Acta et Commentationes, Exact and Natural Sciences ISSN: 2537-6284
Volume 10(2), 2020, Pages 54-67 E-ISSN: 2587-3644
DOI: 10.36120/2587-3644.v10i2.54-67

On integrability of homogeneous rational equations

DumritrRu CozMA AND ANGELA MATEI

Abstract. We study the integrability of homogeneous rational linear and homo-
geneous rational quadratic differential equations. We prove that these equations
can be integrated by using their algebraic solutions which are invariant straight
lines.
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Integrabilitatea ecuatiilor diferentiale rationale omogene

Rezumat. Se studiazi integrabilitatea ecuatiilor diferentiale rationare liniare
omogene si rationare pdtratice omogene. Se demonstreazd cd aceste ecuatii
pot fi integrate folosind solutiile algebrice ale ecuatiilor care reprezinta drepte
invariante.

Cuvinte cheie: ecuatii diferentiale omogene, solutii algebrice, integrabilitate.

1. ALGEBRAIC SOLUTIONS AND DARBOUX METHOD OF INTEGRABILITY

In this paper we deals with rational ordinary differential equations

dy _Q(x,y)
dx  P(x,y)’

where P(x,y) and Q(x, y) are real and coprime polynomials in the variables x and y. We

)

associate to this rational equation a planar polynomial differential system

dx 'y

d
E:P(x9y)’ E:Q(x’y) (2)

by introducing an independent variable ¢ usually called time, where (x, y) € R2.

We define C[x, y] as the ring of polynomials in two variables with complex coefficients
and denote by n = max{degP, deg(Q}. One of the most evident questions to ask is whether
the solutions to (2)) would be algebraic [1]. By this we mean whether trajectories of (2)) can

be described by an algebraic formula, for example, ® (x, y) = 0, where ® is a polynomial.
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Definition 1.1. An algebraic curve ® (x,y) = 0 is an invariant algebraic curve of a
polynomial system (2) (a differential equation (1)), if there exists a polynomial K (x,y)
such that

o) 0P
P(x’y)a-"Q(x’y)a_yE(I)(x7y)K(x9y)' (3)

The polynomial K (x, y) is called the cofactor of the invariant algebraic curve ® (x, y) = 0.
We will always assume that ®(x, y) is an irreducible polynomial in C[x, y].

Definition 1.2. We say that the invariant algebraic curve ® (x,y) = 0 is an algebraic
solution of @) if and only if @ (x,y) is an irreducible polynomial in C [X,y] .

We define the notion of an exponential factor, described in [2]], as degenerate algebraic
curve”. Exponential factors appear from the coalescence of invariant algebraic curves. If
we have a differential system (2) with an exponential factor of the form exp(g/h), then
there is a 1-parameter perturbation of (2), given by a small &, with two invariant algebraic

curves h=0and h+ g = 0.

Definition 1.3. Let h, g be two coprime polynomials. The function R(x,y) = exp(g/h)
is called an exponential factor for system (2) (equation (1)) if for some polynomial
Kr (x,y) € Clx, y] of degree at most n — 1 the following identity holds

OR OR
P(x,y)§+Q(x,y)$ER(x,y)KR(x,y). (4)

Invariant algebraic curves and exponential factors can be used in order to find a first

integral for the differential system.

Definition 1.4. We say that system (2)) is integrable on an open set D of R? if there exists a
nonconstant analytic function F : D — R which is constant on all solution curves (x,y)
in D, that is F (x,y) = C, where the solutions are defined. Such an F is called a first
integral of the system on D.

Theorem 1.1. The function F(x,y) is a first integral of @) on D if and only if
oF oF
P(x,y) 5= +Q(x,y) —— =0. S
0 ay

X

Definition 1.5. An integrating factor for a system (2) (an equation (1)) on some open set
D of R? is a C' function u = u(x, y) defined on D, not identically zero on D such that

a—P+a—Q)EO.

ox dy ©)

0 0
P(x,y)a—;l+Q(x,y)£+ﬂ(
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Integrating factors turn inexact differential equations into exact ones. The question is,
how do we find an integrating factor? In 1878, Darboux published his paper [3]] in which
he gives a method of integration of differential equations by using invariant algebraic

curves. Darboux’s idea consists in searching for a first integral or an integrating factor in

the form
a [e% Q,
DD, (7)
where ®@; =0, ...,®, = 0 are invariant algebraic curves and exponential factors of (2]

inClx,ylanda; €C, j=1,...,q.

