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Real cubic differential systems with a linear center and
multiple line at infinity

Alexandru Şubă

Abstract. We classify all cubic differential systems with a linear center and multiple
line at infinity up to multiplicity four. For every class with the multiplicity of the line at
infinity four the center problem is solved. It is proved that the monodromic points are of
the center type if the first three Lyapunov quantities vanish.
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Sisteme diferenţiale cubice reale cu centru liniar şi linia
de la infinit multiplă

Rezumat. Sunt clasificate sistemele diferenţiale cubice cu centru liniar şi linia de la
infinit de multiplicitate cel mult patru. Pentru fiecare clasă ce are linia de la infinit de
multiplicitate patru este rezolvată problema centrului. Se arată că punctele monodromice
sunt de tip centru, dacă se anulează primele trei mărimi Liapunov.
Cuvinte cheie: sistem diferenţial cubic, linie invariantă multiplă, problema centrului.

1. Introduction

Consider the real cubic system of differential equations
¤𝑥 = 𝑦 + 𝑎𝑥2 + 𝑐𝑥𝑦 + 𝑓 𝑦2 + 𝑘𝑥3 + 𝑚𝑥2𝑦 + 𝑝𝑥𝑦2 + 𝑟𝑦3 ≡ 𝑝 (𝑥, 𝑦) ,
¤𝑦 = −(𝑥 + 𝑔𝑥2 + 𝑑𝑥𝑦 + 𝑏𝑦2 + 𝑠𝑥3 + 𝑞𝑥2𝑦 + 𝑛𝑥𝑦2 + 𝑙𝑦3) ≡ 𝑞 (𝑥, 𝑦) ,
gcd(𝑝, 𝑞) = 1, (𝑘, 𝑙, 𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠) ≠ 0.

(1)

The critical point (0, 0) of system (1) is a linear center, i.e. for the linearization of (1)
the origin is a center, but for system (1) it is either a focus or a center. The problem of
distinguishing between a center and a focus is called the center problem. It is well known
that (0, 0) is a center for system (1) if and only if the Lyapunov quantities 𝐿1, 𝐿2, ..., 𝐿 𝑗 , ...

vanish (see, for example, [2], [7], [8], [9]). Also, the critical point (0, 0) is a center if
system (1) has an axis of symmetry ([8]), either an analytical first integral or an integrating
factor in some neighborhood of (0, 0).
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We suppose that at infinity system (1) has at most four distinct critical point, i.e.

𝑠𝑥4 + (𝑘 + 𝑞)𝑥3𝑦 + (𝑚 + 𝑛)𝑥2𝑦2 + (𝑙 + 𝑝)𝑥𝑦3 + 𝑟𝑦4 . 0. (2)

The homogeneous system associated to system (1) has the form{
¤𝑥 = 𝑦𝑍2 + (𝑎𝑥2 + 𝑐𝑥𝑦 + 𝑓 𝑦2)𝑍 + 𝑘𝑥3 + 𝑚𝑥2𝑦 + 𝑝𝑥𝑦2 + 𝑟𝑦3 ≡ 𝑃 (𝑥, 𝑦, 𝑍) ,
¤𝑦 = −(𝑥𝑍2 + (𝑔𝑥2 + 𝑑𝑥𝑦 + 𝑏𝑦2)𝑍 + 𝑠𝑥3 + 𝑞𝑥2𝑦 + 𝑛𝑥𝑦2 + 𝑙𝑦3) ≡ 𝑄 (𝑥, 𝑦, 𝑍) .

Denote X = 𝑝 (𝑥, 𝑦) 𝜕
𝜕𝑥

+ 𝑞 (𝑥, 𝑦) 𝜕
𝜕𝑦
, X∞ = 𝑃 (𝑥, 𝑦, 𝑍) 𝜕

𝜕𝑥
+ 𝑄 (𝑥, 𝑦, 𝑍) 𝜕

𝜕𝑦
and 𝐸∞ =

𝑃 · X∞(𝑄) −𝑄 · X∞(𝑃). The polynomial 𝐸∞ has the form 𝐸∞ = 𝐶2(𝑥, 𝑦) + 𝐶3(𝑥, 𝑦)𝑍 +
𝐶4(𝑥, 𝑦)𝑍2 + · · · + 𝐶8(𝑥, 𝑦)𝑍6, where 𝐶 𝑗 (𝑥, 𝑦), 𝑗 = 2, ..., 8 are polynomials in 𝑥 and 𝑦.
For example,

𝐶4(𝑥, 𝑦) = 𝑀4(𝑎, 𝑏, 𝑐, 𝑑, 𝑓 , 𝑔, 𝑘, 𝑙, 𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠, 𝑥, 𝑦)
+𝑀4(𝑏, 𝑎, 𝑑, 𝑐, 𝑔, 𝑓 , 𝑙, 𝑘, 𝑛, 𝑚, 𝑞, 𝑝, 𝑠, 𝑟, 𝑦, 𝑥),

(3)

where

𝑀4(𝑎, 𝑏, 𝑐, 𝑑, 𝑓 , 𝑔, 𝑘, 𝑙, 𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠, 𝑥, 𝑦) =
(𝑎𝑔𝑘 + 𝑑𝑔𝑘 + 2𝑘2 − 𝑔2𝑚 + 𝑎𝑔𝑞 + 𝑘𝑞 − 𝑎2𝑠 + 𝑎𝑑𝑠 − 2𝑐𝑔𝑠 − 2𝑚𝑠 − 𝑠2)𝑥6+
(3𝑎𝑑𝑘 + 𝑑2𝑘 + 2𝑏𝑔𝑘 − 𝑑𝑔𝑚 + 3𝑘𝑚 + 2𝑎𝑔𝑛 + 2𝑘𝑛 − 2𝑔2𝑝 + 2𝑎𝑑𝑞 − 𝑐𝑔𝑞 − 𝑚𝑞
+2𝑎𝑏𝑠 − 3𝑎𝑐𝑠 − 𝑐𝑑𝑠 − 4 𝑓 𝑔𝑠 − 3𝑘𝑠 − 4𝑝𝑠 − 𝑞𝑠)𝑥5𝑦 + (5𝑎𝑏𝑘 + 3𝑏𝑑𝑘 + 2𝑐𝑑𝑘 − 𝑓 𝑔𝑘

+3𝑎𝑔𝑙 + 3𝑘𝑙 + 2𝑎𝑑𝑚 − 𝑐𝑔𝑚 + 𝑚2 + 𝑎2𝑛 + 3𝑎𝑑𝑛 − 𝑎𝑔𝑝 − 3𝑑𝑔𝑝 + 2𝑘 𝑝 + 3𝑎𝑏𝑞 − 𝑎𝑐𝑞
−3 𝑓 𝑔𝑞 − 𝑘𝑞 − 3𝑝𝑞 − 3𝑔2𝑟 − 2𝑐2𝑠 − 4𝑎 𝑓 𝑠 − 3𝑑𝑓 𝑠 − 4𝑚𝑠 − 6𝑟𝑠)𝑥4𝑦2+
(2𝑏2𝑘 + 4𝑏𝑐𝑘 + 𝑑𝑓 𝑘 + 4𝑎𝑏𝑚 + 𝑏𝑑𝑚 + 𝑐𝑑𝑚 − 2 𝑓 𝑔𝑚 + 𝑙𝑚 + 𝑎𝑑𝑝 − 𝑑2𝑝 − 2𝑏𝑔𝑝
−2𝑐𝑔𝑝 + 𝑚𝑝 − 2𝑛𝑝 − 2𝑎𝑔𝑟 − 5𝑑𝑔𝑟 + 𝑘𝑟 − 5𝑞𝑟)𝑥3𝑦3.

We say that the line at infinity 𝑍 = 0 has multiplicity a if 𝐶2(𝑥, 𝑦) ≡ 0, ..., 𝐶a (𝑥, 𝑦) ≡
0, 𝐶a+1(𝑥, 𝑦) . 0, i.e. a − 1 is the greatest positive integer such that 𝑍a−1 divides 𝐸∞.

The algebraic line 𝑓 (𝑥, 𝑦) = 0 is called invariant for (1) if there exists a polynomial
𝐾 ∈ C[𝑥, 𝑦] such that the identityX( 𝑓 ) ≡ 𝑓 ·𝐾 (𝑥, 𝑦) holds. Some notions on multiplicity
(algebraic, integrable, infinitesimal, geometric) of an invariant algebraic line and its
equivalence for polynomial differential systems are given in [1].

