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Centers of cubic differential systems with the line at infinity of
maximal multiplicity

Alexandru Şubă

Abstract. We classify all cubic differential systems with a center-focus critical point
and the line at infinity of maximal multiplicity. It is proved that the critical point is of
the center type if and only if the divergence of the vector field associated to differential
system vanishes.
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Centre ı̂n sistemele diferenţiale cubice ce au linia de la infinit de
multiplicitate maximală

Rezumat. Sunt clasificate sistemele diferenţiale cubice ce au puncte critice de tip
centru-focar şi infinitul e de multiplicitate maximală. Se arată că ı̂n punctul critic avem
centru, dacă şi numai dacă divergenţa câmpului vectorial asociat sistemului diferenţial se
anulează.
Cuvinte-cheie: sistem diferenţial cubic, linii invariante multiple, problema centrului.

1. Introduction

Consider the real cubic system of differential equations
¤𝑥 = 𝑦 + 𝑎𝑥2 + 𝑐𝑥𝑦 + 𝑓 𝑦2 + 𝑘𝑥3 + 𝑚𝑥2𝑦 + 𝑝𝑥𝑦2 + 𝑟𝑦3 ≡ 𝑝 (𝑥, 𝑦) ,
¤𝑦 = −(𝑥 + 𝑔𝑥2 + 𝑑𝑥𝑦 + 𝑏𝑦2 + 𝑠𝑥3 + 𝑞𝑥2𝑦 + 𝑛𝑥𝑦2 + 𝑙𝑦3) ≡ 𝑞 (𝑥, 𝑦) ,
gcd(𝑝, 𝑞) = 1, 𝑠𝑥4 + (𝑘 + 𝑞)𝑥3𝑦 + (𝑚 + 𝑛)𝑥2𝑦2 + (𝑙 + 𝑝)𝑥𝑦3 + 𝑟𝑦4 . 0.

(1)

The critical point (0, 0) of the system (1) is either a focus or a center. The problem of
distinguishing between a center and a focus is called the center problem. It is well known
that (0, 0) is a center if and only if the Lyapunov quantities 𝐿1, 𝐿2, ..., 𝐿 𝑗 , ... vanish (see,
for example, [2], [6], [7]). Also, the critical point (0, 0) is a center if the system (1) has
an analytic in (0, 0) first integral 𝐹 (𝑥, 𝑦).

The homogeneous system associated to the system (1) has the form{
¤𝑥 = 𝑦𝑍2 + (𝑎𝑥2 + 𝑐𝑥𝑦 + 𝑓 𝑦2)𝑍 + 𝑘𝑥3 + 𝑚𝑥2𝑦 + 𝑝𝑥𝑦2 + 𝑟𝑦3 ≡ 𝑃 (𝑥, 𝑦, 𝑍) ,
¤𝑦 = −(𝑥𝑍2 + (𝑔𝑥2 + 𝑑𝑥𝑦 + 𝑏𝑦2)𝑍 + 𝑠𝑥3 + 𝑞𝑥2𝑦 + 𝑛𝑥𝑦2 + 𝑙𝑦3) ≡ 𝑄 (𝑥, 𝑦, 𝑍) .
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Şubă A.

Denote X = 𝑝 (𝑥, 𝑦) 𝜕
𝜕𝑥

+ 𝑞 (𝑥, 𝑦) 𝜕
𝜕𝑦
, X∞ = 𝑃 (𝑥, 𝑦, 𝑍) 𝜕

𝜕𝑥
+ 𝑄 (𝑥, 𝑦, 𝑍) 𝜕

𝜕𝑦
and 𝐸∞ =

𝑃 · X∞(𝑄) −𝑄 · X∞(𝑃). The polynomial 𝐸∞ has the form 𝐸∞ = 𝐶2(𝑥, 𝑦) + 𝐶3(𝑥, 𝑦)𝑍 +
𝐶4(𝑥, 𝑦)𝑍2 + 𝐶5(𝑥, 𝑦)𝑍3 + 𝐶6(𝑥, 𝑦)𝑍4 + 𝐶7(𝑥,𝑌 )𝑍5 + 𝐶8(𝑥, 𝑦)𝑍6, where 𝐶 𝑗 (𝑥, 𝑦), 𝑗 =
2, ..., 8, are polynomial in 𝑥 and 𝑦. For example,

