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ASUPRA UNUI CAZ DE STABILITATE A MISCARII NEPERTURBATE
GUVERNATE DE SISTEMUL CRITIC DIFERENTIAL TERNAR
CU NELINIARITATI PATRATICE

Rezumat. A fost determinata seria Lyapunov si conditiile de stabilitate a miscarii neperturbate guvernate

de sistemul critic diferential ternar cu neliniaritati patratice intr-un caz nesingular.
Cuvinte-cheie: Sistem diferential, stabilitatea miscarii neperturbate, comitanti si invatianti centro-afini,

grup.

1.  Introduction
We will consider the ternary differential system with quadratic nonlinearities

s3(1,2) of the form

dx
G oaxt by +cz +a; x* + a, y* + a3 z° + 2a,xy + 2asxz + 2a.yz,

d

d_}t] =px+qy+71z+by x*+ by y? + by z° + 2byxy + 2bsxz + 2bsyz, (1)
dz

= Sxtmy+nz+e x2 4+ ¢, y2 +c3 22 + 2c4xy + 2¢5x2 + 2¢4Y7Z,

and the center-affine group GL(3,R) given by transformations

X =ox+ay+ azz, a, a, as
y= Pix + By + B3z, <A= Bi B2 B3 ) (2)
Z =y1x + 12y + V732, Yi Y2 V3

The coefficients and variables in (1) and (2) are given over the field of real numbers R.
Let us write the system (1) in the tensorial form

dx’ ,

— = al,x® + afw xxf  (j,a, B =1,2,3), (3)
where a{;(ﬁ is a symmetric tensors in lower indices in which the total convolution is done.

Consider the non-singular invariant variety
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o) = af ag ahx0xtx"eg,, E O (4)

(€123 = —&132 = €312 = —&331 = &31 = —&23 = 1 and g, = 0 for the others pyv),
where g, is a center-affine comitant [1] for the system (3).

According to [1] and [2] under the condition (4) there exists a center-affine
transformation (2) such that the system (3) can be brought to the form

dx!

o= x? +algx“xF,

dx?

- = x3 +alzx*xP, (5)
dx3
- = aixt + a3x® + a3x® + afgxxF,

where the nonlinear part of (5) contains five nonzero coefficients.

Passing from system (3) to system (1), which represents the same system with
different notations of the coefficients and variables, we obtain that under the condition
(4) the system (1) by a center-affine transformation (2) can be brought to the form

dx 2 2 2
E=y+a1x +a, y°© +az z° + 2a4xy + 2asxz + 2a4yz,
dy 2 2 2
ik + by x° + by y“ + b3 z° + 2byxy + 2bsxz + 2bgyz, (6)
dz 2 2 2
E=5x+my+nz+c1x +Cy v+ 3 2% + 204Xy + 2¢5x7 + 2¢6yz.
In the case of tensor terms aiﬁ x%xP (j,a, B = 1,2,3) this system completely

coincides by the form with the system (5).

2. The critical system and Lyapunov stability
Let us write for system (6) the characteristic equation

-1 1 0
0 -1 1 [=0,
s m n-—A4
which is equivalent to the equation
AB—nA2—mi-s=0. (7)

From (7) we obtain
Lemma 1. The characteristic equation (7) of system (6) has one a zero root if and only if

s=0m=*0. (8)
Under conditions (8), the critical system (6) by a center-affine transformation
X=-mx—ny-+z y=y, Z=2z 9)
can be brought to form
dx

ke x% + a, y? + as z% + 2a4xy + 2asxz + 2a4yz,
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d

d—f = 24 by x% + by y2 + by 22 + 2byxy + 2bsxz + 2bgyz, (10)
dz _ 2 2 o g2

T my +nz+cy x“+c, y° +c3z2°+ 2c4xy + 2¢5xz + 2¢4yz.

We will examine the case when

a, + 0. (11)
According to [3] we analyze the non-critical equations
Z+ by x>+ b, y* + by 2% + 2b,yxy + 2bsxz + 2bgyz = 0, (12)
my +nz+c; x2 + ¢, y? + c3 22 + 2¢4xy + 2¢5x2 + 2¢6yz = 0.
From the first equation of (12) we express z and from the second one y. We obtain that

n c c c c c c
y=—ﬁz—ﬁ1x2—mzyz—ﬁzz—zm“xy—stxz—Zﬁyz, (13)
z = —by x?> — by y?> — by z2 — 2b,xy — 2bsxz — 2bgyz.
We shall seek y and z as a holomorphic functions of x:
y(x) = Ayx + Ayx? + Agx® + Ayx* + Asx® + Agx® + Ax7 + Agx® +
+A9X9 + A10x10 + -, (14)