Cubic differential systems with multiple invariant straight lines (including the line at
infinity) were studied in [6], [13], [16], and the center problem for (1) with invariant
straight lines was considered in [2], [3], [4], [5], [10], [12], [14], [15], [17].
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In [11], using the complex variables 𝐴, 𝐵, 𝐶, 𝐷, 𝐹, 𝐺, 𝐾, 𝐿, 𝑀, 𝑁, 𝑃, 𝑄, 𝑅, 𝑆, where

𝐴 = 𝑔 − 𝑏 − 𝑐 + 𝑖(𝑎 + 𝑑 − 𝑓 ), 𝐶 = 2(𝑏 + 𝑔 + 𝑖(𝑎 + 𝑓 )),
𝐹 = 𝑐 + 𝑔 − 𝑏 + 𝑖(𝑎 − 𝑑 − 𝑓 ), 𝐾 = 𝑟 + 𝑠 − 𝑚 − 𝑛 + 𝑖(𝑘 − 𝑙 − 𝑝 + 𝑞),
𝑀 = 𝑛 − 𝑚 − 3(𝑟 − 𝑠) + 𝑖(3(𝑘 + 𝑙) + 𝑝 + 𝑞),
𝑃 = 𝑚 + 𝑛 + 3(𝑟 + 𝑠) + 𝑖(3(𝑘 − 𝑙) + 𝑝 − 𝑞),
𝑅 = 𝑚 − 𝑛 − 𝑟 + 𝑠 + 𝑖(𝑘 + 𝑙 − 𝑝 − 𝑞),
𝐵 = 𝐴, 𝐷 = 𝐶, 𝐺 = 𝐹, 𝐿 = 𝐾, 𝑁 = 𝑀, 𝑄 = 𝑃, 𝑆 = 𝑅,

(4)

cubic differential systems (1) with multiple line at infinity are classified.
In this paper we obtain the classification of these systems in real coefficients. Moreover,

in the classes for which the multiplicity of the line at infinity is four, the center problem
is solved.

2. Classification of cubic systems with multiple line at infinity

2.1. Cubic systems with the line at infinity of multiplicity two.

In [11], using the variables 𝐴, 𝐵, ..., 𝑅, 𝑆, it was shown that the line at infinity in (1)
has multiplicity two if and only if one of the following three sets of conditions holds:

𝐾 = 𝐿 = 𝑅 = 𝑆 = 0, 𝑄 = 𝑀𝑁/𝑃, 𝑀𝑁 ≠ 0; (5)

𝑀 = 𝑁 = 𝑃 = 𝑄 = 0, 𝑅 = 𝐾𝐿/𝑆; (6)

𝑃 = 𝐾𝑁/𝑆, 𝑅 = 𝐾𝐿/𝑆, 𝑄 = 𝑀𝑆/𝐾, 𝑀 ≠ 0. (7)

Taking into account (4), we obtain the following sets of solutions:
- in Case (5):

𝑘 = 𝑚 = 𝑝 = 𝑟 = 0, 𝑞 = 𝑙, 𝑠 = 𝑛; (8)

𝑘 = 𝑛 = 𝑝 = 𝑠 = 0, 𝑞 = 𝑙, 𝑟 = 𝑚; (9)

𝑘 = 𝑝, 𝑙 = 𝑞, 𝑚 = 𝑝𝑞/𝑠, 𝑛 = 𝑠, 𝑟 = 𝑝𝑞/𝑠; (10)

- in Case (6):
𝑘 = 𝑚 = 𝑝 = 𝑟 = 0, 𝑞 = −3𝑙, 𝑠 = −𝑛/3; (11)

𝑘 = 𝑛 = 𝑝 = 𝑠 = 0, 𝑞 = −3𝑙, 𝑟 = −𝑚/3; (12)

𝑘 = −𝑝/3, 𝑙 = −𝑞/3, 𝑚 = −𝑝𝑞/(3𝑠), 𝑛 = −3𝑠, 𝑟 = 𝑝𝑞/(9𝑠); (13)

- in Case (7):
𝑘 = 𝑚 = 𝑝 = 𝑟 = 0; (14)

𝑘 = 𝑚 = 𝑛 = 𝑝 = 𝑞 = 𝑠 = 0; (15)

𝑘 = 𝑛 = 𝑝 = 𝑠 = 0, 𝑙 = 𝑞𝑟/𝑚; (16)
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𝑘 = 𝑠 = 0, 𝑙 = 𝑛𝑟/𝑝, 𝑞 = 𝑚𝑛/𝑝; (17)

𝑙 = 𝑟𝑠/𝑘, 𝑛 = 𝑝𝑠/𝑘, 𝑞 = 𝑚𝑠/𝑘. (18)

We change the coefficients 𝑙 → −3𝑙, 𝑛 → −𝑛/3 (respectively, {𝑙 → −3𝑙, 𝑚 → −𝑚/3}
and {𝑚 → 𝑚/9, 𝑝 → −𝑝/3, 𝑞 → −𝑞/3, 𝑟 → −𝑟/3, 𝑠 → −3𝑠}) in (1). This implies
that the set of conditions (11) (respectively, (12) and (13)) is equivalent with the set of
conditions (8) (respectively, (9) and (10)). Conditions (8) are contained in (14), while
{(9), 𝑚 = 0}, {(9), 𝑚 ≠ 0}, {(10), 𝑘 = 0}, {(10), 𝑘 ≠ 0} are contained in (14), (16),
(14), (18), respectively.

In this way we proved the following Lemma.

Lemma 2.1. The line at infinity of system {(1), (2)} has multiplicity at least two if and
only if one of conditions (14) − (18) holds.

2.2. Cubic systems with the line at infinity of multiplicity three.

In complex variables 𝐴, 𝐵, ..., 𝑅, 𝑆 the line at infinity has the multiplicity at least three
for cubic system {(1), (2)} if and only if the coefficients of {(1), (2)} verify one of the
following six set of conditions:

𝐾 = 𝐿 = 𝑅 = 𝑆 = 0, 𝐹 = 𝐵𝑀/𝑃, 𝐺 = 𝐴𝑃/𝑀, 𝑁 = 𝑃2/𝑀, 𝑄 = 𝑃; (19)

𝐾 = 𝐿 = 𝑅 = 𝑆 = 0, 𝐷 = 𝐶𝑁/𝑃, 𝐹 = 𝐵𝑃/𝑁, 𝐺 = 𝐴𝑁/𝑃, 𝑄 = 𝑀𝑁/𝑃; (20)

𝑀 = 𝑁 = 𝑃 = 𝑄 = 0, 𝐶 = 𝐷𝑅/𝐿, 𝐹 = 𝐵𝑅/𝐿, 𝐺 = 𝐴𝐿/𝑅, 𝑆 = 𝐾𝐿/𝑅; (21)

𝑀 = 𝑁 = 𝑃 = 𝑄 = 0, 𝐹 = −(𝐶𝐿2 − 𝐷𝐿𝑅 − 𝐵𝑅2)/(𝐿𝑅),
𝐺 = (𝐴𝐿2 + 𝐶𝐿𝑅 − 𝐷𝑅2)/(𝐿𝑅), 𝑆 = 𝐾𝐿/𝑅, 𝐾𝐿3 − 𝑅4 = 0;

(22)

𝐷 = 𝐶𝐿/𝑅, 𝐹 = 𝐵𝑅/𝐿, 𝐺 = 𝐴𝐿/𝑅, 𝑃 = 𝑁𝑅/𝐿, 𝑄 = 𝐿𝑀/𝑅, 𝑆 = 𝐾𝐿/𝑅; (23)

𝐷 = 𝐿 (𝐹𝐾𝐿2 − 𝐵𝐾𝐿𝑅 − 𝐹𝐿𝑀𝑅 + 𝐵𝑀𝑅2 + 𝐶𝑅3)/𝑅4,

𝐺 = −𝐿 (𝐹𝐾𝐿 − 𝐵𝐾𝑅 − 𝐴𝑅2)/𝑅3, 𝑁 = −(𝐾𝐿3 − 𝐿2𝑀𝑅 − 𝑅4)/𝑅3,

𝑃 = −(𝐾𝐿3 − 𝐿2𝑀𝑅 − 𝑅4)/(𝐿𝑅2), 𝑄 = 𝐿𝑀/𝑅, 𝑆 = 𝐾𝐿/𝑅
(24)

(see [11]).
Using (4), we will solve in the real coefficient 𝑎, 𝑏, 𝑐, 𝑑, 𝑓 , 𝑔, 𝑘, 𝑙, 𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠 of (1)

the equalities (19)-(24). Firstly, we solve the equalities:

𝐾 = 𝐿 = 𝑅 = 𝑆 = 0;
𝑀 = 𝑁 = 𝑃 = 𝑄 = 0.