𝐶 𝑗 (𝑥, 𝑦) = 𝐷 𝑗 (𝑎, 𝑏, 𝑐, 𝑑, 𝑓 , 𝑔, 𝑘, 𝑙, 𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠, 𝑥, 𝑦)
+𝐷 𝑗 (𝑏, 𝑎, 𝑑, 𝑐, 𝑔, 𝑓 , 𝑙, 𝑘, 𝑛, 𝑚, 𝑞, 𝑝, 𝑠, 𝑟, 𝑦, 𝑥), 𝑗 = 5, 6,

(2)

where

𝐷5(𝑎, 𝑏, 𝑐, 𝑑, 𝑓 , 𝑔, 𝑘, 𝑙, 𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠, 𝑥, 𝑦) =
(𝑎𝑑𝑔 − 𝑐𝑔2 + 3𝑎𝑘 + 𝑑𝑘 − 2𝑔𝑚 + 𝑎𝑞 − 2𝑐𝑠 − 2𝑔𝑠)𝑥5

+(𝑎2𝑑 + 𝑎𝑑2 + 2𝑎𝑏𝑔 − 𝑎𝑐𝑔 − 𝑐𝑑𝑔 − 2 𝑓 𝑔2 + 2𝑏𝑘 + 2𝑐𝑘 − 𝑔𝑘
+2𝑎𝑚 − 𝑑𝑚 + 2𝑎𝑛 − 4𝑔𝑝 − 𝑐𝑞 − 𝑔𝑞 − 4𝑎𝑠 − 𝑑𝑠 − 4 𝑓 𝑠)𝑥4𝑦

+(2𝑎2𝑏 + 3𝑎𝑏𝑑 + 𝑎𝑐𝑑 − 𝑐2𝑔 − 2𝑎 𝑓 𝑔 − 3𝑑𝑓 𝑔 + 𝑑𝑘 + 𝑓 𝑘 + 3𝑎𝑙
+𝑐𝑚 − 2𝑔𝑚 + 𝑎𝑝 − 3𝑑𝑝 − 2𝑎𝑞 − 3 𝑓 𝑞 − 6𝑔𝑟 − 5𝑐𝑠)𝑥3𝑦2,

𝐷6(𝑎, 𝑏, 𝑐, 𝑑, 𝑓 , 𝑔, 𝑘, 𝑙, 𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠, 𝑥, 𝑦) =
(𝑎2 + 𝑎𝑑 − 2𝑐𝑔 − 𝑔2 − 𝑚 − 2𝑠)𝑥4

+(2𝑎𝑏 + 𝑎𝑐 − 𝑐𝑑 − 2𝑎𝑔 − 𝑑𝑔 − 4 𝑓 𝑔 + 𝑘 − 2𝑝 − 𝑞)𝑥3𝑦 − 3(𝑐𝑔 + 𝑟)𝑥2𝑦2

We say that the line at infinity 𝑍 = 0 has multiplicity a if 𝐶2(𝑥, 𝑦) ≡ 0, ..., 𝐶a (𝑥, 𝑦) ≡
0, 𝐶a+1(𝑥, 𝑦) . 0, i.e. a − 1 is the greatest positive integer such that 𝑍a−1 divides 𝐸∞. In
particular, 𝑍 = 0 has multiplicity five if the following identity and non-identity in 𝑍:

𝐶2(𝑥, 𝑦) + 𝐶3(𝑥, 𝑦)𝑍 + 𝐶4(𝑥, 𝑦)𝑍2 + 𝐶5(𝑥, 𝑦)𝑍3 ≡ 0, 𝐶6(𝑥, 𝑦) . 0, (3)

holds, i.e. 𝐶2(𝑥, 𝑦) ≡ 0, 𝐶3(𝑥, 𝑦) ≡ 0, 𝐶4(𝑥, 𝑦) ≡ 0, 𝐶5(𝑥, 𝑦) ≡ 0 and 𝐶6(𝑥, 𝑦) . 0. If
𝐶2(𝑥, 𝑦) . 0, then we say that 𝑍 = 0 has the multiplicity one. Denote by 𝑚(𝑍∞) the
multiplicity of the line at infinity 𝑍 = 0.

