
22

 

CZU: 517.925           DOI: 10.36120/2587-3644.v8i2.22-28 

CENTER CONDITIONS FOR A CUBIC DIFFERENTIAL SYSTEM  

Angela MATEI, dr., associate professor 
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Abstract. We find conditions for a singular point 𝑂(0,0) of a center or a focus type to be a center, in a 

cubic differential system with one invariant straight line. The presence of a center at 𝑂(0,0) is proved by 

using the method of rational reversibility. 
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CONDIȚII DE EXISTENȚĂ A CENTRULUI PENTRU UN SISTEM 

DIFFERENTIAL CUBIC CU O DREAPTĂ INVARIANTĂ  

Rezumat. Se determină condițiile de existență a centrului pentru un sistem diferențial cubic cu punctul 

singular 𝑂(0,0) de tip centru sau focar ce posedă o dreaptă invariantă. Prezența centrului se demonstrează 

aplicând metoda reversibilității raționale.  

Cuvinte-cheie: Sistem diferențial cubic, problema centrului, drepte invariante, reversibilitate rațională. 

 

1. Introduction 

We consider the cubic system of differential equations  
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in which variables )(=),(= tyytxx  and coefficients are assumed to be real. Let the origin 

(0,0)O  be an isolated singularity of (1.1) with purely imaginary eigenvalues 

1)=,=( 2

1,2  ii . In this case the origin is either a focus or a center. The trajectories in 

some neighborhood of (0,0)O  can be spirals or closed trajectories.    

It arises the problem of distinguishing between a center and a focus, i.e. of finding 

the conditions under which (0,0)O  is, for example, a center. We study the problem of the 

center for cubic system (1.1) assuming that the system has invariant straight lines.   

Definition 1.1. An algebraic curve 0=),( yx  in 2C  with ],[ yxC  is said to be an 

invariant algebraic curve of system (1.1) if the following identity holds 
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 (1.2) 

for some polynomial ],[),( yxyxK C  called the cofactor of the invariant algebraic curve 

0=),( yx .  

Let the cubic system (1.2) have at least one invariant straight line  

 (0,0).=),(,,,0,=  BACBAByAxC C  (1.3) 

Then by Definition 1.1, a straight line (1.3) is an invariant straight for system (1.1) 

if and only if the following identity holds  

WITH ONE INVARIANT STRAIGHT LINE  
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 ),,()(=),(),( yxKByAxCyxBQyxAP   (1.4) 

where 2

0211

2

20011000=),( ycxycxcycxccyxK   and 𝐴, 𝐵, 𝐶, 𝑐𝑖𝑗  are unknown complex 

coefficients. 

Identifying the coefficients of 𝑥𝑖𝑦𝑗  in (1.4), we find that 

0,=)()( 2011 BqcAcm   0,=)()( 111001 CcBdcAcc   

0,=)()( 1102 BncAcp   0,=)( 0201 CcBcbfA   

0,=)( 2010 CcgBAca   0,=0100 CcBcA   ,0=00Cc                      (1.5) 

0,=)( 20 sBAck   0,=)( 02 BlcrA  .0=1000 BCcAc   

The coefficients in (1.1) are real and the complex invariant straight lines occur in 

complex conjugated pairs 0=ByAxC   and 0.=yBxAC   According to [1] the cubic 

system (1.1) cannot have more than four nonhomogeneous invariant straight lines, i.e. 

invariant straight lines of the form  

(0,0).),(0,=1  BAByAx  

As homogeneous straight lines 0=ByAx  , the system (1.1) can have only the lines  

1=0,= 2  iiyx . 

The problem of the center was completely solved for cubic system (1.1) with four 

invariant straight lines [1], [2] and with three invariant straight lines [2], [3]. In [4] by 

using the method of Darboux integrability and the method of rational reversibility it was 

obtained the center conditions for cubic system (1.1) with two invariant straight lines. 

The goal of this paper is to obtain center conditions for a cubic differential system (1.1) 

with one invariant straight line by using the method of rational reversibility. 

 

2. Time-reversibility in cubic systems 

In this Section for cubic system (1.1) we find conditions under which the system 

can be brought to a system with an axis of symmetry.  

Definition 2.1. We say that system (1.1) is  time-reversible if its phase portrait is 

invariant under reflection with respect to a line and reversion of time.  

The classical condition is that the system is invariant under one or other of the 

transformations ),,(),,( tyxtyx   or ),,(),,( tyxtyx  . The first corresponds to 

reflection in the y -axis and the second to reflection in the x -axis. If the system (1.1) is 

time-reversible, for example, 0=x  is the axis of symmetry, then the origin is a center. 