Definition 1.6. A first integral (an integrating factor) of differential system (2)) (differential
equation (1)) of the form (7) is called a Darboux first integral (a Darboux integrating
factor).

We notice that the study of invariant algebraic curves let us better understand the

integrability of differential equations [4} 15].

Theorem 1.2. The system (2)) (equation (1)) has a Darboux first integral of the form

if and only if there exists constants aj € C, j = 1,..., q not all identically zero such that

a1Ki(x,y) + Ko (x, ) + -+ -+ @gKq(x, y) = 0. 8)

Theorem 1.3. The system (2)) (equation (1)) has a Darboux integrating factor of the form
(@ if and only if there exists constants aj € C, j = 1,...,q such that
oP 00

a1Ki(x,y) + aaKa(x,y) + -+ agKy(x,y) + ™ + (?_y =0. 9)

The integrability of differential equation (1) with P(x,y) = x(a1x + b1y + ¢1) and
Q(x,y) = y(axx + by + c2), i.e. when (2) is the quadratic Lotka-Volterra differential
system, was studied in [6} [7, |8] by determining algebraic solutions. So in [7, |8] it was
obtained the first integrals and the integrating factors of (2 by using invariant straight
lines and irreducible invariant conics, and in [6] it was found the first integrals and the
integrating factors of (2) by using irreducible invariant cubics.

The integrability of Iacobi differential equation (I)) with P(x,y) = ajx + byy + ¢ +
x(asx+bsy+c3) and Q(x,y) = arx+bry+cy+y(aszx+bsy+c3), was studied in [9} [10]
by determining algebraic solutions of the first degree.

In this paper we study the integrability of differential equation (I)) when P(x,y) and
Q(x, y) are homogeneous polynomials of degree one (called homogeneous rational linear
differential equation) and of degree two (called homogeneous rational quadratic differ-
ential equation). We prove that such type of differential equations can be integrated by

using their algebraic solutions which are invariant straight lines.
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2. HOMOGENEOUS RATIONAL LINEAR DIFFERENTIAL EQUATIONS WITH

INTEGRATING FACTORS

Let us consider the homogeneous differential equation

d +b
& _arrny (10)
dx ax+bpy
where a1, by, a;, b, are real coefficients. It is known that by substitution [[11]]
y=x-t(x), y=t+x-t
the equation can be reduced to an equation with separable variables
d. + b1t)dt
ax _ (a 1) (11)

x  as+(by—ay)t—bir?

Investigating the possible cases, depending on the coefficients of (I0)), we can integrate
the equation (1)) and obtain the general solution (the first integral) of (10).

In [12] it was proved that if b, # a, then the equation (I0) has an integrating factor of

the form 1

H = .
axx? + (by —ap) xy — b1y?
In this paper we show that the integrating factors of (I0) can be constructed from

(12)

algebraic solutions of the equation (10).

Theorem 2.1. Let by # 0. Then the equation (10) has an integrating factor
B 1

(v = kix) (v = kox)

composed of two invariant straight lines y = k1x, y = kox, where k1, ky are the solutions

u (13)

of the equation
bik*>+ (a; = by) k —ap = 0. (14)

Proof. We are looking for algebraic solutions of the equation (10) in the form of straight
lines y = kx, where k is a constant. Substituting in (I0) y = kx, we obtain the quadratic
equation (T4)) with respect to k.