We obtain, respectively
𝑘 = 𝑝, 𝑙 = 𝑞, 𝑚 = 𝑟, 𝑛 = 𝑠; (25)

𝑘 = −𝑝/3, 𝑙 = −𝑞/3, 𝑚 = −3𝑟, 𝑛 = −3𝑠. (26)
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Suppose (25) is realised. Then equations (19) give us two series of conditions:

𝑑 = 𝑘 = 𝑙 = 𝑛 = 𝑝 = 𝑞 = 𝑠 = 0, 𝑏 = 𝑔, 𝑚 = 𝑟, 𝑟 ≠ 0; (27)

𝑎 = (𝑔𝑞 + 𝑓 𝑠 − 𝑏𝑞)/𝑠, 𝑐 = 𝑑𝑞/𝑠, 𝑘 = 𝑙 = 𝑝 = 𝑞, 𝑚 = 𝑞2/𝑠, 𝑛 = 𝑠, 𝑟 = 𝑞2/𝑠, (28)

and (20) yields the conditions

𝑎 = 𝑐 = 𝑓 = 𝑘 = 𝑚 = 𝑝 = 𝑟 = 0, 𝑙 = 𝑞, 𝑛 = 𝑠; (29)

𝑙 = 𝑚 = 𝑞 = 𝑟 = 0, 𝑏 = 𝑓 𝑠/𝑝, 𝑑 = 𝑐𝑠/𝑝, 𝑔 = 𝑎𝑠/𝑝, 𝑘 = 𝑝, 𝑛 = 𝑠; (30)

𝑏 = 𝑓 𝑞/𝑟, 𝑑 = 𝑐𝑞/𝑟, 𝑔 = 𝑎𝑞/𝑟, 𝑘 = 𝑝, 𝑙 = 𝑞, 𝑚 = 𝑟, 𝑛 = 𝑝𝑞/𝑟, 𝑠 = 𝑝𝑞/𝑟. (31)

Let equalities (26) hold. Then,
set (21) implies:

𝑎 = 𝑐 = 𝑓 = 𝑘 = 𝑚 = 𝑝 = 𝑟 = 0, 𝑙 = −𝑞/3, 𝑛 = −3𝑠; (32)

𝑙 = 𝑚 = 𝑞 = 𝑟 = 0, 𝑏 = −3 𝑓 𝑠/𝑝, 𝑑 = −3𝑐𝑠/𝑝, 𝑔 = −3𝑎𝑠/𝑝, 𝑘 = −𝑝/3, 𝑛 = −3𝑠; (33)

𝑏 = − 𝑓 𝑞/(3𝑟), 𝑑 = −𝑐𝑞/(3𝑟), 𝑔 = −𝑎𝑞/(3𝑟), 𝑘 = −𝑝/3, 𝑙 = −𝑞/3,
𝑚 = −3𝑟, 𝑛 = −𝑝𝑞/(3𝑟), 𝑠 = 𝑝𝑞/(9𝑟);

(34)

set (22) yields:

𝑐 = 𝑘 = 𝑙 = 𝑚 = 𝑝 = 𝑞 = 𝑟 = 0, 𝑎 = − 𝑓 /3, 𝑛 = −3𝑠, 𝑠 ≠ 0; (35)

𝑑 = 𝑘 = 𝑙 = 𝑛 = 𝑝 = 𝑞 = 𝑠 = 0, 𝑏 = −𝑔/3, 𝑚 = −3𝑟, 𝑟 ≠ 0; (36)

𝑙 = 𝑚 = 𝑞 = 𝑟 = 0, 𝑏 = − 𝑓 𝑝/(9𝑠), 𝑔 = (𝑑𝑝 + 3𝑐𝑠 − 𝑎𝑝)/(9𝑠),
𝑘 = −𝑝/3, 𝑛 = −3𝑠, 𝑝2 − 27𝑠2 = 0;

(37)

𝑎 = −(𝑐𝑞3 + 3𝑑𝑞2𝑟 − 27𝑐𝑞𝑟2 + 72𝑔𝑞𝑟2 − 81𝑑𝑟3)/(24𝑞2𝑟),
𝑓 = (𝑐𝑞3 + 3𝑑𝑞2𝑟 − 24𝑏𝑞𝑟2 − 3𝑐𝑞𝑟2 − 9𝑑𝑟3)/(8𝑞2𝑟),
𝑝 = −3𝑘 = −𝑞(𝑞2 − 27𝑟2)/(3(𝑞2 − 3𝑟2)), 𝑙 = −𝑞/3,
𝑚 = −3𝑟, 𝑛 = −3𝑠 = 𝑞2(𝑞2 − 27𝑟2)/(9𝑟 (𝑞2 − 3𝑟2)).

(38)

set (23) gives:
𝑏 = 𝑑 = 𝑔 = 𝑙 = 𝑛 = 𝑞 = 𝑠 = 0; (39)

𝑎 = 𝑐 = 𝑓 = 𝑘 = 𝑚 = 𝑝 = 𝑟 = 0; (40)

𝑘 = 𝑙 = 𝑛 = 𝑝 = 𝑟 = 𝑠 = 0, 𝑎 = 𝑔𝑚/𝑞, 𝑐 = 𝑑𝑚/𝑞, 𝑓 = 𝑏𝑚/𝑞; (41)

𝑘 = 𝑛 = 𝑝 = 𝑠 = 0, 𝑎 = 𝑔𝑟/𝑙, 𝑐 = 𝑑𝑟/𝑙, 𝑓 = 𝑏𝑟/𝑙, 𝑚 = 𝑞𝑟/𝑙; (42)

𝑛 = 𝑝 = 0, 𝑎 = 𝑔𝑘/𝑠, 𝑐 = 𝑑𝑘/𝑠, 𝑓 = 𝑏𝑘/𝑠, 𝑚 = 𝑘𝑞/𝑠, 𝑟 = 𝑘𝑙/𝑠; (43)

𝑎 = 𝑔𝑝/𝑛, 𝑐 = 𝑑𝑝/𝑛, 𝑓 = 𝑏𝑝/𝑛, 𝑘 = 𝑝𝑠/𝑛, 𝑚 = 𝑝𝑞/𝑛, 𝑟 = 𝑙 𝑝/𝑛. (44)
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The system {𝑄 = 𝐿𝑀/𝑅, 𝑆 = 𝐾𝐿/𝑅} has the solutions:

(𝑖) 𝑘 = 𝑙 = 𝑛 = 𝑝 = 𝑟 = 𝑠 = 0, 𝑞 ≠ 0; (𝑖𝑖) 𝑙 = 𝑛 = 𝑝 = 𝑟 = 0, 𝑚 = 𝑘𝑞/𝑠;
(𝑖𝑖𝑖) 𝑙 = 𝑟 = 0, 𝑘 = 𝑝𝑠/𝑛, 𝑚 = 𝑝𝑞/𝑛; (𝑖𝑣) 𝑙 = 𝑞 = 0, 𝑠 = 𝑛;
(𝑣) 𝑘 = 𝑟𝑠/𝑙, 𝑚 = 𝑞𝑟/𝑙, 𝑝 = 𝑛𝑟/𝑙.

