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Abstract. The present article characterizes the continuous open complete im-
ages of submetrizable spaces as the spaces with pseudo-base of countable order.
Some theorems about selections of set-valued mappings into submetrizable
spaces are obtained.
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Spatii submetrizabele si aplicatii deschise

Rezumat. In acest articol se caracterizeazi imaginile continue deschise si com-
plete a spatiilor submetrizabile ca spatii cu pseudo-baza de ordine numdrabil.
Sunt demonstrate unele teoreme despre selectiile pentru aplicatii cu valori com-
plete in spatii submetrizabile.

Cuvinte cheie: spatiu submetrizabil, aplicatie deschisa, set-valued aplicatie

multivoca.

1. INTRODUCTION

For notation and terminology the reader is referred to [12] and [22]]. Space is used here
to mean topological T;-space.

A pseudo-metric on a space M is a function d : M X M — R such that for any
X,¥,z € M the following holds:

(1) d(x,x) =0 (identity of indiscernibles);
(2) d(x,y) =d(y,x) (symmetry);
(3) d(x,z) <d(x,y) +d(y, z) (subadditivity or triangle inequality).

If d(x,y) = 0if and only if x = y, d is called a metric on M.

Any pseudometric is non-negative: d(x,y) > O for any x,y € M. Let d be a
pseudometric on a topological space M. For a point x € M and a real number r > 0 we
define the open ball of radius r about x as the set B(x,d,r) ={y € M : d(x,y) < r}. The
pseudometric d is continuous on M if the balls B(x, d, r) are open in the space M.
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A space X is called to be submetrizable if on X there exists a continuous metric. A
topological space is submetrizable if and only if it admits a continuous bijection onto a
metric space. Let C,,(X) be the space of continuous functions on the space X.

The density of X, denoted d(X), is defined by d(X) = min{|L| : |l C X, clx (L) = X}.
The pseudocharacter of a space X at a subset A, denoted by ¥ (A, X), is defined as the
smallest infinite cardinal number of the form |2|, where U is a family of open subsets
of X such that NU = A. If A = {x} is a singleton, then we put ¥ (x, X) = ¢ ({x}, X). The
pseudocharacter of a space X is defined to be y (X) = sup{(x, X) : x € X}. The superior
pseudocharacter of a space X is defined to be W(X) =sup{¥(A,X) : A C X,clxA = A}.
If ¥(X) = No, then the space X is called a perfect space. The diagonal number A(X) of a
space X is the pseudocharacter of the square X X X at its diagonal Ax = {(x,x) : x € X}.

The class of spaces with countable pseudocharacter is large and important. For exam-
ple, any 77-space with countable pseudocharacter is a Moscow space. A space X is called
Moscow if the closure of every open subset U of X is the union of a family of G s-subsets
of X (see [12l]). Moreover, it is wellknown that any topological group with countable
pseudocharacter is submetrizable.

In the works [5) 16 23] were obtained the following assertions.
Theorem 1.1. For any Tychonoff space X we have d(X) = A(Cp, (X)) =y (C,(X)).

Corollary 1.2. For any Tychonoff space X the following assertions are equivalent:

(1) X is a separable space.
(2) Cp(X) is a space of countable pseudocharacter.
(3) Cp(X) is a submetrizable space.

In [32] V. I. Ponomarev has proven that a space is a first countable space if and only
if it is an open continuous image of a metric space. Naturally arises the question: Is the
analogical theorem of Ponomarev’s theorem valid for spaces with countable pseudochar-
acters? The answer of this question is negative. In [24] [25]], in particular it was shown
the following fact.

Theorem 1.3. For any topological space X there exist a space Z and an open continuous
mapping g : Z — X of Z onto X with the next properties:

(1) Z is a paracompact submetrizable space.

(2) Z is union of a sequence of closed discrete subspaces.

(3) Z is a perfectly normal space.

So the following problem arises: To study the mappings that preserve the property of
being a spaces with countable pseudocharacter and to characterize the open continuous
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images of the submetrizable spaces via such mappings. In the present article this problem
has been solved. Various images of metric spaces and complete metric spaces have been
studied in [3\ 14} 191130, 32, 33]].