The algebraic line 𝑓 (𝑥, 𝑦) = 0 is called invariant for (1) if there exists a polynomial
𝐾 𝑓 ∈ C[𝑥, 𝑦] such that the identity X( 𝑓 ) ≡ 𝑓 · 𝐾 𝑓 (𝑥, 𝑦) holds. In particular, a straight
line L ≡ 𝛼𝑥 + 𝛽𝑦 + 𝛾 = 0, 𝛼, 𝛽, 𝛾 ∈ C is called invariant for the system (1) if there
exists a polynomial 𝐾L ∈ C[𝑥, 𝑦] such that the identity 𝛼𝑝(𝑥, 𝑦) + 𝛽𝑞(𝑥, 𝑦) ≡ (𝛼𝑥 +
𝛽𝑦 + 𝛾)𝐾L (𝑥, 𝑦), (𝑥, 𝑦) ∈ R2, i.e. X(L) ≡ L(𝑥, 𝑦)𝐾L (𝑥, 𝑦), (𝑥, 𝑦) ∈ R2, holds. Some
notions on multiplicity (algebraic, integrable, infinitesimal, geometric) of an invariant
algebraic line and its equivalence for polynomial differential systems are given in [1].

The cubic differential systems with multiple invariant straight lines (including the line
at infinity) were studied in [11], [14], and the center problem for (1) with invariant straight
lines was considered in [2], [3], [4], [5], [8], [10], [12], [13], [15].
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2. Cubic systems (1) with the line at infinity of maximal multiplicity

Let X = (𝑥, 𝑦), A2 = (𝑎, 𝑏, 𝑐, 𝑑, 𝑓 , 𝑔), A3 = (𝑘, 𝑙, 𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠), U = (𝑢, 𝑣), B2 =

(𝐴, 𝐵, 𝐶, 𝐷, 𝐹, 𝐺),B3 = (𝐾, 𝐿, 𝑀, 𝑁, 𝑃, 𝑄, 𝑅, 𝑆) and X = 2−1𝑀1U,

A2 = 2−3M2B2, A3 = 2−4M3B3, (4)

where

M1 =

(
1 1
𝑖 −𝑖

)
, M2 =

©«

−𝑖 𝑖 −𝑖 𝑖 −𝑖 𝑖

−1 −1 1 1 −1 −1
−2 −2 0 0 2 2
−2𝑖 2𝑖 0 0 2𝑖 −2𝑖
𝑖 −𝑖 −𝑖 𝑖 𝑖 −𝑖
1 1 1 1 1 1

ª®®®®®®®®®®¬
,

M3 =

©«

−𝑖 𝑖 −𝑖 𝑖 −𝑖 𝑖 −𝑖 𝑖

𝑖 −𝑖 −𝑖 𝑖 𝑖 −𝑖 −𝑖 𝑖

−3 −3 −1 −1 1 1 3 3
−3 −3 1 1 1 1 −3 −3
3𝑖 −3𝑖 −𝑖 𝑖 −𝑖 𝑖 3𝑖 −3𝑖
−3𝑖 3𝑖 −𝑖 𝑖 𝑖 −𝑖 3𝑖 −3𝑖
1 1 −1 −1 1 1 −1 −1
1 1 1 1 1 1 1 1

ª®®®®®®®®®®®®®®®¬

,

detM1 = −2𝑖, detM2 = −29𝑖, detM3 = 216, 𝑖2 = −1.
We remark that, in general, the elements U, B2, B3 are complex and 𝑣 = 𝑢,

𝐵 = 𝐴, 𝐷 = 𝐶, 𝐺 = 𝐹, 𝐿 = 𝐾, 𝑁 = 𝑀, 𝑄 = 𝑃, 𝑆 = 𝑅. (5)

