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Abstract. In the present article we study the monoid of continuous endo-
morphisms, in the topology of pointwise convergence, of a topological universl
algebra. Theorem[3.T|affirms that any semi-topological monoid (semigroup with
unity) is isomorphic to a semigroup of continuous endomorphisms End.(G) of
some cyclic free topological universal algebra G.
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Despre monoidul endomorfismelor a unei algebre universale
topologice

Rezumat. In articolul prezent se studiazi monoidul endomorfismelor conti-
nue, in topologia convergentei punctuale, a unei algebre universale topologice.
Teorema 3.1 afirmd cd orice monoid semi-topologic (semigrup cu unitate) este
izomorfa cu un semigrup de endomorfisme continue End.(G) a unei algebre
universale topologice libere ciclice G.

Cuvinte cheie: algebrd universald, algebrd universald topologica liberd, ideal

de stanga, semigrup de endomorfisme continue.

1. INTRODUCTION

Let N ={1,2,...} be the set of natural numbers and n € w = {0, 1,2, ...} be the set of
non-negative integers. The n-ary Cartesian power of a set X is denoted by X". If the set
X is empty, then the set X" is empty too. If the set X is non-empty, then the set X is a
singleton. The discrete sum Q = &{Q,, : n € N = {0, 1,2, ...}} of the pairwise disjoint
topological spaces {Q, : n € N} is called a continuous signature. If the space Q is a
discrete space, then we say that Q is a discrete signature.

A topological Q-algebra or a topological universal algebra of the signature Q is a family

{G, e,c : n € N}, where G is a non-empty topological space and e, : Q, X G" —» G
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is a continuous mapping for each n € w. The concept of universal algebra was created by

Alfred North Whitehead in 1898 as a generalization of Boole’s logical algebras. The term
universal algebra was proposed by James Joseph Sylvester [19]. Between 1935 and 1950
important works were published by Garrett Birkhoff, in which he introduced the notions of
variety, quasi-variety, free algebra, congruences and proved the homomorphism theorems
[1, 2]]. After 1950, due to applications in mathematical logic, model theory, geometric
algebras, theoretical and computer physics, the theory of universal algebras began to
develop fruitfully [2, 5,16} 8, 9, [11) 12, [18]]. As in [14} [15 16} [17, [18] we continue the
study of semigroups of endomorphisms of universal topological algebras.

Let A, B and C be three topological universal algebras of signature €. The function
f : A — B is called a morphism or homomorphism, if f(u(x)) = u(f"(x)) for
any n € w, any u € Q, and any element x = (x,x2,...,x,) € G", where f"(x) =
(f(x1), f(x2),..., f(xn)). The composition of the functions f : A — B and g :
B — C is the function 7 = f - g: A — C, where h(x) = g(f(x)) for any x € A.
The composition of two continuous morphisms is always a continuous morphism. A
morphism that is a bijective function is called an isomorphism. An isomorphism which
is a homeomorphismis called a topological isomorphism.

If a topological isomorphism can be established between two topological universal
algebras, they are called topologic isomorphs. Two topologically isomorph topological
universal algebras are identified. Morphisms, respectively isomorphisms, of a topological
universal algebra in itself are called endomorphisms, respectively automorphisms.

Subalgebras and Cartesian products of, topological Q-algebras are defined in traditional
way [19, (11 2} [7, 9} |4}, 3] [18]].

Let G be a topological space and n € N. A continuous mapping 4 : G — G is called
an n-ary operation on G.

If G is a topological Q-algebra and u € €Q,,, thenu : G" — G, where u(x) = e, (u, x)
for every x € G", is an n-ary operation on G.

A semigroup S equipped with a topology is called a semi-topological semigroup if
the tranlations {u,, ¢p : a,b € G}, where u,(x)a - x and ¢p(x) for all a,b,x € S, are
continuous mappings of the space S into itself.

Monoids are semigroups with identity.

For any topological space S denote by C,, (X, X) the space of all continuous mappings
f : X — X in the topology of pointwise convergence. The following assertion is well

known.
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Theorem 1.1. For any topological space X the space C, (X, X) with the operation of

composition f - g is a semi-topological monoid with unity.