Nextly, we solve (24) taking into account the equalities (𝑖) − (𝑣). We obtain conditions

𝑎 = 𝑓 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑟 = 𝑠 = 0, 𝑞 ≠ 0; (45)

in Case (i); conditions

𝑓 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑟 = 0, 𝑐 = 𝑎𝑞/𝑠; (46)

𝑙 = 𝑛 = 𝑝 = 𝑟 = 0, 𝑏 = 𝑓 𝑠/𝑘, 𝑑 = 𝑐𝑠/𝑘, 𝑚 = 𝑘𝑞/𝑠, 𝑞 = 𝑘; (47)

in Case (ii); conditions

𝑘 = 𝑙 = 𝑚 = 𝑝 = 𝑟 = 0, 𝑎 = 𝑓 𝑠/𝑛, 𝑐 = 𝑓 𝑞/𝑛; (48)

𝑙 = 𝑟 = 0, 𝑎 = (𝑐𝑛𝑝𝑞 − 𝑐𝑛3 + 𝑑𝑛2𝑝 + 𝑔𝑛𝑝2 − 𝑑𝑝2𝑞)/(𝑛2𝑝), 𝑓 = 𝑏𝑝/𝑛,
𝑘 = (𝑝𝑞 − 𝑛2)/𝑝, 𝑚 = 𝑝𝑞/𝑛, 𝑠 = 𝑛(𝑝𝑞 − 𝑛2)/𝑝2;

(49)

in Case (iii); conditions

𝑏 = 𝑔 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑞 = 𝑟 = 𝑠 = 0, 𝑝 ≠ 0; (50)

𝑏 = 𝑘 = 𝑙 = 𝑛 = 𝑞 = 𝑟 = 𝑠 = 0, 𝑑 = 𝑔𝑝/𝑚; (51)

𝑘 = 𝑙 = 𝑛 = 𝑞 = 𝑠 = 0, 𝑑 = 𝑏𝑝/𝑟, 𝑔 = 𝑏𝑚/𝑟; (52)

in Case (iv); and conditions

𝑎 = ( 𝑓 𝑙4 − 𝑏𝑙3𝑟 − 𝑓 𝑙2𝑛𝑟 + 𝑏𝑙𝑛𝑟2 + 𝑓 𝑙𝑞𝑟2 + 𝑔𝑙𝑟3 − 𝑏𝑞𝑟3)/(𝑙2𝑟2),
𝑐 = (𝑏𝑙2𝑟 − 𝑓 𝑙3 + 𝑓 𝑙𝑛𝑟 + 𝑑𝑙𝑟2 − 𝑏𝑛𝑟2)/(𝑙2𝑟), 𝑘 = (𝑙3 − 𝑙𝑛𝑟 + 𝑞𝑟2)/𝑟2,

𝑚 = (𝑞𝑟)/𝑙, 𝑝 = 𝑛𝑟/𝑙, 𝑠 = 𝑙 (𝑙3 − 𝑙𝑛𝑟 + 𝑞𝑟2)/𝑟3.

(53)

in Case (v). From the above, the next statement follows.

Lemma 2.2. The line at infinity of system {(1), (2)} has multiplicity at least three if and
only if one of the series of conditions (27) − (53) holds.

It is easy to show that under each of the conditions (27)−(38), (42), (47), (48) and (51)
the polynomial (3), i.e. 𝐶4(𝑥, 𝑦), is not equivalently zero. Therefore, the assertion of the
following Lemma is true.

Lemma 2.3. Under each of the conditions (27)−(38), (42), (47), (48) and (51) the line at
infinity of system {(1), (2)} has multiplicity exactly three.
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2.3. Cubic systems with the line at infinity of multiplicity four.

According to [11], the line at infinity in complex variables 𝐴, 𝐵, ..., 𝑅, 𝑆 has the mul-
tiplicity at least four for cubic system {(1), (2)} if and only if the coefficients of {(1),(2)}
verify one of the following two sets of conditions:

𝐷 = 𝐶𝑆/𝐾, 𝐹 = 𝐵𝐾/𝑆, 𝐺 = 𝐴𝑆/𝐾, 𝐿 = −𝑆4/𝐾3,

𝑀 = 𝑆, 𝑁 = 𝑅 = −𝑆3/𝐾2, 𝑄 = −𝑃 = 𝑆2/𝐾;
(54)

𝐴 = 2(𝐾3𝐿 + 𝑆4)/(𝑆2(𝐵𝐾 − 𝐹𝑆)) − 𝑆(𝐵𝐾 − 2𝐹𝑆)/(𝐾𝐿),
𝐶 = 2𝐾3𝐿 + 𝑆4)/(𝐾𝑆(𝐵𝐾 − 𝐹𝑆)) − (𝐵𝐾4𝐿 − 2𝐹𝐾3𝐿𝑆 − 𝐹𝑆5)/(𝐾2𝐿𝑆2),
𝐷 = (𝐹𝐾2𝐿 + 𝐵𝑆3)/(𝐾2𝐿) + 2(𝐾3𝐿 + 𝑆4)/(𝐾2(𝐵𝐾 − 𝐹𝑆)),
𝐺 = 𝐹𝑆3/(𝐾2𝐿) + 2(𝐾3𝐿 + 𝑆4))/(𝐾𝑆(𝐵𝐾 − 𝐹𝑆)),
𝑀 = (𝐾3𝐿 + 2𝑆4)/𝑆3, 𝑁 = (2𝐾3𝐿 + 𝑆4)/(𝐾2𝑆), 𝑃 = (2𝐾3𝐿 + 𝑆4)/(𝐾𝑆2),
𝑄 = (𝐾3𝐿 + 2𝑆4)/(𝐾𝑆2), 𝑅 = 𝐾𝐿/𝑆.

(55)

The equalities 𝑀 = 𝑆, 𝑄 = −𝑃 occur if 𝑙 = −𝑘, 𝑚 = −2𝑟 − 𝑠 𝑛 = −𝑟 − 2𝑠. The
last equalities together with 𝐷 = 𝐶𝑆/𝐾, 𝐹 = 𝐵𝐾/𝑆, 𝐺 = 𝐴𝑆/𝐾, 𝐿 = −𝑆4/𝐾3, 𝑅 =

−𝑆3/𝐾2, 𝑃 = −𝑆2/𝐾 from (54) give us the following three series of conditions:

𝑎 = 𝑐 = 𝑓 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑟 = 𝑠 = 0, 𝑞 ≠ 0; (56)

𝑏 = 𝑑 = 𝑔 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑞 = 𝑟 = 𝑠 = 0, 𝑝 ≠ 0; (57)

𝑏 = 𝑓 𝑠/𝑘, 𝑑 = 𝑐𝑠/𝑘, 𝑔 = 𝑎𝑠/𝑘, 𝑙 = −𝑘, 𝑚 = 2𝑘2/𝑠 − 𝑠,
𝑛 = 𝑘2/𝑠 − 2𝑠, 𝑝 = −2𝑘 + 𝑘3/𝑠2, 𝑞 = 2𝑘 − 𝑠2/𝑘, 𝑟 = −𝑘2/𝑠.

(58)

Similarly, in Case (55), solving the system of equalities 𝑀 = (𝐾3𝐿 + 2𝑆4)/𝑆3, 𝑁 =

(2𝐾3𝐿 + 𝑆4)/(𝐾2𝑆), 𝑃 = (2𝐾3𝐿 + 𝑆4)/(𝐾𝑆2), 𝑄 = (𝐾3𝐿 + 2𝑆4)/(𝐾𝑆2), 𝑅 = 𝐾𝐿/𝑆, we
get:

𝑘 = 𝑠 = 0, 𝑙 = 𝑝/2, 𝑚 = 𝑛/2, 𝑞 = 𝑛2/(2𝑝), 𝑟 = 𝑝2/(2𝑛); (59)

𝑙 = (𝑝𝑠2 − 𝑘3)/(2𝑠2), 𝑚 = (3𝑘3 + 𝑝𝑠2)/(2𝑘𝑠), 𝑛 = 𝑝𝑠/𝑘,
𝑞 = (3𝑘3 + 𝑝𝑠2)/(2𝑘2), 𝑟 = −𝑘 (𝑘3 − 𝑝𝑠2)/(2𝑠3);

(60)

𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑟 = 0; (61)

𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑞 = 𝑠 = 0. (62)

Then under each of conditions (59)−(62), we solve the system
𝐴 = 2(𝐾3𝐿 + 𝑆4)/(𝑆2(𝐵𝐾 − 𝐹𝑆)) − 𝑆(𝐵𝐾 − 2𝐹𝑆)/(𝐾𝐿),

𝐶 = 2𝐾3𝐿 + 𝑆4)/(𝐾𝑆(𝐵𝐾 − 𝐹𝑆)) − (𝐵𝐾4𝐿 − 2𝐹𝐾3𝐿𝑆 − 𝐹𝑆5)/(𝐾2𝐿𝑆2),
𝐷 = (𝐹𝐾2𝐿 + 𝐵𝑆3)/(𝐾2𝐿) + 2(𝐾3𝐿 + 𝑆4)/(𝐾2(𝐵𝐾 − 𝐹𝑆)),
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𝐺 = 𝐹𝑆3/(𝐾2𝐿) + 2(𝐾3𝐿 + 𝑆4))/(𝐾𝑆(𝐵𝐾 − 𝐹𝑆))
and obtain, in Case (59):