In 𝑢, 𝑣, 𝐴, 𝐵, ..., 𝑅, 𝑆 the identity (3), up to a non zero factor, looks as

𝑀2(𝑢, 𝑣) + 𝑀3(𝑢, 𝑣)𝑍 + 𝑀4(𝑢, 𝑣)𝑍2 + 𝑀5(𝑢, 𝑣)𝑍3 ≡ 0,

where

𝑀 𝑗 (𝑢, 𝑣)=2 𝑗−12(𝑁 𝑗 (𝑢, 𝑣) + 𝑁 𝑗 (𝑢, 𝑣)), 𝑗=2, 3, 4, 5,
𝑁5(𝑢, 𝑣) = 𝑢3((𝐴2𝐷 − 𝐴𝐶𝐺 − 2𝐶𝐾 + 4𝐺𝐾 − 2𝐴𝑀 − 2𝐴𝑆)𝑢2

+(2𝐴2𝐵 + 𝐴𝐶𝐷 − 𝐶2𝐺 + 𝐴𝐷𝐺 − 2𝐴𝐹𝐺 − 𝐶𝐺2 + 10𝐷𝐾 − 4𝐹𝐾
−4𝐶𝑀 − 2𝐺𝑀 − 4𝐴𝑃 + 4𝐴𝑄 − 8𝐶𝑆 − 10𝐺𝑆)𝑢𝑣 + (3𝐴𝐵𝐶 + 𝐴𝐷2

+2𝐴𝐵𝐺 − 𝐶𝐷𝐺 − 3𝐶𝐹𝐺 − 2𝐹𝐺2 + 16𝐵𝐾 + 4𝐷𝑀 − 6𝐹𝑀
+10𝐴𝑁 − 6𝐶𝑃 − 8𝐺𝑃 − 2𝐶𝑄 − 8𝐺𝑄 − 6𝐴𝑅 − 8𝐷𝑆 − 14𝐹𝑆)𝑣2),
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Şubă A.

and for 𝐶6(𝑥, 𝑦) we have 𝑀6(𝑢, 𝑣) = 2−5(𝑁6(𝑢, 𝑣) + 𝑁6(𝑢, 𝑣)),

𝑁6(𝑢, 𝑣) = 𝑢2((𝐴𝐶 − 2𝐾)𝑢2 + (𝐶2 − 3𝐴𝐷 + 2𝐴𝐹 + 3𝐶𝐺 + 2𝐺2 + 2𝑀 + 10𝑆)𝑢𝑣
+3(𝐶𝐹 − 𝐴𝐵 + 𝐹𝐺 + 2𝑃)𝑣2).

Solving the series of identities

{𝑀2(𝑢, 𝑣) ≡ 0, 𝑀3(𝑢, 𝑣) ≡ 0, 𝑀4(𝑢, 𝑣) ≡ 0}

the following Theorem is obtained in [9]:

Theorem 2.1. The line at infinity has for cubic system (1) the multiplicity:
- at least two (𝑚(𝑍∞) ≥ 2 : 𝑀2(𝑢, 𝑣) ≡ 0) if and only if the coefficients of (1) verify

one of the following three sets of conditions:

2.1)𝐾 = 𝐿 = 𝑅 = 𝑆 = 0, 𝑃 = 𝛼𝑀,𝑄 = 𝑁/𝛼, 𝑀𝑁 ≠ 0, 𝛼 ∈ C, 𝛼𝛼 = 1;

2.2)𝑀 = 𝑁 = 𝑃 = 𝑄 = 0, 𝑅 = 𝛽𝐾, 𝑆 = 𝐿/𝛽, 𝐾𝐿 ≠ 0, 𝛽 ∈ C, 𝛽𝛽 = 1;

2.3)𝑃 = 𝛾𝑁, 𝑄 = 𝑀/𝛾, 𝑅 = 𝛾𝐿, 𝑆 = 𝐾/𝛾, 𝐾𝐿𝑀𝑁 ≠ 0, 𝛾 ∈ C, 𝛾𝛾 = 1;