An algorithm for finding all time-reversible systems within a given family of 2-dim 

systems of ODE's whose right-hand sides are polynomials was presented by Romanovski 

in [5]. The relation between time-reversibility and the center-focus problem was 

discussed by Teixeira in [6]. 

Suppose system (1.1) is not time-reversible. It is clear that (1.1) has a center at 

(0,0)O  if there exists a diffeomorphism  
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 (0,0),=(0,0))},,(=),,(={=,:  yxYyxXVU   

which brings system (1.1) to a system with the axis of symmetry. In particular, if ),( yx  

and ),( yx are rational functions, then we say that (1.1) is rationally reversible.  

In [7] Zoladek classified all rationally reversible cubic systems. An algorithm for 

checking whether it is possible to transform a given system to one which is time-

reversible by means of a bilinear transformation was described by Lloyd in [8]. This 

algorithm was applied to find the center conditions for some families of cubic systems. 

Consider the polynomial differential system  
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                                                 (2.1) 

The critical point at the origin is clearly monodromic (locally the trajectories 

encircle the critical point). However a change of coordinates ),,(),,( tYXtYX  leaves 

the system invariant. Clearly the 𝑌- axis is a line of symmetry for the trajectories. Close 

to the origin the trajectories must therefore be closed. 

In [4] by using the method of rational reversibility there were obtained the center 

conditions for cubic system (1.1) with two invariant straight lines. It was proved that the 

cubic system (1.1) by a rational transformation 
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where 0=2121  abba  and 1,2,3=,, jba jj R  can by brouthgt to the form (2.1) if and only 

if the following equalitites are satisfied  
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0=12

2

2

1 aa , 0=12

2

2

1 bb , 𝑎1𝑏1 + 𝑎2𝑏2 = 0 

in the coefficients of system (1.1) are the parameters 
321321 ,,,,, bbbaaa  of the 

transformation.  

The equations 0=12
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2

1 bb  of (2.3) admit the parametrizations 
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Taking into account (2.4) and the equation 𝑎1𝑏1 + 𝑎2𝑏2 = 0 of (2.3), two 

symmetric cases   1) ;
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will be considered in studying the consistency of the algebraic system (2.3). 

 

3. Reversible cubic systems with one invariant straight line 

Assume that 1221 =,= baba  and let .03 a  In this case from the equation  

0=)()( 3
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of (2.3) we find that  

.1)]/(1)()2(1)))(4((81)([= 32222232
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We have the following theorem. 

Theorem 3.1. The cubic differential system (1.1) is rationally reversible and has one 

invariant straight line if one of the following sets of conditions holds: 

(i) ;2=,2=0,=,=,2=),(=,3=,2= 2 bfpabkrbflbmdabqbcbg   
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1)],(1)(1)()]/[8)(617332

13858(760))(1294761818(287)()9339

1528(67))(5023314(65)41528428

334159219944(1389))(418511866464456

17522(1536))(12420421401068(157)

)(439136296112336(256))(31244

1024142(4))(454(1))(43[(2=

24224911

713515

317102

222812222

261422224

16222221822

2219202















uuuuuucfcd

bfbduucdbfbdcfuucfcd

bfbduucfcdbdbfusdfd

cbcbfuusfdfdc

bcbuudfdcbcbfu

usfdfdcbcbuufdfd

cbcbsuucfcdbfbdusfdfk

 

Dumitru Cozma, Angela Matei



26

 

)],1()1(128/[])24822892798848

55228323656(2))(60101661515272543(4

))(74787925418786896996(4))(36

4422479134(479))(641951964454204

4(158))(287433414(123))(21172

51274(32))(4454(1))(83[(2=

2243822

2279

6102222511

412222

231321422

2215162













uuuusfdfd

cbcbuuqcfcdbdbf

uufdfdcbcbsuuq

cfcdbfbduusfdfdcbc

buuqcfcdbdbfuufdfd

cbcbsuuqcfcdbfbdusfdfl

 

],1)(1)()]/[16)(88339715085778(4

))(4233913048(119))(74318139

4(6))(21917103242898(2356)47201324

1038492060264(4293))(34852122396

2508(453))(711586160240528(320)

)(39321024142(4))(578758501456

141654962(5088))(2454(1))(3(2[=

42242713

515317

911102

22261422

2241622222

18222281222

221920















uuuuucfcdbfbdq

uuqcfcdbfbduucfcdbfbd

quuqcfcdbfbdudfd

cbcbfuudfdcbc

bfuufdfdcbcbu

ufdfcbcbduufdfd

cbcbuuqcfcdbfbdufdfm

 