𝑘 = 𝑠 = 0, 𝑎 = −𝑛𝑝/(2(𝑐𝑛 − 𝑑𝑝)), 𝑏 = (2𝑐2𝑛 − 2𝑐𝑑𝑝 + 𝑝2)/(2(𝑐𝑛 − 𝑑𝑝)),
𝑓 = 𝑝(4𝑐2𝑛2 − 6𝑐𝑑𝑛𝑝 + 2𝑑2𝑝2 + 𝑛𝑝2)/(2𝑛2(𝑐𝑛 − 𝑑𝑝)), 𝑔 = −𝑛2/(2(𝑐𝑛 − 𝑑𝑝)),
𝑙 = 𝑝/2, 𝑚 = 𝑛/2, 𝑞 = 𝑛2/(2𝑝), 𝑟 = 𝑝2/(2𝑛);

(63)
in Case (60):

𝑏 = (−𝑎𝑔𝑘4 + 𝑘5 + 𝑎2𝑘3𝑠 − 2𝑘3𝑠2 + 𝑎𝑔𝑘 𝑝𝑠2 − 𝑘2𝑝𝑠2 − 𝑎2𝑝𝑠3)/(2𝑘2𝑠·
(𝑔𝑘 − 𝑎𝑠)), 𝑙 = (−𝑘3 + 𝑝𝑠2)/(2𝑠2), 𝑚 = (3𝑘3 + 𝑝𝑠2)/(2𝑘𝑠),
𝑐 = −(2𝑔2𝑘5 − 5𝑎𝑔𝑘4𝑠 − 𝑘5𝑠 + 3𝑎2𝑘3𝑠2 + 2𝑘3𝑠3 − 𝑎𝑔𝑘 𝑝𝑠3 + 𝑘2𝑝𝑠3

+𝑎2𝑝𝑠4)/(2𝑘2𝑠2(𝑔𝑘 − 𝑎𝑠)), 𝑞 = (3𝑘3 + 𝑝𝑠2)/(2𝑘2),
𝑑 = (−𝑔2𝑘4 + 3𝑎𝑔𝑘3𝑠 + 𝑘4𝑠 − 2𝑎2𝑘2𝑠2 + 𝑔2𝑘 𝑝𝑠2 − 2𝑘2𝑠3 − 𝑎𝑔𝑝𝑠3

−𝑘 𝑝𝑠3)/(2𝑘2𝑠(𝑔𝑘 − 𝑎𝑠)), 𝑟 = −𝑘 (𝑘3 − 𝑝𝑠2)/(2𝑠3)
𝑓 = −(𝑔2𝑘5 − 3𝑎𝑔𝑘4𝑠 + 𝑘5𝑠 + 2𝑎2𝑘3𝑠2 − 𝑔2𝑘2𝑝𝑠2 − 2𝑘3𝑠3 + 3𝑎𝑔𝑘 𝑝𝑠3

−𝑘2𝑝𝑠3 − 2𝑎2𝑝𝑠4)/(2𝑘𝑠3(−𝑔𝑘 + 𝑎𝑠)), 𝑛 = 𝑝𝑠/𝑘;

(64)

in Case (61):

𝑏 = 𝑐 = 𝑓 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑞 = 𝑟 = 0, 𝑠 = 𝑎(𝑑 − 𝑎), 𝑎(𝑑 − 𝑎) ≠ 0; (65)

𝑓 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑟 = 0, 𝑎 = 𝑐𝑠/𝑞, 𝑐 = 𝑏, 𝑔 = 𝑠(𝑏𝑑𝑞 − 𝑞2 − 𝑏2𝑠)/(𝑏𝑞2);
(66)

in Case (62):

𝑎 = 𝑑 = 𝑔 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑞 = 𝑠 = 0, 𝑟 = 𝑏(𝑐 − 𝑏), 𝑏(𝑐 − 𝑏) ≠ 0; (67)

𝑔 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑞 = 𝑠 = 0, 𝑏 = 𝑎𝑟/𝑝, 𝑑 = 𝑎, 𝑓 = 𝑟 (𝑎𝑐𝑝 − 𝑝2 − 𝑎2𝑟)/(𝑎𝑝2). (68)

In this way we proved the following Lemma.

Lemma 2.4. The line at infinity of system {(1), (2)} has multiplicity at least four if and
only if one of the series of conditions (56)−(58), (63)−(68) holds.

Remark 2.1. The substitution {𝑥 ↔ 𝑦, 𝑡 → −𝑡, 𝑎 ↔ 𝑏, 𝑐 ↔ 𝑑, 𝑓 ↔ 𝑔, 𝑘 ↔ 𝑙, 𝑚 ↔
𝑛, 𝑝 ↔ 𝑞, 𝑟 ↔ 𝑠} reduces system {(1),(57)} (respectively, {(1),(67)}, {(1),(68)}) to
system {(1),(56)} (respectively, {(1),(65)}, {(1),(66)}).
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3. Center conditions for cubic system {(1), (2)} with the line at infinity
of multiplicity at least four

Lemma 3.1. The following twelve sets of conditions are sufficient for the origin (0, 0) to
be a center for system (1):

𝑎 = 𝑏 = 𝑐 = 𝑓 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑟 = 𝑠 = 0, 𝑞 = 𝑑𝑔, 𝑑𝑔 ≠ 0; (69)

𝑏 = ± 𝑓 , 𝑐 = ±(𝑎 + 𝑓 ), 𝑑 = 𝑎 + 𝑓 , 𝑔 = ±𝑎,
𝑘 = −𝑙 = ±𝑚 = −𝑛 = −𝑝 = 𝑞 = ∓𝑟 = ±𝑠 = ±(𝑎2 − 𝑓 2)/2;

(70)

𝑏 = ( 𝑓 𝑠)/𝑘, 𝑐 = (𝑘 ((𝑘2 + 𝑠2)2 − 2(𝑎2 − 𝑓 2)𝑠3))/((𝑎 + 𝑓 )𝑠2(𝑘2 − 𝑠2)),
𝑑 = ((𝑘2 + 𝑠2)2 − 2(𝑎2 − 𝑓 2)𝑠3)/((𝑎 + 𝑓 )𝑠(𝑘2 − 𝑠2)), 𝑔 = (𝑎𝑠)/𝑘, 𝑙 = −𝑘,
𝑚 = (2𝑘2 − 𝑠2)/𝑠, 𝑛 = (𝑘2 − 2𝑠2)/𝑠, 𝑝 = (𝑘 (𝑘2 − 2𝑠2))/𝑠2,
𝑞 = (2𝑘2 − 𝑠2)/𝑘, 𝑟 = −𝑘2/𝑠, 𝑘2(𝑘2 + 𝑠2) − (𝑎 + 𝑓 )𝑠(𝑎𝑘2 − 𝑓 𝑠2) = 0;

(71)

𝑘 = 𝑠 = 0, 𝑎 = (𝑐𝑑 − 𝑝)/(2𝑐), 𝑏 = 𝑐/2, 𝑓 = 𝑐3(𝑐𝑑 − 3𝑝)/(2(𝑐𝑑 − 𝑝)2),
𝑔 = (𝑐𝑑 − 𝑝)2/(2𝑐3), 𝑙 = 𝑝/2, 𝑚 = 𝑝(𝑐𝑑 − 𝑝)/(2𝑐2), 𝑛 = 𝑝(𝑐𝑑 − 𝑝)/𝑐2,

𝑞 = 𝑝(𝑐𝑑 − 𝑝)2/(2𝑐4), 𝑟 = 𝑐2𝑝/(2(𝑐𝑑 − 𝑝));
(72)

𝑏 = (−𝑎𝑔𝑘4 + 𝑘5 + 𝑎2𝑘3𝑠 − 2𝑘3𝑠2 + 𝑎𝑔𝑘 𝑝𝑠2 − 𝑘2𝑝𝑠2 − 𝑎2𝑝𝑠3)/(2𝑘2𝑠·
(𝑔𝑘 − 𝑎𝑠)), 𝑙 = (−𝑘3 + 𝑝𝑠2)/(2𝑠2), 𝑚 = (3𝑘3 + 𝑝𝑠2)/(2𝑘𝑠),
𝑐 = −(2𝑔2𝑘5 − 5𝑎𝑔𝑘4𝑠 − 𝑘5𝑠 + 3𝑎2𝑘3𝑠2 + 2𝑘3𝑠3 − 𝑎𝑔𝑘 𝑝𝑠3 + 𝑘2𝑝𝑠3

