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On the essential norm of singular operators with applications

VASILE NEAGU

Abstract. The paper presents certain results devoted to the essential norms and
norms of singular integral operators in spaces with weights. It is found that
these rules in the case of Lyapunov-type contour on portions essentially also on
the contour. The values of the essential norms are used to determine noetherian
conditions for the characteristic single operators with measurable and marginal
coefficients.

Keywords: singular integral operator, noetherian operators, piecewise Lya-

punov contour.

Asupra normelor esentiale ale operatorilor singulari cu aplicatii

Rezumat. In lucrare sunt prezentate anumite rezultate consacrate normelor si
normnelor esentiale ale operatorilor integrali singulari in spatii cu ponderi. Se
constatd cd aceste norme 1n cazul conturului de tip Lyapunov pe portiuni in mod
essential depend si de contur. Valorile normelor esentiale sun utilizate pentru
determinarea unor conditii noetheriene pentru operatorii singulari caracteristici
cu coeficienti masurabili si marginiti.

Cuvinte cheie: operator integral singular, operatori noetherieni, contur de tip

Lyapunov pe portiuni.

1. INTRODUCTION

Let I be a contour made up of m closed lines vy, y», . . ., v of the Lyapunov type on
portions that have a single point 7y in common. We assume that the line y; has nothing in
common with the domain F (k # j) bounded by the line yx. We note by L, (I, p) the

space L, on the contour I" with the weight

m
p(t)zl_llt—tk|ﬁk (trel, 1<p<oo, -1 <Br<p-1),
k=1
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where by L(L,, (T', p)) we denote the algebra of all linear and bounded operators acting

in the space L, (T, p), and by T(= T (L, (T, p)) its maximum ideal formed by the set of

all compact operators. The number

Inf A+ Tl @ (A€ L(Ly(T0))) (1)

is called the essential norm of the operator A and is denoted by |A| L,(T.p)-
In the case when the contour of integration is a closed Lyapunov contour, the essential

norm of the operators

ey =, [ $0ar,

(Pr) (1) = 56/ + 5 (S7) (1)

and
1 1
(Pra) (1) = 56 (1) = 3 (St @) (1)
depends only on the numbers p and B; (k = 1,2, ... n) and does not depend on the contour
I.

In the work [1] it was demonstrated that this property occurs no longer if the contour
I" possesses angular points.

In this paper are presented some lower estimates for the essential norms and, therefore,
also for the norms of the operators S r, P r and Q r in the case of the composite contour.
It is shown that in some cases the obtained estimates are accurate. For this, it is studied
the subalgebra of algebra L(L , (I, p)) generated by the operators S - and Sp. in the when
case " is the union of the coordinate axes and at the same time the results from the work
[2] are essentially used.

The presented results show that the essential norms of the operators depend not only
on the space L, (I', p) but also on the contour. With the help of the obtained estimates,
noetherian conditions are established for singular singular equations with measurable and
bounded coefficients. In particular, some results of I.Simonenko [3] are generalized for

the weighted space L, and for the case of the composite contour

2. ESTIMATES FOR THE NORMS AND ESSENTIAL NORMS OF THE OPERATORS

S, P, O IN THE CASE OF A LYAPUNOV CONTOUR

Let I" be a piecewise Lyapunov contour with a finite number of self-intersection points.

In 1927 M.Riesz proved the boundedness of the operator
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sy = [ 2 ar e @
in the space L, (I')) (Ih={z€C:|z| =1}). Then G.Hardy and J.Littlewood and
K.Babanko transferred this result to the spaces L, (R, p) with weight p (x) = |x|* (1 <
p < o0, =1 <xx< p —1). In the work [4] B.Khvedelidze proved the boundedness of

operator Sr in the spaceL ,, (I', p) for an arbitrary Lyapunov contour I" and the weight

n Pk

p)=[Jlt-ul (el 1<p<oo, -1<p<p-1). (3)
k=1
E.Gordadze transferred this result to an arbitrary piecewise Lyapunov contour. Using

this result one can prove the boundedness of the operator St in the case of a composite
contour with a finite number of self-intersection points in the space L, with the weight
(3). The condition —1 < B < p — 1 is necessary for the boundedness of the operator St
in the space L, (', p). It is confirmed by the following lemma

Lemma 2.1. Let St be bounded in L, (T, p), then p'/P € L,, (') and
PP e, () (p g = 1),