2. ON UNIFORMLY COMPLETE MAPPINGS

Let p be a continuous pseudometric on a space X. For every non-empty subset A
of X the number diam,(A) = sup{p(x,y) : x,y € A} is the p-diameter of the set A.
Consider that diam,, (@) = 0. There exists a set X/p, a metric d on X/p and a mapping
Pp : X — X/p such that d(p,(x), pp(y)) = p(x,y) for all x,y € X. The metric space
(X/p,d) is called the quotient space of the space X relatively to the pseudometric p.

Denote by wX the Wallman compactification of a space X.

Definition 2.1. A family 7 of subsets of a T\-space X is complete if there exists a G s-
subset Y of the Wallman compactification wX of the space X such that X C Y and any
subset F € F is closed in'Y.

Any family of compact subsets of a regular space is complete.

Proposition 2.1. Let g : X — Y be an open continuous mapping of a regular space X
onto a space Y and F = {g7'(y) : y € Y} be a complete family of subsets of the space X.
Then:

(1) y(Y) < ¢(X).
(2) y(g(x),Y) <w(x,X) forevery x € X.
(3) ¥ (x,X) = ¢(x,87'(g(x)) + ¥ (g(x),Y) for every point x € X.

Proof. There exists a sequence {H, : n € N} of open subsets of space wX such that
X c Z=n{H, : n € N} and any subset F' € F is closed in Z. We assume that H,,;; C H,
for every n € N.

Fix a point a € X. There exists a family U of open subsets of the space X with the
conditions:

-NU ={a} and |U| =¥ (a, X);

-forany U,V € U and n € N there exists W=w(U,V,n) € U suchthatclxW C UNV
and cl;W C H,,.

Weput V ={V =g(U) : U € U}. By construction |V| < |U|. We affirm that NV =
{g(a)}. Fix b € Y such that b # f(a).

By construction, & = {cl,x f(U) : U € U} is a centered family of closed subsets of
the compact space wX and N& C Z. The set F(b) = cl,xg~ ' (b) is a compact subset of
wXand F(b)NZ c X.
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By construction, £(b) = {F(b) Nclyx f(U) : U € U} is a family of closed subsets
of the compact space wX and N¢(b) = @. Since for any two sets A, B € £(b) there exists
C € £(b) suchthat C ¢ ANB. Therefore, there exists U € U suchthatcl ,xUNF (b) = @,
Ung~!(b) = and b ¢ g(U). Therefore NV = {g(a)}. Assertion 2is proved. Assertions

1 and 3 follow from assertion 2. [ ]

Corollary 2.1. Let g : X — Y be an open continuous mapping of a regular space X
onto a space Y and F = {g~'(y) : y € Y} be a family of compact subsets of the space Y.
Then:

(1) ¥(Y) < ¢(X).
(2) w(g(x),Y) <y(x,X) for any point x € X.
(3) ¥ (x,X) = ¢(x,87"(g(x)) + ¥ (g(x),Y) for any point x € X.

Definition 2.2. [11]. A family F of subsets of a T\-space X is said to be jointly metrizable
if there is a metric d on the set X such that d metrizes all subspaces of X which belong to

F, that is, the restriction of d to A generates the subspace topology on A for every A € F.

Definition 2.3. A family ¥ of subsets of a T\-space X is said to be jointly continuous
(complete) metrizable if there is a continuous metric d on the space X such that d
(complete) metrizes all subspaces of X which belong to F. A jointly continuous complete

metrizable family of subsets is called uniformly complete.
The spaces with metrizable familes of sets were studied in [9, 10} [11} 20} 21} [31} 30].

Proposition 2.2. Let F be a uniformly complete family of subspaces of the space X. Then
the family F is complete.

Proof. There exists a continuous metric d which complete metrizes all subspaces of X
which belong to F. Let (Y, p) be the metric completion of the metric space (X, d). The
mapping f : X — Y, where f(x) = x for each x € X, is a continuous injection: if
x,y € X, then d(x,y) = p(f(x), f(y)) and x = y provided f(x) = f(y).