+𝑎2𝑝𝑠4)/(2𝑘2𝑠2(𝑔𝑘 − 𝑎𝑠)), 𝑞 = (3𝑘3 + 𝑝𝑠2)/(2𝑘2),
𝑑 = (−𝑔2𝑘4 + 3𝑎𝑔𝑘3𝑠 + 𝑘4𝑠 − 2𝑎2𝑘2𝑠2 + 𝑔2𝑘 𝑝𝑠2 − 2𝑘2𝑠3 − 𝑎𝑔𝑝𝑠3

−𝑘 𝑝𝑠3)/(2𝑘2𝑠(𝑔𝑘 − 𝑎𝑠)), 𝑟 = 𝑘 (𝑝𝑠2 − 𝑘3)/(2𝑠3),
𝑓 = −(𝑔2𝑘5 − 3𝑎𝑔𝑘4𝑠 + 𝑘5𝑠 + 2𝑎2𝑘3𝑠2 − 𝑔2𝑘2𝑝𝑠2 − 2𝑘3𝑠3 + 3𝑎𝑔𝑘 𝑝𝑠3

−𝑘2𝑝𝑠3 − 2𝑎2𝑝𝑠4)/(2𝑘𝑠3(−𝑔𝑘 + 𝑎𝑠)), 𝑛 = 𝑝𝑠/𝑘,
(𝑘3 − 2𝑘𝑠2 − 𝑝𝑠2) (𝑠(3𝑘3 − 𝑝𝑠2) (−𝑎𝑔𝑘 + 𝑘2 + 𝑎2𝑠) + 2𝑘 (𝑘2 + 𝑠2) (𝑔2𝑘2

−2𝑎𝑔𝑘𝑠 − 𝑘2𝑠 + 𝑎2𝑠2)) + 4𝑘2𝑠2(𝑔𝑘 − 𝑎𝑠)2(𝑘2 + 𝑠2) = 0;

(73)

𝑓 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑟 = 0, 𝑎 = 𝑏𝑠/𝑞, 𝑐 = 𝑏,
𝑑 = 𝑏(2𝑠2 − 𝑞2)/(𝑞𝑠), 𝑔 = (𝑏2𝑠2 − 𝑏2𝑞2 − 𝑞2𝑠)/(𝑏𝑞2);

(74)

𝑏 = 𝑘 (𝑘2 + 𝑎2𝑠 + 𝑠2 − 𝑎𝑔𝑘)/(𝑠(𝑎𝑠 − 𝑔𝑘)),
𝑐 = 𝑘 (𝑔2𝑘2 − 4𝑎𝑔𝑘𝑠 + 𝑘2𝑠 + 3𝑎2𝑠2 + 𝑠3)/(𝑠2(𝑎𝑠 − 𝑔𝑘)),
𝑑 = (𝑘2𝑠 + 𝑎2𝑠2 + 𝑠3 − 𝑔2𝑘2)/(𝑠(𝑎𝑠 − 𝑔𝑘)),
𝑓 = 𝑘2(𝑔2𝑘2 − 3𝑎𝑔𝑘𝑠 + 𝑘2𝑠 + 2𝑎2𝑠2 + 𝑠3)/(𝑠3(𝑎𝑠 − 𝑔𝑘)),
𝑝 = 3𝑙 = 3𝑘3/𝑠2, 𝑚 = 𝑛 = 3𝑘2/𝑠, 𝑞 = 3𝑘, 𝑟 = 𝑘4/𝑠3,
𝑔2𝑘3 − 3𝑎𝑔𝑘2𝑠 + 𝑘3𝑠 + 2𝑎2𝑘𝑠2 − 𝑔2𝑘𝑠2 + 𝑎𝑔𝑠3 + 𝑘𝑠3 = 0;

(75)
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𝑏 = −𝑎𝑠/𝑘, 𝑐 = (2𝑎𝑘2𝑠 − 𝑔𝑘3 − 𝑎𝑠3)/(𝑘𝑠2), 𝑑 = (𝑎𝑘 − 𝑔𝑠)/𝑘,
𝑓 = (𝑔𝑘 − 2𝑎𝑠)/𝑠, 𝑙 = −𝑘, 𝑚 = (2𝑘2 − 𝑠2)/𝑠, 𝑛 = (𝑘2 − 2𝑠2)/𝑠,
𝑝 = 𝑘 (𝑘2 − 2𝑠2)/𝑠2, 𝑞 = (2𝑘2 − 𝑠2)/𝑘, 𝑟 = −𝑘2/𝑠,
𝑔2𝑘3 − 3𝑎𝑔𝑘2𝑠 + 𝑘3𝑠 + 2𝑎2𝑘𝑠2 − 𝑔2𝑘𝑠2 + 𝑎𝑔𝑠3 + 𝑘𝑠3 = 0;

(76)

𝑏 = 𝑐 = 𝑓 = 𝑔 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑞 = 𝑟 = 0, 𝑠 = 𝑎(𝑑 − 𝑎), 𝑎(𝑑 − 𝑎) ≠ 0; (77)

𝑏 = 𝑐 = 𝑓 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑞 = 𝑟 = 0, 𝑑 = 2𝑎, 𝑠 = 𝑎2, 𝑎 ≠ 0; (78)

𝑎 = 𝑓 = 𝑔 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑟 = 𝑠 = 0, 𝑐 = 𝑏, 𝑑 = 𝑞/𝑏, 𝑞 ≠ 0. (79)

Proof. When one of the series of conditions (69)−(74) holds, system (1) has an affine
invariant straight line 𝑙1 and a Darboux integrating factor of the form `(𝑥, 𝑦) = 1/𝑙1.

In Case (69): 𝑙1 = 𝑑𝑦 + 1;
in Case (70): 𝑙1 = (𝑎 − 𝑓 ) (𝑥 ∓ 𝑦) ± 1;
in Case (71): 𝑙1 = (𝑘2 + 𝑠2) (𝑘𝑥 − 𝑠𝑦) + (𝑎 + 𝑓 )𝑠2;
in Case (72): 𝑙1 = 𝑝𝑦 + 𝑐;
in Case (73): 𝑙1 = 2𝑘3𝑠(𝑘3−2𝑘𝑠2− 𝑝𝑠2) + (𝑔𝑘 −𝑎𝑠) (3𝑘3− 𝑝𝑠2) (2𝑘2𝑠𝑥− 𝑘3𝑦+ 𝑝𝑠2𝑦);
in Case (74): 𝑙1 = 𝑏(𝑠𝑥 + 𝑞𝑦) − 𝑠.
Under the conditions (75) the equalities 𝐶𝐹 − 𝐷𝐺 = 𝐴𝐷3 − 𝐵𝐶3 = 𝐴𝐹3 − 𝐵𝐺3 =

𝐴4𝐿3 − 𝐵4𝐾3 = 𝐴2𝑁3 − 𝐵2𝑀3 = 𝐴2𝑅3 − 𝐵2𝑆3 = 𝐶4𝐿 − 𝐷4𝐾 = 𝐶2𝑁 − 𝐷2𝑀 =

𝐶2𝑅 − 𝐷2𝑆 = 𝐹4𝐾 −𝐺4𝐿 = 𝐹2𝑀 −𝐺2𝑁 = 𝐹2𝑆 −𝐺2𝑅 = 𝐾𝑁2 − 𝐿𝑀2 = 𝐾𝑅2 − 𝐿𝑆2 =

𝑀𝑅 − 𝑁𝑆 = 𝑃 − 𝑄 = 0 hold. Therefore, system {(1),(2)} has an axis of symmetry and
the origin is a center ([8]).