Proof. The boundedness of the operator St in the space L, (I, p) implies the boundedness
of the operator R = 7ip'/? (RS — SR) p~'/7I in L, (I'), where (R¢) (t) = ﬁ¢ (7).
and zo ¢ T. But

~1/
(R9) (1) = p'IP (t)t—le/p @@,

r T—20
Therefore p!/P € L, (I') and p /P e L, (). [ |

Corollary 2.1. Ifthe operator S is bounded in the space L, (T', p), p () = [15_; It — t& [Pk,
then from the above relations p'/P € L, T), and plP ¢ L, ('), it follows that the

numbers By verify the inequalities
-1<Br<p-1, k=1,2,...n.

Remark. Ifthe contour of integration I is unbounded, then the operator S is continuous
at L, (I', p) if and only if

n
-1<Br<p-1 i-1 </3+Zﬂk <p-1
k=1
Let I" be a set of simple nonintersecting closed contours of Lyapunov type and St be

the singular integral operator along I'.
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In this section we present lower bounds for the norms of the operators Sy, Pr and QOr
in L, (I'). In addition, for some values of p (p =2" and p=2" (2" - 1)_1) , the exact
value of the Hilbert transform norm will be calculated (see [3]).

Theorem 2.1. For each p > 2, the following estimates are valid:

. 1 ) 1
inf ||Pr+T|, =2 —F, inf [|Or+T|, 2 —, 4)
TeL(T}) sint/p’ TeL(T,) sinmt/p
inf ||Sr+T|, > ctgn/2p, (5)

T eL(T,

where L(T,) is the set of all linear operators compact in L, (T).
Proof. Suppose that for some

inf  |Pr+Tl, <

TeL(T),) sinm/p

Consider an operator aPr + Qr, where a(¢) is the function taking two values:

]

Since |a (f) — 1| = sin (g) . then infy; 7, [[(a = 1) Pr+T|l,, < 1, and therefore , the
operator I + (a — 1) Pr = aPr + Qr is Noetherian, which is impossible, because the
function a(z) is (see [2]) p—singular.

To prove the second relation (@), we consider the function

aln = (sec (%) exp (ii%) ) .

Then [(a (1) = 1) /a(7)| = sin (g) . The operator a (I + (1 - a)/a) Or = aPr + Or
Noetherian in L, (I') because the function a(z) is p— singular. This implies the second
of relations (4)).

Relation () is proved similarly, if we use the function a () = exp (ii %) and the
equality

+1 -1
6l1°r+Qr=—a2 (I+Z+IS)'

Theorem 2.2. LetT', = {z : |z| = 1}, then (see [2]) foralln = 1,2, ...

ctg X, ifp=2",
”SO“p = { 71—2p . . on (SO = SF()) ° (6)
g3, if P=g
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Proof. Letp (t) =t™ (Jt| =1, m=0, +1, £2, ...). Then

B p(t) form =0,
(So) (1) = { —p(t) form<0.

Since the system {t™}% forms an orthogonal basis in the space L,(Iy), then the operator
S, defined on the linear span of this basis is bounded in L(I'g) and ||S, |, = 1. Let

k=N
p(t)= > at*
k=—N
be a trigonometric polynomial,
k=N k=-1
es (1) = Z art* and ¢_ (1) = Z art®.
k=0 k=—N

Since ¢ = ¢, + - Sp = ¢, — ¢_, then
¢* + (Sop)* =2 (wi + wg) =28 (soi - sﬁ) =280 (¢Sog) -
That is
(Sop)* = 280 (¢Sog) — ¢*.

This equality implies that
1So0)?],, < 11250 (S0l + ||,
since [|¢?[|, = llell3, and llghll, < llgllo, Al , then

I1S0¢113, < 200l l@llz S0l + Nl -

1So¢ll,
———= < [ISoll,, + /1 + lISoll},
lell2

I1S0ll2p < IS0l + /1 +[ISoll3, -

From the last relation we obtain (by induction on n and using the equality ||Soll, = 1)
that

That is

whence it follows that

T

1Sollan < crg g -

(7)
Letp = %, then g = 2" (% + é = 1). Since for any pair of trigonometric polynomials

k=N

k=N
¢ (1) = Z axt®, h (1) = Z brt*
k=N

k=—N
holds the equality
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[ e@Tm lait= 3, sarti = [ (5o ) WO latl
To Py To
where g, = 1 for k > 0 and g, = —1 for k < 0, then the operator S7, , conjugate to the

operator S, , acting in the space L,(I'p), coincides with the operator S, acting in the

space L,(I'p). Then from the first equality in (6)) it follows that for p = 25—':1 we have

1Soll,, = tg% . The theorem is proved. [ |
It is easy to show that for a fixed p , the norm ||Sr||,, depends on the contour I'. In the
next theorem we prove that the essential norm of the operator St,
ISr|, = inf |ISe+ Tz, ()
P rer Lp®
does not depend on the contour I'.