Since Y is a metric space and any metric space is normal, then there exists a continuous
mapping g : wX — BY = wX such that g(x) = f(x) for each x € X. As a complete
metric space the space Y is a G s-subset of BY. Hence Z = g~!(Y) is a G s-subset of
wX and X € Z. Fix A € . Since (A,d) = (f(A), p) is a complete metric space,
then A = f(A) is a closed subset of the space Y, A is a closed subset of the space X
and g7'(A) N Z is a closed subspace of the space Z. Since A is a closed subspace of
the space X we have cl,xA = wA and cl,y f(A) = wf(A). Since f|A : A — f(A)
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is @ homeomorphism, g|cl,xA : clo,xA — clyy f(A) is a homeomorphism and A =

g '(f(A)) is a closed subset of the space Z. The proof is complete. [ ]

Definition 2.4. A mapping f : X — Y of a space X into a space Y is called:

- a complete mapping if the family { f~'(y) : y € Y} is a complete family of subspaces
of the space X;

- a uniformly complete mapping if the family { f~'(y) : y € Y} is a complete family of
subspaces of the space X.

3. ON PSEUDOCHARACTER OF RECTIFIABLE SPACES

A rectification on a space X is a homeomorphism ¢ : X X X — X X X with the
following two properties:

-p({x} x X) ={x} x X forevery x € X;

- there exists a point ¢ € X such that ¢(x,x) = (x, ¢) for every point x € X.

The point e € X is called the neutral element of the space X. A space with arectification
is called a rectifiable space. Every rectifiable space is homogeneous (see [7, (16} 17, [18]]).

A topological space S is rectifiable (see [16) 17, [18]) if and only if there are two
continuous mappings p,q : S X S — § such that for any x, y € S and some fixed e € S
the next identities hold: p(x, g(x,y)) = g(x, p(x,¥)) =y, g(x,x) =e.

Any rectifiable Tp-space is a Hausdorff space. Fix a point s € S. Then the mappings
Ps(x) = p(s,x) and Q,(x) = ¢(s,x) are homeomorphisms of the space S, P;! = Q,
QOs(e) = e and Ps(e) = s. Hence S is a homogeneous space and ¥ (S) = ¢(e, S).
Obviously, ¥ (S) < W(S) and ¥ (S) < A(S).

Any topological quasigroup is a rectifiable space..

Theorem 3.1. Let S be a rectifiable Ty-space. Then ¥ (e, S) =¥ (S) =P(S) = A(S).

Proof. Any rectifiable Ty-spac is a Hausdorff space. Fix a rectification ¢ : S X S —
S x § on a space S with the neutral point e € S.

Let U be a family of open subsets of S and NU = {e}. For any set U € U we put
V(U) = S x U and W(U) = ¢ 1 (V(U)). Since ¢(As) =S x {e} ¢ V(U) and ¢ is a
homeomorphism, we have Ag ¢ W(U) for any U € U and the sets V(U), W(U) are open
inSxS.

Since NU = {e} and N{V(U) : U € U} = S X {e}, we have N{W(U) : U € U} =
As. Therefore A(S) < ¢ (S). Obviously, ¥ (X) < W(S) and ¢ (S) < A(S). The proof is
complete. [ |
Example 3.1. Let M = R be the real numbers, Q be the rational numbers and Ty, =
{U:UisopeninR} U{A CcR: AN Q = @} be the topology on M. Then (M, Tys) is a
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topological space called the Michael line. The space M is a paracompact submetrizable
space with first axiom of countability and the set Q is closed and a non G s-subset of
M. The free topological group F (M) and the Abelian free topological group A(M) are
submetrizable groups. Any topological group is a rectifiable space. Since M is a closed
subspace of the free groups, the set Q is closed and is not a G s-subset in F(M) and
A(M). Hence, if G € {F(M),A(M)}, then ¢ (G) = A(G) = Ry, ¥(G) > Xp and G is a
submetrizable group.

4. SPACES WITH MONOTONICAL PSEUDO-BASES

Let X be a space.

Lety={y, ={U, : @ € A,;} : n € N} be a sequence of open families of X, and let 7
={m, : Aps1 — A, : n € N} be a sequence of mappings. A sequence @ = {a, : n € N}
is called a c-sequence if @, € A, and m,(a,+1) = @, for every n € N. A c-sequence
@ = {ay : n € N} is called an mc-sequence if N{U,,, : n € N} is nonempty.

Consider the following conditions:

(S1) U{Ug : p€ A,} = X foreachn € N.