Denote by A = (a; — b2)2 +4ayb; the discriminant of (I4)). The straight lines are real
if A > 0 and complex conjugated if A < 0. When A = 0, we have the straight line

byx —ayx —2b1y =0. (15)
Let us show that the function (13)) is an integrating factor for (I0). By [13], the function

(T3) is an integrating factor for (I0) if the following relation is satisfied

a_P+a_Q):O

16
ox 0y (16)

0 0
P(x,y)a—;l +Q(x,y)a—l; +u (
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with P(x,y) = ajx + b1y and Q(x, y) = arx + byy. The equation yields
(ki +ko)az+kika(br—ap)]=2xy(az+bikika) +y*[a1—ba+bi (ki +k2)] = 0. (17)
As ky, k; are the solutions of the equation (14), then by Vieta’s formulas we have
ay = =bikiky, by=a;+bi(k +ky).

Substituting this in the equation (I7) we obtain an identity. It was proved that the
function (I3)) is an integrating factor for the equation (I0). o

3. HOMOGENEOUS RATIONAL QUADRATIC DIFFERENTIAL EQUATIONS WITH

INTEGRATING FACTORS

Let us consider the homogeneous differential equation

dy _ box + buixy + bpy®

_ , 18
dx  arx?+aixy +agy? (18)

where a;;, b;; are real coefficients. Assume that (by, bi1, bo2) # 0, (ay, ai1, ap2) #0
and the right hand side of (I8) is not reducible. It is known that by substitution

y=x-t(x), y=t+x-1

the equation (I8) can be reduced to an equation with separable variables

@ _ (b20 + blll + b()zl‘z)dt (19)
X a20+(a” _bZO)t"'(a02_b11)l‘2—b02[3.

Investigating the possible cases, depending on the coefficients of (I8)), we can try to
integrate the equation (19) and obtain the first integral of (T8).
In [[14] it was proved that if axg # b1, then the equation has an integrating factor

of the form |

u= -
boox? + (b11 = azo) ¥2y + (boz — a11) xy* — apzy?
In this paper we show that the integrating factors of (I8) can be constructed from

(20)

algebraic solutions of this equation.

Theorem 3.1. Let agy # 0. Then the equation (18) has an integrating factor
3 1

(= k) (= kox) (v = k)

composed of three invariant straight lines y = kix, y = kox, y = kax, where ky, ky and

H 1)

ks are the solutions of the equation

ank? + (a1 — b))k + (azo — b11)k — bao = 0. (22)
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Proof. We are looking for algebraic solutions of the equation (18] in the form of straight
lines y = kx, where k is a constant. Substituting in (I8]) y = kx, we obtain the equation

_ boy + b1k + b02k2

ajo + a“k + a02k2

with respect to k which implies the cubic equation (22). Denote by
A =4by(an - bea)’ + (a1 = boz)*(az0 — b11)* — dagz(azo — bir)*+

—18amba (a11 — bo) (azo — b1) — 27a%,b3,

the discriminant of (22)).

If A > 0, then @]) has three real and distinct invariant straight lines; if A < 0, then
(T8) has one real straight line and two complex conjugated straight lines; if A = 0 and
k1 = ko, then (I8) has two real invariant straight lines; if A = 0 and k3 = k2 = ky, then
the equation (18)) has a real invariant straight line of multiplicity three.

Let us show that the function (21)) is an integrating factor for (I8)). By Definition[I.5]
the function (21)) is an integrating factor of (18)) if the following relation is satisfied
or | a_Q) 0

23
ox 0dy 23)

ou ou
Plx,y) = +0(x,y)-— +pu
ox 0y
with P (x,y) = axx> + ajxy + agpy? and Q (x, y) = baox? + byixy + boy>.
Identifying the coefficient of the monomials x’y/ in (23), we obtain an algebraic system
of five equations {U[j =0, i+j= 4} for the unknowns ki, k, and k3 :

kikaks(azo — bi1) — bao(kika + k1ks + kak3) =0,
kikoks(air — boz) + bao (k1 + ka2 + k3) =0,

ax) — by —app(kika + kik3 + kak3) =0,

ayr — bz +ap2 (ki + ka2 + k3) =0,

(b11 — ax) (k1 + ko + k3) + (boa — ar1) (kika + k1k3 + kok3)+
+3a02k1k2k3 - 3[920 =0.