Theorem 2.3. The equality

ISrlL, @ = |SF0|L,,(FO)’ ®

holds, where I', = {z : |z| = 1} is the unit circle and p is an arbitrary number from the
interval (1 < p < o). In particular, if p = 2" (p =2" (2" - 1)_1) ,where n=1,2,...,
then

ISrlz, @) = ctg(m/2p(ISrlL, ) = 18(n/2p)). ©)

Proof. First we consider the case when I" consists of one closed curve. Let r = B(z) be
the function which conformally maps the circle |z| < 1 onto the set bounded by I'. Since
I' is a contour of Lyapunov typ, the derivative 8’(z) satisfies a Holder condition on T'g.
We denote by B the bounded linear operator from L, (I') into L, (I'y), defined by

(By) (2) = 1B" ()P o(B(2)).

It is easy to see that BSt — Sr,B = T1 + 1>, where the operators 77 and 75 are defined by

G
Fm-p@ - PO

e (1B @17 =18 (1)]'P
[

(T 9) (2) = B (z)|‘“’/r<

(T2 ¢) (2) = B (2)] e(B (1) dt
and act form L, (I') into L, (I'g). Since the function B’ (z) satisfies a Holder condition
on [y, it is easy to show that the kernel
g
B(r)-B(z) t-z
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of the operator 7| has a weak singularity, and consequently 7} is a completely continuous
operator acting form L, (I') into L, (I'g). The operator 75 is also completely continuous.

Really, T, can be represented in the form

T = (@ (2) Sr, - Sty (2)) V,
where (Vo) (1) = ¢(B(7) and a (z) = |58’ (z)ll/p. The function @ (z) (|z| = 1) is contin-

uous; consequently, by virtue of well-known proposition of the theory of singular integral
equations, the operator @ (z) Sr, — St,@ (z) is completely continuous in L, (I'9). The
operator B maps L, (I') isometrically onto L, (I'p) , and, by virtue of what we have

proved, Sp = B~'Sr, B + T, where T is compact. Hence it follows that

ISrlr, ) = |SFo|L,,(ro)'

We proceed to the proof of the theorem in the general case. We assume that I" consists

of a finite number of closed contours I'y, I, ..., I';;, without no self-intersection points
andlet Py (k =1, 2, ..., m) be the projections defined in L, (I') by the equality
(t), if tely
(Pre) (1) = .
0, if tel\I'.

For the operator R = Sr + T, where T is an arbitrary operator compact in L, (I), we

have

IR, ) = IP1RPill, @) = ISIlL, @)

By virtue of what we have proved, we have |Sr[; ) > |Sr0 | L, (T
P
Let us prove the reverse inequality. From (8 it follows that foreach k =1, 2, ..., m

and & > 0 there exists an operator compact 7 , such that

+&> max”Srk + Ty

|Sr0|Lp(F0) “Lp(Fk)'

Denoting by 7' the operator compact, defined by 7 = Y.\ Py Ty Py , we have

|SF0|L,,(FO) +& > max||Sr, + Tk”L,,(Fk) = (10

> PL(Sr+T)Py
1

Lp(I)

Since the operators P;SrP; (j # k) are completely continuous in L, (I') , we have

= ||sr+ THL,, )’
L, (T)

m
Zpk(SF"'T)Pk
1

81



ON THE ESSENTIAL NORM OF SINGULAR OPERATORS WITH
APPLICATIONS

where T is some operator compact. From this and (T0), it follows that |Sro| LT 2
P

ISrlL, ) -
Relation (8] is proved, while (9) follows from (8) and from the results of [2]. |

3. ON THE ESSENTIAL NORM OF SINGULAR OPERATORS IN THE CASE OF A

CONTOUR WITH CORNER POINTS

In the works [1] exact constants for the factor-norms of singular operators S, Pg, Qo
are established. If I, has one corner point with angle 7a (0 < @ < 1), then
[Saly = ctgh(a)/2, [Paly = 1Qalr = (sin@(a/))_l, where S, = Sr,,, and

a’

a2 al2
(1+x)(i%) —(1—x)(1+x) .