(S2) U{Ug : B eyl (a)} =U, foralla € A, and n € N.

The sequence (y, ) = ({yn ={Uqp:a@ € Ay} :ne N} {n,: Apy1 > A, :neN})is
called an A-sieve on the space X.

Definition 4.1. A space X is called a space with a pseudo-base of countable order if there
exists an A-sieve (v, 1) = {yn={Uqa: @ € Ay} :n e N} {n, : Ayy1 — A, i n €N}
such that if @ = {a, : n € N} is a c-sequence, then N{U,, : n € N} is empty or a

singleton set.

Definition 4.2. A space X is called a space with a uniform pseudo-base if there exists an
A-sieve (y,n) = {yn={Uqs :a@ € A} : n e N}, {m,, : Ayy1 — Ay 2 n € N}) such that:
- any cover vy, is point-finite;

-ifa ={ay, : n € N} is a c-sequence, then N{U,,, : n € N} is empty or a singleton set.

Example 4.1. A base 8 of a space X is called a uniform base if for any open set V of
X and each point x € Vtheset {U € B : x € U,UV # @} is finite. The concept of a
uniform base was introduced by P. S. Alexandroff [1]]. A. V. Arhangel’skii has proved (see
[3L4]) that a space is an open continuous image with compact fibers of a metric space if
and only if X is a space with a uniform base. Any regular space with a uniform base is a
space with a uniform pseudo-base.

Example 4.4. Recall that a collection of sets is said to be perfectly decreasing if and
only if each of its elements properly includes an element of the collection. A base 8 of
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a space X is called a base of countable order if for any perfectly decreasing collection of
sets £ C B and any point x € N¢ the family ¢ is a base of X at the point x. The concept
of a uniform base was introduced by A. V. Arhangel’skii [2, 3] /4]. H.H. Wicke and J. M.
Worrell has proved (see [33]]) that a space is an open continuous image with a complete
family of fibers of a metric space if and only if X is a space with a base of countable
order. Any regular space with a base of countable order is a space with a pseudo-base of
countable order.

Fix a Tj-space X with a pseudo-base of countable order (y,n) = ({y, = {Uq : @ €
Ay} ineN}{n,: Ay — A, i neN}).

On any set A,, we consider the discrete topology. Denote by A the family of all mc-
sequences @ = (a, € Ay :neN). Ifa=(a, € Ay :neN)and 8= (8, € A, :n€N),
then we put p(a,B) = Z{27" : a,, # Bn,n € N}. Then (A, p) is a metric space. If
meNand u € Ay, thenweput V(u,m) ={a=(ap,:neN)e A :a,=u}. fa=
(an : n € N) € A, then {V(a,,n) : n € N} is a base of the point @ in A in the topology
T(p). The metric p is the Baire metric on the product of a sequence of discrete spaces.

For every point @ = (a, € A,, : n € N) € A we put f(@) =N(U,, : n €N).

Property 1. f : A — X is a single-valued mapping of the set A onto the space X.

Fix a point @ = (a,, € A, : n € N) € A. Since « is an mc-sequence, f(a) # @. Fix
x € f(a)and y € X \ {x}. The set U = X \ {x} is open in X. Then there exist an open
subset V of X and a natural number m € Nsuchthatx e Vc X Uand U,, "M C U
provided M € Aand M NV # @. Hence f(«) C U,,, C U and y ¢ f(a). Property 1 is
proved.

Let T'(p) be the topology on A generated by the metric p. On A consider the topology
T generated by the open base B = {U N f~1(V) : U € T(p),V is an open subset of X}.
Obviously, (A, T) is a Hausdorft space and p is a continuous metric on the space A.

Property 2. The mapping f : A — X is an open continuous mapping of the space A
onto the space X.

Since f~!(V) € B8 c T for any open subset V of the space X, the mapping f is
continuous. Let U be an open subset of A and @ = (@, € A, : n € N) € U. Then there
exist an open subset V of X and m € N such that V,, , N f~1(V) c U. Then f(V(a,n))
= U, and the set f(Vy., N f71(V)) = Uy, NV is open. Therefore, the set f(U) is open
in X as the union of open sets. Property 2 is proved.