(24)

Let k1, k> and k3 be the solutions of (22). Then by Vieta’s formulas we obtain that

boy = ay +ap (ki +ka +k3),
b1 =ax —an(kiky + kiks + kaks), (25)
by = amkikaks.

Substituting (25)) in (24) we obtain that U;; = 0. The function (1) is an integrating
factor for the equation (I8). m|
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4. ON INTEGRABILITY OF HOMOGENEOUS RATIONAL LINEAR DIFFERENTIAL

EQUATIONS

Let us consider the homogeneous differential equation
d ax +b
& _Lrr iy (26)
dx aix+byy
where ay, by, aa, by are real coefficients. We choose the algebraic solutions of (26) as
straight lines of the form y = kx, where k is a constant. Substituting y = kx in (26) we

obtain a quadratic equation with respect to k :
bik>+ (ay —b2) k—a =0. (27)

Suppose that b; # 0 and denote by A = (a; — b2)2 + 4a, b, the discriminant of this

equation.

Theorem 4.1. Let A > 0. Then the equation has two real solutions ki, ko and the

equation (26) has two invariant straight lines
mx —ajx+byx —2b;y =0, mx+ax —byx+2b;y=0.

The equation (20)) has a first integral

(mx — a1x + byx — 2byy)“1+b2tm
)a1+b2—m

=C, (28)
(mx+ajx — byx +2byy

where m = \/4a2b1 + (by — a1)? and C is an arbitrary constant.

Proof. According to Definition [I.T] the lines
O =mx—-—ax+byx—-2b1y=0, ® =mx+ax —byx+2b;y=0

are invariant straight lines with cofactors

aj+br,—m ar+br,+m
%’ Kz(x,y)=%.

By Theorem [I.2] the differential equation (26) has a Darboux first integral of the form

KI(X,Y) =

Q" ® =C (29)
if and only if there exist constants a; and a; such that
ai(ay+ by —m) +az(ay + by +m) =0.
The last identity implies

a1:a1+b2+m, a'2=—a1—b2+m.
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Substituting @; and a; in (29) we obtain the first integral (28). Theorem [.1] is
proved. |

Theorem 4.2. Let A < 0. Then the equation has two complex conjugate solutions
ki = a+iB, ko = a — i and the equation (20) has two complex conjugate invariant

straight lines
(a1 — by —im)x+2b1y =0, (a1 — by +im)x +2b1y = 0.
The equation (26) has a complex first integral

(a1x — bax +2byy — imx)@1+batim

(a1x — box +2byy + imx)“+b2=im —

where m = \/—4a2b1 —(by - a1)2 and C is an arbitrary constant.

Proof. Theorem can be proved similarly as was proved Theorem Using the

well-known formula from complex analysis

FF = [Ref)? + (Im )" - exp (~2ImAd - arg(Ref + - Imf))
4 ) 2,ImAa ;
== [(Ref)” + (Imf)“]  -exp(2Red - arg(Ref +i - Imf)),
f

we obtain the first integral of (26) in the real form

2.2 ayx —bax+2b1y\

((alx —box + 2191)7)2 +mx )mexp (2(a1 + by) - arctg C

mx

or

. Nt
(4191)’ +4by (a; — by) xy —4brarx ) .

aix —byx+2byy

=C. (30)

exp|2(a; + by) - arctg
—a%x2 +2a1byx? — b%x2 —4arbx?
The last first integral can be written as
a;+ by aix —byx+2by

arctg +

1
+5In |4bTy* +4by (a1 - by) xy — 4b1axx*| = C, (31)

where C is an arbitrary constant. O
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Theorem 4.3. Let A = 0. Then equation has a real solution k = (a; — by) /(2b1)

and the differential equation (20) has one real invariant straight line
byx —ayx —2b1y =0.
The equation (26)) has the first integral
(bax — arx — 2by y)e* (@) (brx-arx=2b1y) _ ¢ (32)
where C is an arbitrary constant.