z(x) = Byx + Byx? + B3x3 + Byx* + Bsx® + Bgx® + B;x7 + Bgx® +
+ng9 + B10x10 + ..,
Substituting (14) into (13) we obtain
Arx + Ayx? + Agx® + Ayx® + Asx® + Agx® + A;x7 + Agx® + Agx® + Apox!0 + - =

n
=——(Bix + B,x% + B3x® 4 Byx* + Bsx® + Bgx® 4+ Byx” + Bgx® + Box? +
+B1ox0 + ) —:n—l x* —% (Ax + Ayx? + Agx® + Agx™ + Asx® + Agx® + A7x7 +
+Agx® + Agx? + Apox™0 + )2 —%3 (B1x + Byx? + B3x® + Byx* + Bsx® +
+Bgx® + Byx” + Bgx® + Box® + Bygx1 + -+ )% — Z:n—4x(A1x + Ayx? 4+ Agx® +

c
ALY + Asx® + Agx® + A;x7 + Agx® + Agx® + Aypxl® + ) — 2= x(Byx +
m
+B,x% + B3x® + Byx* 4+ Bsx® + Bgx® + B;x” + Bgx® + Box? 4+ Byox1° 4+ -++) —
Ce 2 3 4 5 6 7 8 9
-2 - (Aix + Ayx® + Azx® + Ayx™ + Agx® + Agx® + A7x" + Agx® + Agx” +

+A;0x0 + ) (Byx + Byx? + Byx® + Byx* 4+ Bsx® + Bgx® + B;x7 + Bgx® +
+Byx® + Bygx10 + -++),
Bix + Bx? + B3x® + Byx* 4+ Bsx® + Bgx® + B;x” + Bgx® + Box® + Byox!0 + -+ =
= —b; x2 — by(A1x + Ayx? + A3x3 + Ayx* + Acx® + Agx® + A;x7 + Agx® +
+Ax% + Apoxt0 + )2 — by (Byx + Byx? + B3x® + Byx* + Bsx® + Bgx® +
Byx”7 + Bgx® + Box® + Bypx10 + ---)2 — 2byx(A1x + Ayx? + Agx3 + Aux* +
+Acx® + Agx® + Ayx” + Agx® + Agx® + Aypx1® + ) — 2bsx(Byx + Byx? +
+B3x3 + Byx* 4+ Bsx® + Bgx® + B;x7 + Bgx® + Bgx® + Bypx10 + -++) —
—2bg(A1x + Ayx? + A3x3 + Agx* + Agx® + Agx® + A;x7 + Agx® + Agx® +
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+A10x10 + "')(le + Bzxz + ngg + B4_x4 + BSxS + B6x6 + B7x7 + ngg +
+ng9 + Bloxlo + )
From here we find

1
Ay=B1=0, Ay=——(c+Bm), By=-bhy,
1
Ay = =— (2456, + 2ByCs + Byn), By = =2(A;by + Bybs),

A, = —%(A%cz + B2cy + 2A45¢4 + 2B5cs + 24,B,c6 + Byn),
B, = —A3b, — B2b; — 2A3b, — 2B3bs — 24, B, b,
As = —%[z,clegc2 + 2B,Bscs + 2A4¢4 + 2B4cs + 2(A3B, + A;Bs)cg + Bsn|,
Bs = —2[A,A3b, + ByBsbs + Ayby + Bybs + (A3B, + A;B3)bg],

1

A6 = —E [(A% + 2A2A4)C2 + (B% + 2B2B4_)C3 + 2A5C4_ + ZB5C5 +
+2(A4_B2 + A3B3 + AzB4_)C6 + B6n],

B = —(A3 + 24,A,)b, — (B3 + 2B,B,)bs — 2Ash, — 2Bshs —

_2(A4_B2 + A3B3 + AzB4)b6‘
1
A7 = —a [2(A3A4 + A2A5)C2 + 2(B3B4 + BzBS)C3 + 2A6C4 + ZB6C5 +
+2(ASBZ + A4B3 + A3B4 + AZBS)C6 + B77’l],
B7 = _2[(143144 + AzAs)bz + (B3B4_ + BzBs)b3 + A6b4_ + B6b5 +
+(AsB, + A4B3 + A3B, + A, Bs)bg],

1

A8 = _E [(Aézl_ + 2A3A5 + 2A2A6)C2 + (Bf + 23335 + ZBZB6)C3 + 2A7C4 + ZB7C5 +
+2(A6B2 + A5B3 + A4_B4_ + A3BS + AZB6)C6 + Bgn],