Property 3. If a € X, then on f~'(a) the topologies T(p) and T coincide and the set
f~'(a) is complete metrizable by the metric p. Hence f is a uniformly complete mapping.

By construction, the topologies T(p) and T coincide on f~'(a). We put A, (a) =
{@ € A, : a € Uy}. In this case the set A(a) = f~'(a) = ANTI{A,(a) : n € N} is a
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closed subset of the space [1{A,, : n € N} with the Baire metric p. Hence (A(a), p) is a
complete metric space. Property 3 is proved.

Property 4. Assume that the cover vy, is point-finite for any n € N. Then the fibers
£ Y(x), x € X, are compact subsets of the space A.

In this case the sets A, (a), a € X, are finite, the space I1{A,,(a) : n € N} is compact
and f~!(a) is compact as a closed subset of the space I1{A, (a) : n € N}. Property 4 is
proved.

Property 5. If X is a T;-space and i € {2, 3, 3%}, then (A, T) is a T;-space too.

By construction, (A, T) is a subspace of the product of a metric space A and a T;-space
X. Property 5 is proved.

From properties 1 - 5 it follows the next two theorems.

Theorem 4.1. Let X be a space with a pseudo-base of countable order. Then there exist a
submetrizable space S and an open continuous uniformly complete mapping f : S — X
of the space S onto the space X. If the space X is regular or completely regular, then the

space S is regular or complete regular too.

Theorem 4.2. Let X be a space with a uniform pseudo-base. Then there exist a sub-
metrizable space S and an open continuous compact mapping f : S — X of the space
S onto the space X. If the space X is regular or completely regular, then the space S is

regular or complete regular too.

Theorem 4.3. Let X be a regular space with a pseudo-base of countable order and F be
a complete family of subsets of X. Then there exist a submetrizable space A, a continuous
pseudometric d on A and an open continuous uniformly complete mapping f : A — X
of the space A onto the space X such that for any F € F the subpace f~'(F) is complete
metrizable by the metric d. In particular, each subspace F € ¥ has a complete base of

countable order.

Proof. Fix a sequence {V,, : n € N} of open subsets of the Wallman compactification wX
such that X ¢ Z = N{V,, : n € N} and the set F is closed in the space Z for each F € F.
Since X is a regular space, on X there exists a pseudo-base of countable order (y, 1) =
{yn={Uq:a € Ay} :ne N}, {n, : Apy1 — A, : n € N}) such that:
(S3) U{Ug : B e myl (@)} =U{clxUp : B, (a)} =Uq forall @ € A, and n € N;
(S4HUy CclyxUy cVy,foralln e Nand a € A,,.
Fix a set F € ¥ and a c-sequence @ = {a, : n € N} such that FNU,, # @
for any n € N. Then, since F is a closed subset of Z, N{F N U,, : n € N} =
N{clyx(FNU,,) : n € N} is a singleton set {b} ¢ F and {FNU,, : n € N} is
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a base of the subspace F at the point b € F. Hence the subspace F has a complete base
of countable order (see [8]]).

Now we consider the space A = [[{A, : n € N} with the Baire metric d and the
open continuous projection f : A — X. In this case f~!(F) is complete metrizable by
the metric d as a closed subset of [[{4, : n € N} and f|f"'(F) : f'(F) — Fisa
continuous open mapping of (f~'(F), d) onto F. The proof is complete. [ ]

5. OPEN IMAGES OF SUBMETRIZABLE SPACES

Theorem 5.1. Let f : X — Y be an open continuous complete mapping of a regular
space X with a pseudo-base of countable order onto a space Y. ThenY is a space with a

pseudo-base of countable order.

Proof. Fix a sequence {V,, : n € N} of open subsets of the Wallman compactification
wX such that X ¢ Z =n{V, : n € N} and the set f~!(y) is closed in the space Z for each
pointy €Y.

Since X is a regular space, on X there exists a pseudo-base of countable order (y, 7) =
{yn={Uq:a € A,} :ne N}, {n, : Apy1 — A, : n € N}) such that:

(S3)u{Up : B € ()} = U{clxUg : B € m (@)} =U, forall € A, and n € N;

(84U, CclyxUy cVy, foralln e Nand a € A,,.