In Case (76), system (1) has the integrating factor of the Darboux form:

`(𝑥, 𝑦) = 𝑙𝛼1
1 𝑙

𝛼2
2 𝑙

𝛼3
3 𝑙

𝛼4
4 ,

where

𝑙1 = 𝑘𝑠 + (𝑔𝑘 − 𝑎𝑠) (𝑠𝑥 + 𝑘𝑦), 𝑙3 = 𝐸𝑥𝑝[2𝑠(𝑔𝑘 − 𝑎𝑠)𝑥 + 𝑘 (𝑠𝑥 + 𝑘𝑦)2],
𝑙2 = 𝐸𝑥𝑝[𝑠𝑥 + 𝑘𝑦], 𝑙4 = 𝐸𝑥𝑝[(𝑠𝑥 + 𝑘𝑦) (𝑠(𝑎𝑔𝑠 + 𝑘𝑠 − 𝑔2𝑘)𝑥 + (𝑔2𝑘2 − 3𝑎𝑔𝑘𝑠 + 𝑘2𝑠

+2𝑎2𝑠2)𝑦 + 2(𝑎𝑠 − 𝑔𝑘) (𝑠𝑥 + 𝑘𝑦)2)/3], 𝛼1 = (𝑘2 + 𝑠2)2(𝑔4𝑘3 − 𝑎𝑔3𝑘2𝑠 − 5𝑔2𝑘3𝑠

+𝑔4𝑘𝑠2 + 4𝑎𝑔𝑘2𝑠2 + 2𝑘3𝑠2 − 𝑎𝑔3𝑠3 − 𝑔2𝑘𝑠3)/(8𝑘3(𝑎𝑠 − 𝑔𝑘)4),
𝛼2 = (𝑔2𝑘 − 𝑎𝑔𝑠 − 𝑘𝑠) (𝑘2 + 𝑠2)2/(2𝑘2(𝑔𝑘 − 𝑎𝑠)3),
𝛼3 = (𝑘2 + 𝑠2) (𝑔𝑘2 − 2𝑎𝑘𝑠 − 𝑔𝑠2)/(2𝑘2𝑠3(𝑔𝑘 − 𝑎𝑠)),
𝛼4 = 𝑘 (𝑘2 + 𝑠2)2/(2𝑘2𝑠3(𝑔𝑘 − 𝑎𝑠)2).

In Case (77), 𝑂𝑥 is an axis of symmetry for (1).
In Case (78), system (1) has a polynomial first integral 𝐹 (𝑥, 𝑦) = 6(𝑥2 + 𝑦2) + 4𝑔𝑥3 +

12𝑎𝑥2𝑦 + 3𝑎2𝑥4.
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In Case (79), system (1) has an integrating factor `(𝑥, 𝑦) = (1 + 𝑏𝑥)𝐸𝑥𝑝 [−𝑞(3𝑞𝑥2 +
2𝑏𝑞𝑥3 + 6𝑏𝑦 + 6𝑏2𝑥𝑦)/(6𝑏2)] . □

Remark 3.1. The line at infinity for system {(1),(2),(78)} has multiplicity five.

Theorem 3.1. Cubic system {(1), (2)} with the line at infinity of multiplicity four has at
the origin a center if and only if the first three Lyapunov quantities vanish.

Proof. To prove Theorem 3.1 we compute the first three Lyapunov quantities (see [2],
[9]) 𝐿1, 𝐿2, 𝐿3 for each set of conditions (56), (58), (63)−(66) (see Remark 2.1). In the
expressions for 𝐿 𝑗 we will neglect the non-zero factors.

In Case (56) the first Lyapunov quantity is 𝐿1 = 𝑏𝑑 + 𝑑𝑔 − 𝑞 while 𝐿1 = 0 gives
𝑞 = 𝑑 (𝑏 + 𝑔). Then {𝐿2 = 𝑏(3𝑏 + 5𝑔) = 0, 𝐿3 = 𝑏(2064𝑏3 + 183𝑏𝑑2 + 4982𝑏2𝑔 +
305𝑑2𝑔 + 2660𝑏𝑔2 + 230𝑔3) = 0} =⇒ {𝑏 = 0} =⇒ Lemma 3.1, (69).

Let conditions (58) hold. Then 𝐿1 = (𝑎+ 𝑓 ) (𝑠2− 𝑘2)𝑠2𝑐+ 𝑘 ((𝑘2+ 𝑠2)2−2(𝑎2− 𝑓 2)𝑠3).
If 𝑠 = ±𝑘, then {𝐿1 = 0, 𝐿2 = 0, 𝐿3 = 0} ⇐⇒ {𝑘 = ±(𝑎2 − 𝑓 2)/2, 𝑐 = ±(𝑎 + 𝑓 )} =⇒
Lemma 3.1, (70). If 𝑠2− 𝑘2 ≠ 0, then 𝐿1 = 0 =⇒ 𝑐 = 𝑘 ((𝑘2+ 𝑠2)2−2(𝑎2− 𝑓 2)𝑠3))/((𝑎+
𝑓 ) (𝑘2 − 𝑠2)𝑠2) =⇒ 𝐿2 = 𝑓1 𝑓2, 𝐿3 = 𝑓1 𝑓3, where

𝑓1 = 𝑘2(𝑘2 + 𝑠2) − (𝑎 + 𝑓 )𝑠(𝑎𝑘2 − 𝑓 𝑠2),
𝑓2 = 2𝑘4 + 𝑘2𝑠(2𝑠 + (𝑎 + 𝑓 ) (3𝑎 + 5 𝑓 )) − (𝑎 + 𝑓 ) (5𝑎 + 3 𝑓 )𝑠3,
𝑓3 = (𝑎 + 𝑓 )𝑘2(9𝑎3 + 39𝑎2 𝑓 + 55𝑎 𝑓 2 + 25 𝑓 3 + 40𝑎𝑠 + 56 𝑓 𝑠) − 𝑠2(15𝑎4 + 64𝑎3 𝑓

+98𝑎2 𝑓 2 + 64𝑎 𝑓 3 + 15 𝑓 4 − 28𝑘2 + 40𝑎2𝑠 + 64𝑎 𝑓 𝑠 + 24 𝑓 2𝑠 + 4𝑠2).

If 𝑓1 = 0, then Lemma 3.1, (71). Assume that (𝑎 + 𝑓 ) (𝑘2 − 𝑠2)𝑠 𝑓1 ≠ 0, then system
{ 𝑓2 = 0, 𝑓3 = 0} is incompatible.

Under conditions (63) the first Lyapunov quantity is 𝐿1 = 𝑔1𝑔2, where 𝑔1 = 𝑐2𝑛 −
𝑐𝑑𝑝 + 𝑝2 and 𝑔2 = 𝑛(𝑛4 − 𝑝4) − 2𝑝(𝑐𝑛 − 𝑑𝑝) (𝑑𝑛2 + 2𝑐𝑛𝑝 − 𝑑𝑝2).

If 𝑔1 = 0, then Lemma 3.1, (72). Let 𝑔1 ≠ 0. The second Lyapunov quantity reduced
by 𝑔2 has the form

𝐿2 = (2𝑐𝑑 + 𝑑2 − 𝑐2) (𝑐2 + 2𝑐𝑑 − 𝑑2) (2𝑑2 + 𝑛)𝑝6 + 2𝑐𝑑 (24𝑐4𝑑2 − 80𝑐2𝑑4 + 15𝑐4𝑛

−62𝑐2𝑑2𝑛 + 7𝑑4𝑛 − 2𝑐2𝑛2 + 2𝑑2𝑛2)𝑝5 + (32𝑐8𝑑2 − 112𝑐6𝑑4 + 16𝑐8𝑛 − 208𝑐6𝑑2𝑛

+600𝑐4𝑑4𝑛 − 8𝑐6𝑛2 + 112𝑐4𝑑2𝑛2 − 52𝑐2𝑑4𝑛2 + 4𝑑6𝑛2 + 𝑐4𝑛3 − 6𝑐2𝑑2𝑛3 + 𝑑4𝑛3)𝑝4+
(−4𝑐𝑑𝑛(24𝑐8 − 88𝑐6𝑑2 − 32𝑐6𝑛 + 194𝑐4𝑑2𝑛 − 40𝑐2𝑑4𝑛 + 12𝑐4𝑛2 − 20𝑐2𝑑2𝑛2 + 6𝑑4𝑛2

−𝑐2𝑛3 + 𝑑2𝑛3)𝑝3 + 4𝑐2𝑛2(16𝑐8 − 76𝑐6𝑑2 + 28𝑐4𝑑4 − 4𝑐6𝑛 + 112𝑐4𝑑2𝑛 − 70𝑐2𝑑4𝑛+
2𝑐4𝑛2 − 15𝑐2𝑑2𝑛2 + 15𝑑4𝑛2)𝑝2 + 8𝑐5𝑑𝑛3(8𝑐4−16𝑐2𝑑2−16𝑐2𝑛+21𝑑2𝑛)𝑝 + 16𝑐8𝑑2𝑛4.