1-x

(In

1
I8l =3 1Y

In particular,

1+V5
= > and

S =V2.

3

S

312

2
Theorem 3.1. Let I' be a piecewise Lyapunov contour with corner points ti, ..., t, and

p(t) = HZ:I |t—l‘k|ﬁk(_1 < Br < 1), then ISFle(F,p) = maXj<k<n |Sak’L2(Fak,|tIBk)'
Let minj <x <p (@1, ..., @) = k. If e, =1, then

1 — Bkl
|SF|L2(F"D) - I?I?;(n cign 4 .
If p(t) =1, then |Sr|p, ) = ctg H(Zko). For the operators Pr and Qr the equalities hold
1+|Sr|?
|Pr| =10r| = ——c- (12)
AN
In the space L, (I") the estimates
Srl, < ctg 9(;k0)’ ifp=2",
T >
p ctgteankO) . ctgl—l 9;3:‘]0), lf‘zn < p < 2n+1’

where t = (2" — p)/p, are valid.

Remark. Equality (I2) confirms the following hypothesis of the mathematician
S.Marcus: let 8 be some Banach space and L;, L, subspaces from 8 such that
L1\ L, =0and B=L| + L,, then equality
L+8)°

2|1l
takes place, where P and Q are projectors projecting the space 8 onto L, respectively,
onlyand S =P -Q.

1Pl =llell =
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4. ESTIMATES OF THE ESSENTIAL NORMS OF THE OPERATORS ST, Pr AND QOr IN

THE CASE OF COMPLEX CONTOUR

We consider a contour I', made up of closed lines 71, ..., ¥, of Lyapunov type on
portions that have a single common point 5. Let be a function defined on I' that has
a finite number of points of discontinuity of the first case. We associate two numbers

a(t+0)and a (t —0) the function a and the point 7 € I as follows. For 7 = 79 we put

a(to+0)=aj(to+0)---a,(th+0),
a(to—0)=ay(to—0)---ay(to—0),

where aj(tp —0) = lim a(1),a;j(to+0) = lim a(r), (j = 1,...,m). If,
yj3t—19=0 yjat—>1+0

however T # tg, then a (7 + 0) and a (7 — 0) are the limits to the right and to the left of

(13)

the function a at the point 7.

Theorem 4.1. Let ty, 11, ..., t, be all points of discontinuity of the function a and

n B
p(t) =] It —ul
k=1

The operator A = aP + Q is Noetherian in space L, (I', p) if and only if the function a

271'(1 +,8k)

(-1 < Br<1),0r= (14)

satisfies the conditions:

(1) infrerla (1) >0,

(2) a(tk +0) fs, (W +a(txg—0) (1= fs, (0) #0(0<u<1, k=1,2, ..., m),
where
. :{ Si?ngé‘exp.(ie_(l—u)) O=n-0), ifs+n,
u, ifo =m.

The proof of this theorem is given in [2].
a(t;—0)

We note that conditions (2) are equivalent to the fact, that the ratio a(500) <an be
expressed in the form, where
2 (1 + 2 (1 +
M_2ﬂ<Rewk<M. (15)

p p
Let p(t) be defined by equality (I4). We introduce the following notations:

he=p(L+ )™ hust = p, hy = max (hk,hk(hk - 1)_1) (k=0,1,...,n),

h = max (zl,zz, ...,z,m) .
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Theorem 4.2. The essential norms of the operators S r, P r and Q tin the space L, (T, p)

satisfies the relations

-1
Prlr,rp) = max ((smﬂ/h) ! smn/mho ) (16)
. -1
|Or|L, r.p = max ((s1n7r/h) s1n7r/mh0 ) 17)
1
ISElL, () > max((ctgﬂ/2h) ! (ctgﬂ/2mh0) ) (18)

Proof. Suppose, for example, that

-1
|PrlL,rp < max ((sinﬂ/h)_l, (sinn/mho) ) .