Bg = —(A3 + 2A35As + 24,A¢)b, — (B + 2B3Bs + 2B,B¢)b; — 2A;b, — 2B;bs —

—2(AgBy + AsB; + AyBy + A3Bs + A, Bg) b,
1
Ay = - [2(A44s + A3Ag + Ay A7) cy + 2(ByBs + B3Bg + B,B;)c3 + 2Agcy +
+ZB8C5 + 2(14732 + A6B3 + AsB4 + A4BS + A3B6 + AzB7)C6 + Bgn],
+Bgbs + (A;B; + AgB; + AsBy + AyBs + A3Bg + A,B;)bg],
1
Ay = _E[(Aé + 24,A¢ + 24345 + 2A,A5)c, + (B2 + 2B4Bg + 2B3B; +
+2B,Bg)c3 + 2A9c, + 2Bgcs + 2(AgB, + A;B; + AgB, + AcBs +
+A4B6 + A3B7 + AZB8)C6 + Blon],
By = —(A% + 2A,A¢ + 2A3A; + 24,Ag)b, — (B2 + 2B,Bg + 2B3B, +
+2B,Bg)b; — 2Agby 4+ 2Bgbs — 2(AgB, + A;B; + A¢By + AsBs +
+A4B¢ + A3B; + A,Bg)b, ... (15)
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Substituting (14) into the right-hand side of the critical differential equation (10) we
get
a; x? + a, y* + a; z% + 2a,xy + 2asxz + 2a,yz =
= C1x + Cyx% 4+ C3x3 + Cyx* + Csx® + Cox® + Cox7 + Cgx® + Cox® + Cypx'° + -+,
or in the unfolded form
a; x2 4+ ay (A1x + A,x% + A3x3 + Agx* + Acx® + Agx® + A;x7 + Agx® + Agx® +
+A4;0x + )2 + a3(B;x + Byx? + Byx3 + Byx* + Bsx® + Bex® + B,x7 +
+Bgx® 4+ Box? 4+ Bypx'0 + )2 4+ 2a,x(A;x + Ayx? + A3x3 + Ayx* + Acx® +
+Aex% + A;x” + Agx® + Agx® + Aypx1® + +++) + 2asx(Byx + Bx? + Byx3 +
+Byx* + Bsx® + Bgx® + B;x”7 + Bgx® + Box® + Bygx1% + ) +
+2ag(A1x + Ayx? + A3x3 + Agx* + Agx® + Agx® + A;x7 + Agx® +
+A9x% + A1pxt0 + - )(Byx + Byx? + B3x3 + Byx* + Bsx® + Bgx® + B;x7 +
+Bgx® 4+ Box® + Bygx!® + ) =
= C1x + Cpx? + C3x3 + Cyx* + Csx® + Cex® + Cox7 + Cgx® + Cox® + Cyox1° + -+
From this, it follows that
C, =0, C, = ay, C3 = 2(a44, + asB,),
C, = 2a,A3 + 2asB; + ayA% + 2a4A,B, + a3 B2,
Cs = 2[ayAy + asBy + ayA3A3 + ag(A,Bs + A3B,) + a3 By Bs],
Ce = 2a,As + 2asBs + ay (24,44 + A%) + 2a5(A;B, + A3B; + A4B,) +
+a;(2B,B, + B?),
C, = 2[asAg + asBg + ay (AyAs + A3A,) + ag(A,Bs + AsB, + A,Bs + AsB,) +
+a3(B;Bs + B3B,)],
Co = 2a,47 + 2a5B, + ay(24,A¢ + 24;As + A2) + 2a5(A,Bg + A3 Bs +
+A4By + AsB; + AgB,) + a3(2B,Bg + 2B3Bs + B2),
Cy = 2[asAg + asBg + a;(AyA7 + A3Ag + AyAs) + ag(A;B; + A3Bg +
+4,Bs + AsB, + AgBs + A;B,) + a3 (ByBy + B3Bg + ByBs)],
Cio = 2a4Aq + 2a5Bg + a,(24,Ag + 243A; + 2A,A¢ + A%) + 2a4(A,Bg + A3B; +
+A,Bg + AsBs + AgB, + A,Bs + AgB,) +
+a3(2B,Bg + 2B3B; + 2B,Bg + BY), ... (16)
We introduce the following notations:
A = ayc; + asbym — aybin;
B = —4aZasc, + 4ajcs + azaibym + ayaibym — 2a,asagh;m — 4azaib,m +
+4aZashsm + 4ajasbyn — 4aibsn;
C = 2ajaic, + 2a3c; — 2azatc, — 2a,a3atc, + 4ajasagsc, — 4atasce +
+a,azatasbym + adaibym — azajaghym — 3ayasatagh;m + 2atasa’bym +
+2a2aib,m + 2atashym — 4azajashym — 4ayasaib,m + 8aiatagh,m +
+2azatbsm + 2aya2aibsm — 4aiasagbsm — 4ajaibgm — 2a3aib,n — 2a3bsn +
+2asaibsn + 2a,a2albyn — 4ajasaghun + 4ajasben;
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D = aza3 + a,at — 2a,asaq;