Fix apoint b € Y and a c-sequence @ = {a, : n € N} suchthat b € N{W,,, = f(U,,,) :
n € N},

Leta € X and f~'(f(a)) N Uy, # @ for each n € N. We affirm that f(a) = b.

The sets H(a) = clyx f~1(f(a)) and F,, = cl,xU,, are closed in a compact space wX
and F,1 C Fy, Fy N H(a) # @ foreachn € N. Hence F = N{F,, N H(a) : n e N} # .
Since F,, ¢ V, for each n € N, we have F c Z. Since f~'(f(a)) is a closed subset of
Zand H(a) N Z = f~'(f(a)), we have F C f~'(f(a)). Thena € N{U,, : n € N} =
N{clxU,, : n € N} = F and f(a) = b.

Therefore for any c-sequence @ = {a;, : n € N} we have:

- the set N{W,,, = f(U,,) : n € N} is empty or a singleton set;

- the set N{W,,, : n € N} is a singleton set if and only if the set N{U,,, : n € N} is a
singleton set;

-N{Wg, :n e N} = f(N{U,, :n € N}).

Therefore (f(y),7) = ({f(yn) = {Wa = f(Us) : @ € Ay} 1 n € N} {7y : Apyy —
A, : n € N}) is a pseudo-base of countable order of the space Y. [ |

Since any space with a G s-diagonal is a space with a pseudo-base of countable order,

from Theorem 5.1 it follows
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Corollary 5.1. Let f : X — Y be an open continuous complete mapping of a regular
space X with a G s-diagonal onto a space Y. Then Y is a space with a pseudo-base of

countable order.

Corollary 5.2. For a regular space X the following assertions are equivalent:

(1) X is a space with a pseudo-base of countable order.
(2) X is an open continuous complete image of some regular space with a G s-
diagonal.

(3) X is an open continuous complete image of some regular submetrizable space.

Theorem 5.2. Let f : X — Y be an open continuous uniformly complete mapping of a
submetrizable space X onto a space Y. Then Y is space with a pseudo-base of countable

order. If the mapping f is compact, then Y is a space with a uniform pseudo-base.

Proof. Assume that the mapping f is uniformly complete relatively to the continuous
metric d and T be the topology of the space X.

Since d is a continuous metric on X, on X there exists an A-sieve (y,n) = ({y, =
{Uy:a €Ay} :neN} {n,: A1 — A, n € N}) with the following properties:

1. Uy € T(d) and diam4(U,) < 27" foralln € Nand a € A,,.

2. vy ={Uqy : @ € A, } is an open locally finite cover of the metric space (X, d) for
eachn e N.

By construction, since d is a continuous metric, y, = {Uy : @ € A, } is an open locally
finite cover of the topological space X for each n € N.

Obviously, (v, 7r) is a uniform pseudo-base of the space X.

For any subset A of X the closures c¢/(x 7)A and cl(x 4)A are closed in X, cl(x 7)A C
clix,a)A and diamq(cl(x q)A) = diamy(A).

Fix a point b € Y and a c-sequence a = {a,, : n € N} suchthat b € N{W,, = f(U,,) :
n € N}

Leta € X and f~'(f(a)) N clix,ayUa, # @ for each n € N. We affirm that f(a) = b.

The sets H(a) = f~'(f(a)) and F,, = cl(x,a)Uaq, are closed in the space (X, d) and
Fn+1 C Fy, diamg(F,) < 27", F, N H(a) # @ for each n € N. Since (H(a),d) is a
complete metric space, F = N{F,, N H(a) : n € N} # @. Hence F = {a}. If f(a) # b,
thena ¢ f~1(b), f~1(b) is a closed subset of (X, d) and d(a, f~1(b)) = 2r > 0. Assume
that 27" < r. Then F, N f~'(b) = @ and b ¢ f(F,) and b ¢ f(U,,), a contradiction.
Hence f(a) = b.

Therefore for any c-sequence @ = {a, : n € N} we have:

- the set N{W,,, = f(U,,) : n € N} is empty or a singleton set;
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-thesetN{f(cl(x,aq)Uaq,) : n € N}isasingletonsetifand only if the setN{cl(x 4)Ua, :
n € N} is a singleton set;

-N{Wg, :n €N} C f(N{clx,a)Uaq, : n € N}).