‘We assume that

max ((sinn/h)_l, (sinn/mﬁo)_l) = (Siﬂ7T/mE0)_1

Denote by a the piecewise continuous function on I', which takes on each line y;(j =

1, 2, ..., m) two values:

cosrt/mhy - exp(mi/mhg) and  cosw/mhyg - exp(—mi/mhg)
and verify conditions:
costt/mhy - exp (m’/mﬁg) ., if hg = ho(ho—1)71,
cosrt/mhy - exp( m’zo) ,if ho = ho.

aj (Zo+0)—{

cost/mhy - exp (—m’/mﬁo) , if hg = ho(hg — l)_l,
cost/mhy - exp (nf_ﬁl) . if hy = ho.
0

[ 1ajto-0)/] [a; (to+0) :exp(@),
j=1 j=1 ho

from Theorem 4.1, it follows that the operator A = aPr + Qr is not Noetherian in the
space L, (I', p). On the other hand, we have

a; (to—0) =

Since

la (1) - 1] =

cos>m/mhyg + isinL_ . COSL_ - 1‘ = sinL_
mho mho th
and by the hypothesis we have

inf [[(a = 1) Pr+TllL,r,) < 1.
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From this relation it results that the operator A= aPr +Qr =(a-1) Pr + 1 is invertible

in the space L(L, (T, p))/T(L, (T, p)). Then the operator A = aPr + Qr is Noetherian.
Contradiction. Thus

—_\—1
IPrlL, ) 2 (sinn/mho) ,
Let

max ((sinn/h)_l, (sinn/m%o) ) = (sinzr/h)7L.

Consider the function b that takes on I" two values:

cosnt/h - exp (nwi/h),cosn/h - exp(—mni/h)
and B
costt/h-exp (mi/h), if hy = h.(h, —1)7",

b(t, +0) = ) —
( ) { cosm/h-exp (-5t), if h, = h,;

b1, —0) = cosm/h - exp (—%) , if by = hy(hy — 1)—1’
r | cosn/h- exp (%) . it R =h,,
where , is the point, for which h = &, (1 <7 < n). If h = hy,1, then as 1, we can take

any point other than the points #g, t1, ..., t,. As
i
b (1, — 0) /b (, +0) = exp (%)
from Theorem 4.1 it follows that the operator B = bPr + Qr is not Noetherian in

Ly (I',p) . But|b (z) — 1| = sin7- and by on the assumption we have
inf |[(b-1)Pr+T| <1,
TeT

where the operator results B = bPr+ Qr = (b —1)Pr +1is Noetherian in L, (I', p). The
obtained contradiction proves the relationship (16)). In order to prove the relation (I7)),
we consider two functions a and b that take respectively the values

secrr/mhyg - exp (m’/mﬁo) ,secrt /mhyg - exp(—mi /mhg)

and secrm/h-exp (mi/h), secm/h-exp(—ni/h).
As

m m

ﬂ a; (1o - 0) /ﬂ a; (19 +0) =exp (2m'/ﬁo)

J=1 J=1
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and b (¢, — 0)/b (¢, +0) = exp (2’;17i) , it follows that the operators A = aPr + Qr and
= bPr + Qr are not Noetherians in the space L, (I', p). On the other hand,

la (£) = 1/a (1)] = sin(i_

) b (1) = 1/b ()] = sin (7).
mhy h

A—a(1+ I “QF) and B = b(1+ Qr)

It remains to repeat the previous reasoning and we obtain the relation (I7). Finally,
in order to prove the relation (I8), we consider the function a that takes on each line
v; (j =1, 2, ...,m) the values exp (m’/mﬁo) and exp (—m’/mﬁo) and the function b
that takes on the values exp (mi/h) and exp (—xi/h). In what follows, we will use the
following equalities,

1 -1 b+1 b-1
aPr+Qr=—a+ (I+a Sr),bPr+Qr=—+ (I+ Sr),
a

2 +1 2 b+1
[(a=1)(a+1)" 1|—tg2 Jb -1 (b+1)" 1|—tg2h

The theorem is proved. [ |
Theorem 4.2 can be generalized, if the contour I" is made up of a finite number of
contours Iy, ..., s, that satisfy the conditions of Theorem 4.2.
Letp j (1) =p(t)fortel’; (j=1,2,...,s). Theorem 4.2 implies

Theorem 4.3. The essential norms of the operators Pr, Qr and St in the space L, (T, p)

satisfy the relations

|Prly, rp) = max|Pr|, (Trpi) Orl1, (1) = max|Qr; Ly (o)) °

ISrlL, 0 2 max|Sr |L,,(r, pj) "

Theorem 4.4. Operator

k0 0= [ - e ar

i w(t)—w() T

is compact in the space L, (I, p), if and only ifZi:l ai = 1.