Proof. The identity mapping ex : X — X is the unity of the semigroup C, (X, X).

Each function f : X — X can be thought as a point in the Cartesian product XX:
f=(f(x):x € X) e XX. The topological space C,, (X, X) is a subspace of the Cartesian
product XX with the Tychonoff product topology, so C » (X, X) inherits a topology from
the product topology on XX. A net {f, : p € M} in (Cp(X,X) converges to some
f € Cp(X, X) if and only if for each x € X the net net {f,(x) : u € M} to converges to
f(x)in X.

Fix g € Cp(X,X). Consider the left and right translations Lg, R : Cp(X,X) —
Cp(X,X), where Lo(f) = g- f and Ry(f) = f-g foreach f € Cp(X,X). In
C(X,X) fix anet {f, : u € M} convergent to f € C,(X,X). For any point x € X
we have limyenr L (f)(x) = limyen fu(8(0) = f(g(0) and limyens Re(f,)(x) =
limyeng(fu(x)) = g(f(x)). Therefore limyenr Ly (f,) = g - f and limy,ens Rg (f3)(x) =
f - &. Hnce the mappings L, and R, are continuous and C, (X, X) is a semi-topological

semigroup. m|

The family of all continuous endomorphisms End.(G) of a topological universal

algebra G relatively to the operation of composition f - g is a monoid.

Corollary 1.2. The monoid End.(G) in the topology of pointwise convergence is a semi-

topological semigroup and a subsemigroup of the semi-topological semigroup C, (G, G).

2. FREE TOPOLOGICAL ALGRBRAS

Let Q be a fixed signature. For any non-empty subset A of the universal algebra G
denote by s (A) the smalest subalgebra of G which contains the set A.

Let Q be a fixed signature. A topological universal algebra G is a topological free
universal algebra in some class of universal algebras if there is given a subspace I = Ig C

G with the properties:

(1) the algebra G is generate by the set I, i.e. G= s ([), and I is called the space of
generators of G;

(2) for any continuous mapping f : I — G there exists a (unique) continuous
endomorphism f : G — G such that f(x) = f(x) for each x € I.

Let Q be a fixed signature. A topological free universal algebra G is almost discrete if

the space of generators I is a discrete subspace of the space G.
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A universal algebra A is called cyclic if there exists a point a € G such that the set {a}
generate the algebra G.
Any topological free cyclic universal algebra is almost discrete.

Remark. Let G be a universal topological algebra of the signature Q. If the set Q is finite
or countable and G is a cyclic algebra, then the set G is finite or countable too. If G is a
cyclic algebra and the set Q is infinite, then the |G| < |Q|, where |G| sign the cardinality
of the set G.

3. THE MONOID OF CONTINUOUS ENDOMORPHISMS

G. Gratzer and E. T. Schmidt [10] proved that any complete lattice is isomorphic
to the lattice of congruence of some universal algebra. The semigroup End(G) of all
endomorphisms and the semigroup End.(G) of all continuous endomorphisms of a
topological universal algebra G are are semigroups with unity. In [13] A. I. Mal’cev
describe the structure of a symmetrical groupoid (semigroup of all transformations of a
set).

The following theorem is a generalization and conceptualization of the theorem from
([18]], pag.98).

Theorem 3.1. For any semi-topological monoid S there exist a discrete signature € and

a topological universal algebra G s of signature Q such that:

(1) The semi-topological monoids S and End(Ggs) are topologically isomorphic.

(2) Gg is a free cyclic topological universal algebra of discrete signature Q.

(3) Q = Qp and there exists a bijection u : § —> Q such tat u(x) = uy and uy - u,
=Uy.x for any x,y € S. In particular, relatively to operation of composition the
signature Q is a semi-topological semigroup topologically anti-isomorphic with

the semi-topological semigroup S.

Proof. Let e be the unity of S. We put Gg = S and Q = Q) = {u, : a € S}. For any
a€S u,eQandanyx € Gg=Sweputu,(x)=a-x.Ifa,b €S, then (ug - up)(x) =
up(ug(x)) =(b-a)-x=up.q(x). Hence, if u(a) = u, forany a € S, thenu : § — Q
is a bijection and u(a - b) = up - u, for all a,b € S. Therefore u : S — Q is an
anti-isomorphism.