It is easy to show that system {𝑔2 = 0, 𝐿2 = 0, 𝑛𝑝(𝑐𝑛 − 𝑑𝑝)𝑔1 ≠ 0} has no solutions.
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In Case (64) the first Lyapunov quantity has the form 𝐿1 = 𝜑0𝜑1 and the second
quantity reduced by 𝜑1 looks as 𝐿2 = (3𝑘3 − 𝑝𝑠2) (𝑘3 − 2𝑘𝑠2 − 𝑝𝑠2)𝜑0𝜑2, where

𝜑0 = (𝑘3 − 2𝑘𝑠2 − 𝑝𝑠2) (𝑠(3𝑘3 − 𝑝𝑠2) (−𝑎𝑔𝑘 + 𝑘2 + 𝑎2𝑠) + 2𝑘 (𝑘2 + 𝑠2) (𝑔2𝑘2

−2𝑎𝑔𝑘𝑠 − 𝑘2𝑠 + 𝑎2𝑠2)) + 4𝑘2𝑠2(𝑔𝑘 − 𝑎𝑠)2(𝑘2 + 𝑠2),
𝜑1 = 𝑔2𝑘3 − 3𝑎𝑔𝑘2𝑠 + 𝑘3𝑠 + 2𝑎2𝑘𝑠2 − 𝑔2𝑘𝑠2 + 𝑎𝑔𝑠3 + 𝑘𝑠3,
𝜑2 = (𝑘2 + 𝑠2)2𝑔5(𝑘𝑔 − 𝑎𝑠) + (𝑘2 + 𝑠2)𝑔3(8𝑎𝑘2𝑠2 − 𝑘𝑠𝑔(9𝑘2 + 𝑠2))

+6𝑘3𝑠2𝑔2(3𝑘2 + 𝑠2) − 12𝑎𝑔𝑘4𝑠3 − 4𝑘5𝑠3.

If 𝜑0 = 0 (respectively, {3𝑘3 − 𝑝𝑠2 = 0, 𝜑1 = 0}; {𝑘3 − 2𝑘𝑠2 − 𝑝𝑠2 = 0, 𝜑1 = 0}), then
Lemma 3.1, (73) (respectively, Lemma 3.1, (75); Lemma 3.1, (76)).

System {𝜑1 = 0, 𝜑2 = 0} is incompatible because 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 [𝜑1, 𝜑2, 𝑎] = 32𝑘11𝑠8 ≠

0.
Under conditions (65) 𝐿1 = 𝑔(2𝑎 − 𝑑). If 𝑔 = 0, then Lemma 3.1, (77), and if 𝑑 = 2𝑎,

then Lemma 3.1, (78).
Finally, when conditions (65) hold the first Lyapunov quantity is 𝐿1 = (𝑏𝑞2 + 𝑑𝑞𝑠 −

2𝑏𝑠2) (𝑞2+𝑏2𝑠−𝑏𝑑𝑞). If 𝑏𝑞2+𝑑𝑞𝑠−2𝑏𝑠2 = 0, then Lemma 3.1, (74), and if 𝑞2+𝑏2𝑠−𝑏𝑑𝑞 =

0, 𝑏𝑞2 + 𝑑𝑞𝑠 − 2𝑏𝑠2 ≠ 0, then 𝑑 = (𝑞2 + 𝑏2𝑠)/(𝑏𝑞) ⇒ 𝐿2 = 𝑏6𝑞4𝑠 = 0 ⇒ 𝑠 = 0 ⇒
Lemma 3.1, (79). □

Theorem 3.2. With exactness of a centro-affine transformation of coordinates, the cubic
system {(1), (2)} with the line at infinity of multiplicity four has at the origin a center if
and only if one of the series of conditions (69)−(79) holds.

References

[1] Christopher, C., Llibre, J. and Pereira, J.V. Multiplicity of invariant algebraic curves in polynomial
vector fields. Pacific Journal of Mathematics, 2007, vol. 329, no. 1, 63–117.

[2] Cozma, D. Integrability of cubic systems with invariant straight lines and invariant conics. Î.E.P. Ştiinţa,
Chişinău, 2013.

[3] Cozma, D. Darboux integrability of a cubic differential system with two parallel invariant straight lines.
Carpathian J. Math., 2022, vol. 1, 129–137.

[4] Cozma, D. and Şubă, A. The solution of the problem of center for cubic differential systems with four
invariant straight lines. Analele Ştiinţifice ale Universităţii "Al.I.Cuza", Iaşi, s.I.a, Matematică, 1998,
vol. 44, 517–530.

[5] Cozma, D. and Şubă, A. Solution of the problem of the centre for a cubic differential system with
three invariant straight lines. Qualitative Theory of Dynamical Systems, 2001, vol. 2, no. 1, 129–143.

[6] Llibre, J. and Vulpe, N. Planar cubic polynomial differential systems with the maximum number of
invariant straight lines. Rocky Mountain J. Math., 2006, vol. 36, no. 4, 1301–1373.

[7] Romanovski, V.G. and Shafer, D.S. The center and cyclicity problems: a computational algebra
approach. Boston, Basel, Berlin : Birkhäuser, 2009.

61



REAL CUBIC DIFFERENTIAL SYSTEMS WITH A LINEAR CENTER

[8] Sibirsky, C.S. Algebraical invariants of differential equations and matrices. Kishinev: Shtiintsa, 1976
(in Russian).

[9] Şubă, A. On the Lyapunov quantities of two-dimensional autonomous systems of differential equations
with a critical point of centre or focus type. Bulletin of Baia Mare University (Romania). Mathematics
and Informatics, 1998, vol. 13, no. 1-2, 153–170.

[10] Şubă, A. The center conditions for a cubic system. Bul. Ştiinţ. Univ. Baia Mare (Romania), Ser. B,
Matematică şi Informatică, 2002, vol. XVIII, no. 2, 355–360.

[11] Şubă, A. Center problem for cubic differential systems with the line at infinity of multiplicity four.
Carpathian J. Math., 2022, vol. 1, 217–222.

[12] Şubă, A. and Cozma, D. Solution of the problem of the center for cubic differential system with three
invariant straight lines in generic position. Qualitative Theory of Dynamical Systems, 2005, vol. 6, no.1,
45–58.

[13] Şubă, A., Repeşco, V. and Puţuntică, V. Cubic systems with invariant affine straight lines
of total parallel multiplicity seven. Electron. J. Diff. Equ., 2013, vol. 2013, no. 274, 1–22.
http://ejde.math.txstate.edu/

[14] Şubă, A. and Turuta, S. Solution of the problem of the center for cubic differential systems with the
line at infinity and an affine real invariant straight line of total algebraic multiplicity five. Bulletin of
Academy of Sciences of the Republic of Moldova. Mathematics, 2019, vol. 90, no. 2, 13–40.

[15] Şubă, A. and Turuta, S. Solution of the center problem for cubic differential systems with one or two
affine invariant straight lines of total algebraic multiplicity four. ROMAI Journal, 2019, vol. 15, no. 2,
101–116.

[16] Şubă, A. and Vacaraş, O. Cubic differential systems with an invariant straight line of maximal
multiplicity. Annals of the University of Craiova, Mathematics and Computer Science Series, 2015,
vol. 42, no. 2, 427–449.

[17] Şubă, A. and Vacaraş, O. Center problem for cubic differential systems with the line at infinity and
an affine real invariant straight line of total multiplicity four. Bukovinian Math. Journal, 2021, vol. 9,
no. 2, 35–52.

(Şubă Alexandru) Institute of Mathematics and Computer Sciences ”V. Andrunachievici”,
str. Academiei 5, MD-2028, Chişinău, Republic of Moldova;
Tiraspol State University, str. Gh. Iablocikin 5, MD-2069, Chişinău, Republic of Moldova
E-mail address: suba@math.md

62


	Introduction
	Classification of cubic systems with multiple line at infinity
	Cubic systems with the line at infinity of multiplicity two.
	Cubic systems with the line at infinity of multiplicity three.
	Cubic systems with the line at infinity of multiplicity four.

	Center conditions for cubic system {(1),(2)} with the line at infinity of multiplicity at least four

