In the above conditions we have: A;(x,y) =0 =
a; = 3a,a10 — 3afob; + arbyy — ajobibyy + ayob; — ajoashg — asbyibg + afobzbs +
+a,ob11b3bg + asb; — a;obsb; — 3aza + 5a,0bsa + by bsa — bya — aobéa —
—by béa + bgb,a — 2bga?,
bs = —4a,oa; — asby; + 3a%,b; + a,obi1b; — ajobs — ajobg — by bgat + bya — 2a?,
bg = —3aiybg — 2a,0b; + 8a,oa + 2b;;a, by, = —3a,0(2a,9 + by1) =
= A,(x,y) = 0= b, = —a,, by = —2a3, b; =3(—a.9bg + @), byy = —4a,0 =
= As(x,y) £ 0, m, = 6.
Thus, the maximal algebraic multiplicity of the line at infinity is not greater than ten
(see the case 1.1.2). In this way we have proved the Theorem.
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