Proof. According to Definition @ the line ®; = byx — ajx — 2b;y = 0 is an invariant
straight line for (26) with cofactor K (x,y) = %}72 It is easy to verify that the function

®, = e*(a1+h2)[ (brx—a1x-2b1y)

satisfies relation (@) with cofactor K5 (x,y) = —%bz and @, is an exponential factor for
(26). By Theorem [I.2] the differential equation (26)) has a Darboux first integral of the
form

(D;" d>§'2 =C (33)
if and only if there exist constants a; and a» such that

(3] (611 +b2) — (1/2((11 + bz) =0.

The last identity implies @; = @, = 1. Substituting @1, ®, and @1, a; in we
obtain the first integral (32)). Theorem {.3]is proved. o

5. ON INTEGRABILITY OF HOMOGENEOUS RATIONAL QUADRATIC DIFFERENTIAL

EQUATIONS

We consider the homogeneous rational differential equation

dy _ box* + buxy + bpy®

_ , 34
dx  axx?+ajxy + agy? 34

where a;;, b;; are real coefficients. Assume that (by, b11, bo2) # 0, (ay, air, an) #0
and the right hand side of (34) is not reducible.
We choose the algebraic solutions of (34) as straight lines of the form y = kx, where

k is a constant. Substituting y = kx in (34) we obtain a cubic equation with respect to k :
aonk® + (a1 — boo)k* + (azo — b11)k — byg = 0. (35)
Suppose that ap; # 0 and denote by A the discriminant of this equation

A = 4byo(ars — boa)* + (@11 — boa)?(az0 — b11)? — dap (azo — b11)* -
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~18agabag (ar1 — boz) (ax — bir) — 27ag,b3.
Let k1, k2 and k3 be the solutions of (33). Then by Vieta’s formulas we can write

boy = ar +ap (ki +ka +k3),
b1 = axy — aoa (kiky + k1ks + kaks) , (36)
boo = ankikaks.

Theorem 5.1. Let A=al, (k| — k2)* (k| — k3)*(ky — k3)* > 0. Then the equation
has three real solutions k1, k, k3 and the equation (34) has three invariant straight lines
y = kix, y = kox, y = k3x. The equation has a first integral

(v = k)" (y = ko)™ (y = kax)™ = €, (37)
where the exponents in look as

hi = (ky — k3) (ao2k? + ariky +ax)
hy = (k3 — k1) (aook? + aii1ks + ax) (38)
hy = (k1 — k2) (ao2k3 + ar1ks + ax) .

Proof. Let ki, k, and k3 be distinct real solutions of (33). By Definition [I.1] the lines
O =y—kix=0, ®y=y—kyx=0, D3=y—kzx=0
are invariant straight lines with cofactors

Ky (x,y) =x (a0 — anck2ks) + y(an +an(k, + k3)),
Ks (x,y) = x (az0 — aook1ks) + y(an +aea(ky +k3)),
K3 (x,y) = x (a20 — aonk1k2) + y(an +aoa(k; + k2)).
By Theorem|[[.2] the differential equation (34)) has a Darboux first integral of the form

hy g ho b
¢>1‘(I>22<D33 =C 39)
if and only if there exist constants /1, A and h3 such that
hiKy (x,y) + haKs (x,y) + h3K3 (x,y) = 0.
The last identity implies

hy = (kz — k3) (aozk% +ark +azo),

hy = (k3 — k1) (aozkg +ayks +azo) ,

h3 = (k1 — k2) (aozk§ +apk; + azo) :

Substituting 1, hy and k3 in (39) we obtain the first integral (37). Theorem [5.1]is
proved. O
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Theorem 5.2. IfA=—4ﬂ2agz(0/2 - 2ak; +k* +,82)2 < 0, then the equation (33) has a
real solution k| and two complex conjugate solutions ky, = a +if8 and k3 = a — ip.
The equation (34) has one real invariant straight line y = kx, two complex conjugate

invariant straight lines y = (a + if)x and a first integral
(y = ki)™ (y = ax = ifx)"(y — ax +iBx)" = C, (40)
where the exponents in (40) look as

hi =2B(ank? + a1k +ax),
hy = (=p = ia +ik1)(ag(a +iB)* + a1 (@ +iB) + ax), (41)
h3 = (=B +ia — iky) (a2 (e — iB)* +a1i (@ — iB) + a).
Theorem([5.2]can be proved similarly as was proved Theorem|[5.1] Using the well-known
formula from complex analysis