Theorem 4.5. The operator S} acting in the space L, (T, pl_q) has the form (see [2])
St =-VhSVhI,
where (Vo) (t) = ¢ (t) and h is a piecewise Holder function onT.

Theorem 4.6. The operator Sy — St is compact in the space L (') if and only if
!
Z ar = 1.
k=1
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5. OPERATOR A = aPr + bQr WITH MEASURABLE AND BOUNDED COEFFICIENTS

In this section the values of the essential operators norms will be used to determine
noetherian conditions for operators of the form aPr + bQr with measurable and bounded
coefficients. As essinf |a (t) |# 0 and essinf |b (t) |# O represent necessary conditions
under which these operators are Noetherians, we will assume that b (1) = 1.

In this and next items we asume that I" consists of two curves I'; and I',, having one
common point #p, and moreover the tangents to I" at this point are perpendicular and p(¢)
is the function determined by the equality (I4).

Let 79 be a point on I different from #y. Denote by A(7() the closed halfplane which
does not contain the origin. By A(#;) we denote the angle with vertex at the origin and
value of /2. By M,,(I') we denote the class of essentially bounded measurable functions
a (), satisfying the conditions:

(1) essinf |a(t)| #0;¢t € T}

(2) for any pointz € I'\ {#o} there exists a neighbourhood u(7)( I'\ {#9}) of the point
7 and a pair of functions gZ such that (g’;(t))i] e LT (), (g;(t))il e L, (I
and the range of the function g% (z)h(¢)a(t)g7(?) at t € u(7) is contained inside
A(7).

(3) forany point ¢ either there exists a neighbourhood u(#o) and a pair of functions g3
such that (g(i)’1 (t))il € LE1(T") and the range of the function go(h(t)a(t)g, (1)

at ¢ € u(ty) is contained inside of A(#(), or there exist finite limits a (7o + 0) and

hy, (1o — 0) a (1o — 0)
hto (l() + 0) a (l‘() + 0)

€ C\ (-0,0].
Theorem 5.1. M,, (I') C Fact, , (') .

Corollary 5.1. Let a € M, (I'). Then the operator A = aPr + bQr is Noetherian in the
space Ly (T, p).

Corollary 5.2. M, (I') \PC(I') = Fact (I') (" PC(I"), where PC(I') is a set of all

piecewise continous functions on I.

REFERENCES

[1] NeacGu V. Some general questions of the theory of singular operators in the case of piecewise Lyapunov
contour, Revue d’analyse numérique et de théorie de 1’approximation (Academie Roumaine), tome
XXIX, no. 1, 2000, 57-73.

[2] GoHBERG I, KruPNIK N. One-dimensional Linear Singular Integral Equations, vol. 1, Operator Theory
53, Birkhauser, Basel-Boston, 1992.

87



ON THE ESSENTIAL NORM OF SINGULAR OPERATORS WITH
APPLICATIONS

[3] SimonENko B., The Riemann boundary-value problem for n pairs of functions with measurable coeffi-
cients and its application to the study of singular integrals in Ly spaces with weights, Izv. Akad. Nauk
SSSR Ser. Mat., 28:2, 277-306.

[4] KuvepeLIDZE B. The method of Cauchy type integrals in discontinuous boundary value problems of
theory of holomorphie functions of a complex variable. Itogi Nauki i Tekhniki. Ser. Sovrem. Probl.
Mat., vol.7,1975, p.5-162.

[5] GouBERG 1., KrupNIK N. On the norm of the Hilbert transform in the space L. Funkcional Anal. i

Prilojen. 2

(Neagu Vasile) StaTeE UNIVERSITY OF MoLDovA, CHISINAU, REPUBLIC OF MoLDOVA

E-mail address: vasileneagu45@gmail.com

88



	Introduction
	Estimates for the norms and essential norms of the operators S, P, Q in the case of a Lyapunov contour 
	On the essential norm of singular operators in the case of a contour with corner points
	Estimates of the essential norms of the operators S, P and Q in the case of complex contour
	Operator A =aP + bQ with measurable and bounded coefficients