 

,]1)(1)()]/[64)(116159291721814(3773)

)(7678241315794(789))(521747599

4(265)36035234106120085641442(5112)

)(12271369378305135614674(144))(53

3961536214(48))(9639738084106

3884(306))(44512(1))(83[3(2=

22242795

11313

822226

1022222142

222412222

215162













uuuuuqcfcdbdbfu

uqcfcdbfbduuqcfcdbd

bfusfdfdcbcbu

ufdfdcbcbsuuf

dfdcbcbsuusfdfdc

bcbuuqcfcdbfbdusfdfn

 

 

1)],(1)(1)(]/[128)1206151566126

1802414932666164(76404))(282815414927

331118(61569))(242274023257557523012

234218(5910))(44154567427293078(13331

))(247136762394126081859262912(45984)

)(769252373545354(12747))(601598611

18574(763))(4222951194(237))(3612

25894621123283615214(24))(6049

61536214(24))(1201101978248348

7442(444))(44512(1))(83[3(2=

242443122

2221113

101422

22915

81622227

17519

3216182

2222222

222420222

223242





















uuuuusfdf

dcbcbuuqcfcd

bdbfuusfdfcbc

bduuqcfcdbfbd

uusfdfdcbcbu

uqcfcdbdbfuuqcfcd

bfbduuqcfcdbdbfuuf

dfdcbcbsuufdf

dcbcbsuusfdfdc

bcbuuqcfcdbfbdusfdfp

 

Center conditions for a cubic differential system with one invariant straight line



27

 

].)1()1(256/[])2010054538122291

12157(16))(56379094020010748922240224

44618(4))(75113847166279478(16))(200

830698011820808793927125618768())(4

123005471205238223(4))(882344182503112

6500189921082())(813314834711486(8)

)(2017875213115(8))(831151938(8

))(56116425258212006342(1691))(56

26729276782082(146))(7562820

4828(104))(4454(1))(83[(2=

4224413

1214222

211151016

2222917

81822

227195

21323

6202222422

2222224222

225262





















uuuuqcfcdbf

bduusfdfdcbc

buucfcdbfbdquus

fdfcbcbduuq

cfcdbfbduusfdfd

cbcbuuqcfcdbdbfu

uqcfcdbfbduuqcfcdbdbf

uusdfdcbcbfuus

fdfdcbcbuufdfdc

bcbsuuqcfcdbfbdusfdfr

 

Proof. We study the compatibility of (2.3) in three possible cases: 1,0  uu and 

0)1( uu . If 0u , then from the equations of (2.3) we obtain the set of conditions (i) 

and the equations of (1.5) give the invariant straight line 021  bx .  

If 1u , then from the equations of (2.3) we determine the set of conditions (ii) and 

the equations of (1.5) yield the invariant straight line 021  ay . 

Assume that 0)1( uu . In this case from (2.3) we get the set of conditions (iii) and 

the equations of (1.5) imply for system (1.1) the existence of the invariant straight line 

 )2)](2)(1(2)16)(2[( 222242 yyuuxcducuuuuufbufu  

.0)1)(1( 224  uu  

Theorem 3.1 is proved.  

Assume that 1221 =,= baba  and let .03 a  We have the following theorem 

Theorem 3.2. The cubic differential system (1.1) is rationally reversible if one of the 

following sets of conditions holds: 

(i) 0;======= qplkfda  

(ii) ;0======= qplkgcb  

(iii) ],1))]/[2(66(201)77)([(= 3253246  uuuubuuufda  

],1)()]/[2)(7(4)22(12)(1[= 2242536  uuuufduuubufc  

],1)()]/[4212(2))((7))(1[(= 2235246  uuuuubuufdufdg  

],1)(1)]/[25420(20)21414)(2[(= 2224826357  uuuuuukuuuusml  

],1)(1)]/[81)(6)((61)(81)6([3= 222224222224  uuuuusmuupuuukq  

],1)(1)]/[321)(143)(1)((31)1)(6)(3

1834(421)2054201)(6([3=

32322422224

243246824





uuuuuuumuuuuu

susupupuuuuuuuukn
 

.]1)(1)]/[32(1)(21)8148

(8)(11)6(21)42241)(6([=

323242246

822224246824





uuuusuuuu

upuuuumuuuuuukr
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Proof. We study the compatibility of (2.3) in three possible cases: 1,0  uu  and 

0)1( uu . We obtain the center conditions (i), (ii) and (iii), respectively. When one of 

these three sets of conditions holds the cubic system (1.1) has no invariant straight lines.  

Theorem 3.2 is proved.  
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