Therefore (f(y),7) = ({f(yn) = {Wa = f(Us) : @ € Ay} 1 n € N} {7y : Apyy —
A, : n € N}) is a pseudo-base of countable order of the space Y.

If f is a compact mapping, then the covers f(y,) are point-finite and (f(y), ) is a
uniform pseudo-base. The proof is complete. [ |

Now let us mention the following assertion

Proposition 5.1. Any metacompact space with a pseudo-base of countable order is a

space with a uniform pseudo-base.

6. ON SET-VALUED MAPPINGS

We say that 6 : X — Y is a set-valued mapping of a space X into a space Y if 8(x)
is a closed non-empty subset of ¥ for any point x € X. If A € X and B C Y, then 6(A)
=U{f(x) :x € A}and 67'(B) = {x € X : 6(x) N B # @}. The set-valued mapping 6 is
called lower (upper) semi-continuous if for any open (closed) subset H of the space Y the
set 71 (H) is open (closed) in the space X.

Theorem 6.1. Let 8 : X — Y be a lower semi-continuous set-valued mapping of a
paracompact k-space X into a submetrizable space Y and for any compact subset F
of X there exist a compact subset e(F) such that 0(F) C e(F). Then there exists an
upper semi-continuous mapping g : X — Y and a lower semi-continuous mapping
f : X — Y such that:

(1) The sets g(x) and f(x) are non-empty compact subsets of Y and f(x) C g(x) C
6(x) for each point x € X.
(2) If dimX =0, then [ = g is a continuous single-valued mapping.

Proof. Assume that d is a continuous metric on Y. For any point x € X the set 6(x) is
closedinY, e({x}) isacompact subset of Y and 6(x) C e({x}). Hence 6(x) is a metrizable
compact subset of ¥ for any point x € X. In particular, the family ¥ = {6(x);x € X}
is uniformly complete relatively to the continuous metric d. Let T be the topology of
the space Y. By virtue of the E. Michael’s selection theorems [28], 29] there exist an
upper semi-continuous mapping g : X — (¥, d) and a lower semi-continuous mapping
f: X — (Y,d) such that:

1. The sets g(x) and f(x) are non-empty compact subsets of Y and f(x) C g(x) C 8(x)
for each point x € X.
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2. If dimX =0, then f = g is a continuous single-valued mapping of the space X into
the space (Y, d).

Fix a compact subset F' of X. Then the topologies T and T'(d) coincide on the compact
set e(F). Hence the restrictions g|F and f|F are respectively upper and lower semi-
continuous mappings of F into (Y, T). Since X is a k-space, the mappings g and f are

respectively upper and lower semi-continuous of X into (¥, T). The proof is complete. m

Theorem 6.2. Let 8 : X — Y be a lower semi-continuous mapping of a paracompact
k-space X into a locally convex linear space Y of countable pseudocharacter. Assume
that for any point x € X the set 6(x) is convex and for any compact subset F of X there
exist a compact subset e(F) such that 0(F) C e(F). Then there exists a single-valued
continuous mapping g : X — Y such that g(x) € 0(x) for each point x € X.

Proof. For any point x € X the set 6(x) is closed in Y, e({x}) is a compact subset of Y
and 0(x) C e({x}). Hence 6(x) is a compact convex subset of Y for any point x € X.

fAcY,BcYandC Cc R, thenA+B={x+y:x€ A, ye BlandC A=
{t - x:x € A,t € C}. There exists a sequence {U, : n € N} of open convex subsets
of the space Y such that U,y + Upy1 + Upyp C 272y, c U, = =U,, for each n € N and
N{U, : n € N} = {0}.

For any n € N we define the Minkowski functional p,, : ¥ — [0, o), defined
by pu(y) = inf{r € [0,00) : y € r-Uyn}. Let gu(y) = min{l,p,(y)} and gq(y) =
>{27"q,(y) : n € N} for each y € Y. From the properties of the Minkowski functionals
and constructions follows the next properties:

-pn(u+v) < pp(u)+p,(v)and g(u+v) < g(u)+¢q(v) foreachn € Nand allu,v € Y;

- q(y) =0if and only if y = 0;

-if n € Nand y € Uy, then gus1(y) = pre1(y) < 1, gu(y) = pa(y) < 272 and
g(y) <27