For any u, € Q we have u,(¢) = a and u.(a) = a. Hence the universal algebra Gg is
generated by the element e and Gy is a cyclic algebra.

Since e1G4(Ua,X) = a - x, where u, = a € Q; = Sand x € Gg = S, and the space
€ is a discrete space, the mapping eigg : €1 X Gs — Gy is continuous and Gy is a

topological universal algebra.
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For any a € S consider the function ¢, : Gs — Gg, where ¢,(x) = x - a for any
x€Gg=S8. Wehave o, (up(x))=(b-x)-a=b-(x-a)=up(p,(x)) for any x € Gg.
Therefore ¢, € End(Gg). Since Gg is a cyclic universal algebra, ¢, is the unique
endomorphism of Gg for which ¢, (e) = a. Moreover if ¢ : Gs — G is a continuous
endomorphism, then ¢ = ¢, (¢). Hence G is a free cyclic universal algebra of signature
Qand End.(Gs) ={p, : a € S}.

Consider the correspondence ¥ : § — End(Gs), where ¥ (a) = ¢, for each a € S.
We have (¢q - ¢p) (x) = 05 (¢a(x)) = (x-a)-b=x-(a-b) = pa.p(x). Therefore y(a-b) =
Ca-b =@a-pp =W¥(a) ¥ (b)and ¢ is an isomorphism of the semigroups S and End(Gys).
The proof is complete. O

In the case of continuous signature the above theorem is not true and we have the

following theorem.

Theorem 3.2. For any topological semigroup with unity S there exist a continuous

signature Q and a topological universal algebra G5 of signature Q such that:

(1) The topological semigroups S and End(Ggs) are topologically isomorphic.

(2) Gg is a free cyclic topological universal algebra of continuous signature €.

(3) Q = Qq and there exists a bijection u : S — Q such that u(x) = u, and uy - u,
=Uy.x for any x,y € S. In particular, relatively to operation of composition the
signature Q is a topological semigroup topologically anti-isomorphic with the

topological semigroup S.

Proof. As in proof of Theorem we consider that The spaces S, Gs and Q| = Q are
homeomorphic. Since ejG¢(tq,x) =a-x, whereu, =a € Q; =Sandx € Gg =S, and
the space € is a topological space, the mapping eg¢ : 1 X Gs — Gy is continuous
and G is a topological universal algebra. In this case S X § = Q| X Gs and End.(Gs)

is a topological group. m|

Let Aut(G) be the group of automorphisms of the universal topological algebra G
of the signature Q. Consider Aut(G) as semitopological group of the semitopological
monoid End(G).

Example 3.3. Let G be an infinite additive group such that (G \ F) + (G \ F) + G for
every finite subset F' of G. By instance, we may put G = Z is the group of integers.
Assume that w,e ¢ G. We put Go =G U {w}, S=GoU {¢}, w+x =x+ w = w for any
x € Gy, e+x=x+e=xforany x € S aand G is a subsemigroup of S. Then § is a monoid
with the unity . If G is a commutative group, then S is a commutative monoid. On S
consider the topology 7 = {2, {e} U {{x} : x € G} U {S\ F : F is a finite subset of S}.
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Then S with the topology 7 is a compact monoid. The mapping + : S X § — § is not
continuous in the point (w, w). Hence S is not a topological monoid. As in the proof of
Theorems[3.1|and[3.2) we put G5 = S, Q = Qi = {u, : a € S} and eG4 (g, Xx) = a +x.

If on Q we consider the discrete topology, then Gg is a topological universal algebra
and the semitopological semigroups S and End(G ) are topologically isomorphic. If on
€ we consider the topology 7~ as on S, then G is not a topological universal algebra.

We observe that Aut(Gs) = {uz} is the singleton group and G is a subgroup of
End(Gg).

We say that two topological universal algebras are H-equivalent if theirs semi-topological
semigroups of continuous endomorphisms are topological isomorphic. In this case, any

topological universal algebra has its imprints in the semigroup of endomorphisms.
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