ReAd
]

f’lfz = [(Ref)2 + (Imf)2 exp (-2ImA - arg(Ref +i - Imf)),

we obtain the first integral of (34) in the real form

(y — k1x)¢ (a?x* + B2x% = 2axy + y»)© - exp [ 2e3 - arctg Y C, (42)

where the exponents in (#2) are of the form

e =28 (aozk% +ayk; + azo) ,
e2 = B ((@* + 2 = 2k1@)ap, — anki — ax), (43)
e3 = (a/3 — o’k +ap? +,32k1) ap + (a2 - ak +,82) an + (a — ki) ax).

Theorem 5.3. Let A = 0 and k| = ky. Then the equation (35) has two real solutions
ki = ka, k3 and the differential equation (34) has two real invariant straight lines y = k x
and y = ksx. The equation (34)) has a first integral

(v = k)" (v = kegx) P00k = ¢, (44)
where the exponents in (44)) are of the form

hi = ank; — 2apnkiks — ai1ks — as,
hy = (k3 — ki) (aook? + a11ky +ax), (45)
hs = a02k§ +ay1ks + ay.

Proof. Let ki and k3 be distinct real solutions of (35). By Definition[I.] the lines

O =y-kix=0, ®P3=y—k3x=0,
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are invariant straight lines with cofactors

Ky (x,y) = x (@20 — anck2ks) + y(ai + an(k, + k3)), 46)
K3 (x,y) =x (a0 — anok?) + y(a11 +2a02k1).
Applying Definition[I.3] it is easy to verify that the function
®, = ¥/ ki)
is an exponential factor for (34) with cofactor K> (x, y) = aga2(y — k3x).
By Theorem|[I.2] the differential equation (34) has a Darboux first integral

a~ —
CID;” @;’2@3’ =C 47
if and only if there exist constants o, @ and a3 such that
1K1 (x,y) + 2Kz (x,y) + 43K3(x, y) = 0.
The last identity implies

hy = apk? = 2ank ks — ayiks — az,
hy = (k3 — k1) (ao2k] +ai1ky + ax)
hy = a02k§ +ay ks +ay.
Substituting 4y, hy and A3 in we obtain the first integral (@4). Theorem [5.3]is
proved. |

Theorem 5.4. Let A = 0 and k3 = ko = ky. Then the equation (35)) has a real solution

k1 of multiplicity three and the differential equation has the real invariant straight

line y = kix. The equation (34) has a first integral

(a20k1 — agak?) x2 + (a1y +2ap2k) y*
(v = kix)?

Proof. Let k3 = ko = ki and the equation (35)) have a real solution k; of multiplicity

three. We shall prove that the relation (48) is a first integral for equation (34).

(y — kyx)~2k1902 . exp ( =C. (48)

By Definition[I.1] the line ®; = y — k;x = 0 is an invariant straight line with cofactor
Ki(x,y)=x (flzo - aozkf) +y(ai +2apky).
Applying Definition[I.3] it is easy to establish that the function

@, = exp [((azok1 — apky)x* + (ar1 +2aonk1)y*)/(y — kix)?]

is an exponential factor for (34) with cofactor

K> (x,y) = 2ap2k, ((020 - aozk%) x+ (a1 +2ap2k1) Y) .
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By Theorem [I.2] the differential equation (34) has a Darboux first integral of the form
o'y = C (49)
if and only if there exist constants /1, &, such that
hiKy (x,y) + haKs (x,y) = 0.
The last identity implies
(2ap2k1hy + hy) (Clozk%x — axx — 2apk1y — 011)’) =0

and we obtain
h] = —2a02k1, hz =1.

Substituting
) =y - kix, @y =exp [((axki — ank;)x* + (ai1 +2apnki)y?)/(y - kix)?|

and hy = —2apky, hy = 1 in (@9), we obtain the first integral {8). Theorem [5.4] is
proved. |
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