E = 8ajasc, — 8a,aZasc, + 8ajagc, — 8ajcs + a,azaib;m + 5a5a2b;m —
—10a,asasagh;m + 4a2atbym + 12a2a2b,m + 4ajb;m — 4azaibym —
—20aya4aib,m + 24a%asagh,m + 8aya2ashsm — 8ajachsm — 16a;asbgm —
—8alash,n + 8a,a2ash,n — 8aiagh,n + 8ajben;

F = ajc, — a,aic, + a3asbym — aya,aghym + 3a2ash,m — 4a,a,asb,m +
+2aZaghym + ayaibsm — 2aibgm — ajb,n + ayaibyn;

G = a3b; + 4a2b, — 4aya.b,. (17)

Theorem 1. The stability of unperturbed motion in the system of perturbed motion (10),
when a, # 0 and m,n < 0, is described by one of the following possible cases:

l. a; # 0, then the unperturbed motion is unstable;

. a; = 0, A > 0, then the unperturbed motion is unstable;

1. a; = 0,4 <0, then the unperturbed motion is stable;

IV. a; =A=0, byB # 0, then the unperturbed motion is unstable;

V. a; =A= B=0,b; #0,C > 0, then the unperturbed motion is unstable;

VI. a,=A= B=0,b; #0,C <0, then the unperturbed motion is stable;

VII. ay=A= B=C=0,b;DE # 0, then the unperturbed motion is unstable;

VIIl. a=A= B=C=E=0,b;D+0,F >0, then the unperturbed motion is

unstable;

IX. a=A=B=C=E=0,bD+0,F <0, then the unperturbed motion is
stable;

X. a=A=B=C=E=F=0, byDG # 0, then the unperturbed motion is
unstable;

XI.  ay = by = A = 0, then the unperturbed motion is stable;
XIll. a; =A= B =C =D =0, then the unperturbed motion is stable;
XIl. ag=A= B=C=E=F =G =0, then the unperturbed motion is stable.

In the last three cases, the unperturbed motion belongs to some continuous series of
stabilized motion. Moreover, for sufficiently small perturbations, any perturbed
motion will asymptotically approach to one of the stabilized motions of the mentioned
series. The expressions for A,B,C, D, E,F, G are given in (17).

Proof. According to Lyapunov Theorem [3, §32], the coefficients of C; series from (16)
are analyzed.

If C, # 0, then we obtain the Case | of Theorem 1.

If C, =0, then a; = 0 and C; = —2m~*A. Then the stability or the instability of
unperturbed motion is determined by the sign of expression C;. By Lyapunov Theorem
[3, §32] we get the Cases Il and IlI.

Suppose that a; = A = 0. Then from (16) we haveC, = —a;2bym~'B. If b;B # 0,
then we get the Cases IV.
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Suppose that a; = by =A=0. Then C; =0 for all i. By Lyapunov Theorem
[3, §32] we obtain the Case XI.

Assume that a; = A =B =0 and let by # 0. Then from (16) it follows that
Cs = —az2b?>m~1C. The stability or the instability of unperturbed motion is determined
by the sign of expression C. According to Lyapunov Theorem [3, §32] we have the Cases
V and VI.

Assume that aj =A=B=C=0 and let by #0. Then (16) implies C; =
47 a;%p3m™IDE. If DE # 0, then we get the Cases VII.

Whena; =A=B=C=D=0and by #0, then C; =0 for all i. By Lyapunov
Theorem [3, §32] we obtain the Case XI|I.

Suppose thata; = A =B =C = E =0 and let byD # 0. Then from (16) it results
that C; = —271az8bhfm~1D?F. The stability or the instability of unperturbed motion is
determined by the sign of expression F. According to Lyapunov Theorem [3, §32] we get
the Cases VII and IX.

Assume thata; =A=B=C=E =F =0 and let b;D # 0. Then from (16) we
find that C; = 16 a1 D3G. If G # 0, then we get the Cases X.

When a; =A=B=C=E=F=0, then C;=0 for all i. By Lyapunov
Theorem [3, §32] we have the Case XIII. Theorem is proved.

Conclusions

In this paper the Lyapunov series for the ternary differential critical system with
quadratic nonlinearities was constructed. The invariant conditions for stability of
unperturbed motion were obtained and included in thirteen cases.
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