Hence d(u,v) = g(u — v), u,v € Y, is an invariant continuous metric on the space Y
and 7T'(d) is a locally convex topology on the linear space Y. Therefore 8 : X — (Y, d)
is a lower semi-continuous compact and convex-valued mapping of the paracompact
space X into a metrizable locally convex topological linear space (Y, d). By virtue of
E. Michael’s selection theorem [26, [27], there exists a single-valued continuous mapping
g : X — (Y,d) asuch that g(x) € 6(x) for each point x € X. Since X is a k-space
and the restriction g|F : F — e(F) is continuous for any compact subset F of X, the
mapping g : X — (Y, T) is continuous too. The proof is complete. [ |

For regular spaces Theorem 6.1 follows from the next theorem.
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Theorem 6.3. Let 0 : X — Y be a lower semi-continuous mapping of a paracompact
k-space X into a regular space Y with a pseudo-base of countable order. Assume that for
any compact subset F of X there exist a compact subset e(F) suchthat 8(F) C e(F). Then
there exist an upper semi-continuous mapping g : X — Y and a lower semi-continuous

mapping f : X — Y such that:

(1) The sets g(x) and f(x) are non-empty compact subsets of Y and f(x) C g(x) C
6(x) for each point x € X.
(2) If dimX =0, then f = g is a continuous single-valued mapping.

Proof. For any point x € X the set 8(x) is closed in Y, e({x}) is a compact subset of
Y and 6(x) C e({x}). Hence 6(x) is a compact subset of Y for any point x € X. Hence
F ={F CY:Fisacompact subset of Y} is a complete family of subsets of the space Y
and 0(x) € ¥ for each point x € X.

By virtue of Theorem 4.7, there exist a submetrizable space A, a continuous metric d
on A and an open continuous uniformly complete mapping # : A — Y of the space A
onto the space Y such that for any F € ¥ the subspace 4~!(F) is complete metrizable by
the metric d. Let T be the regular topology on the space A.

Consider the set-valued mapping ® : X — A, where @(x) = h~'(0(x)) for each
x € X. Since the mapping % is open, the mapping © is lower semi-continuous and the
images ©(x) are complete metrizable by the metric d.

By virtue of the E. Michael’s selection theorems [28| 29]] there exist an upper semi-
continuous mapping G : X — (A, d) and a lower semi-continuous mapping ® : X —
(A, d) such that:

1. The sets G(x) and ®(x) are non-empty compact subsets of (A, d) and ®(x) C
G(x) c O(x) for each point x € X.

2. If dimX = 0, then ® = G is a continuous single-valued mapping of the space X into
the space (A, d).

Fix a compact subset F' of X. Then the topologies T and T'(d) coincide on the compact
set h~'(e(F)). Hence the restrictions G|F and ®|F are respectively upper and lower
semi-continuous mappings of F into (A, T). Since X is a k-space, the mappings G and
@ are respectively upper and lower semi-continuous mappings of X into (A, T). Now we
put g(x) = h(G(x)) and f(x) = h(P(x)). The proof is complete. [ |

Similarly, with the respective results from [[13] (14} [15]], we can prove other results for

selections. Let us mention the following theorem.

Theorem 6.4. Let 0 : X — Y be a lower semi-continuous mapping of a paracompact

k-space X into a regular space Y with a pseudo-base of countable order. Assume that
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dimX = m, m € N, and for any compact subset F of X there exist a compact subset e(F)
such that 0(F) C e(F). Then there exists an upper semi-continuous mapping g : X — Y
such that g(x) C 8(x) and |g(x)| < m + 1 for each point x € X.

Example 6.5. Let Y = {0} U {27" : nN} be a compact subset of the reals in the usual
topology. In the article [19] was constructed a space S and an open continuous mapping
g : S —> Y such that:

- dimS = 0 and any compact subset of § is finite;

- the fibers g1 (y), y € Y are finite.

Hence the space S is submetrizable, Y is a k-space as a compact space and g is a
uniformly complete mapping. If f : ¥ — S is a mapping and f(y) € g~!(y) for each
y € Y, then the mapping f is not continuous. Thus, in the previous Theorems 6.1 - 6.4,

the requirement that the image of a compact set is contained in a compact set is essential.
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