-at least three (𝑚(𝑍∞) ≥ 3 : {𝑀2(𝑢, 𝑣) ≡ 0, 𝑀3(𝑢, 𝑣) ≡ 0}) iff

3.1)𝐾 = 𝐿 = 𝑅 = 𝑆 =0, 𝐹 = 𝐵/𝛼, 𝐺 =𝛼𝐴, 𝑁 =𝛼2𝑀,

𝑃=𝛼𝑀,𝑄 =𝛼𝑀, 𝑀 ≠ 0, 𝛼𝛼=1;

3.2)𝐾 = 𝐿 = 𝑅 = 𝑆 = 0, 𝐷 = 𝐶𝑁/(𝛼𝑀), 𝐹 = 𝛼𝐵𝑀/𝑁, 𝐺 = 𝐴𝑁/(𝛼𝑀),
𝑃 = 𝛼𝑀,𝑄 = 𝑁/𝛼, 𝑀 (𝑁 − 𝛼2𝑀) ≠ 0, 𝛼𝛼 = 1;

3.3)𝑀 = 𝑁 = 𝑃 = 𝑄 = 0, 𝐶 = 𝛽𝐷𝐾/𝐿, 𝐹 = 𝛽𝐵𝐾/𝐿,
𝐺 = 𝐴𝐿/(𝛽𝐾), 𝑅 = 𝛽𝐾, 𝑆 = 𝐿/𝛽, 𝛽𝛽 = 1;

3.4)𝑀 = 𝑁 = 𝑃 = 𝑄 = 0, 𝐹 = 𝐷 + (𝛽2𝐵𝐾2 − 𝐶𝐿2)/(𝛽𝐾𝐿),
𝐺 = 𝐶 + (𝐴𝐿2 − 𝛽2𝐷𝐾2)/(𝛽𝐾𝐿), 𝑅 = 𝛽𝐾, 𝑆 = 𝐿/𝛽,
𝐿3 − 𝛽4𝐾3 = 0, 𝛽𝛽 = 1;

3.5)𝐷 = 𝐶/𝛾, 𝐹 = 𝐵𝛾, 𝐺 = 𝐴/𝛾, 𝑃 = 𝛾𝑁, 𝑅 = 𝛾𝐿,

𝑄 = 𝑀/𝛾, 𝑆 = 𝐾/𝛾, 𝐾𝑀 ≠ 0, 𝛾𝛾 = 1;

3.6)𝐷 = (𝐶𝐿𝛾3 + (𝐹 − 𝐵𝛾) (𝐾 − 𝑀𝛾))/(𝐿𝛾4), 𝑄 = 𝑀/𝛾, 𝑆 = 𝐾/𝛾,
𝐺 = (𝐾 (𝐵𝛾 − 𝐹) + 𝐴𝐿𝛾2)/(𝐿𝛾3), 𝑁 = (−𝐾 + 𝑀𝛾 + 𝐿𝛾4)/𝛾3,

𝑃 = (−𝐾 + 𝑀𝛾 + 𝐿𝛾4)/𝛾2, 𝑅 = 𝐿𝛾, 𝑀 (𝐹 − 𝐵𝛾) ≠ 0, 𝛾𝛾 = 1.

(In the cases 3.1) − 3.4) the multiplicity is exactly three);
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- at least four (𝑚(𝑍∞) ≥ 4 : {𝑀2(𝑢, 𝑣) ≡ 0, 𝑀3(𝑢, 𝑣) ≡ 0, 𝑀4(𝑢, 𝑣) ≡ 0}) iff

4.1)𝐷 = 𝐶𝑆/𝐾, 𝐹 = 𝐵𝐾/𝑆, 𝐺 = 𝐴𝑆/𝐾, 𝐿 = −𝑆4/𝐾3,

𝑀 = 𝑆, 𝑁 = 𝑅 = −𝑆3/𝐾2, 𝑄 = −𝑃 = 𝑆2/𝐾;

4.2)𝐴 = 2(𝐾3𝐿 + 𝑆4)/(𝑆2(𝐵𝐾 − 𝐹𝑆)) − 𝑆(𝐵𝐾 − 2𝐹𝑆)/(𝐾𝐿),
𝑅 = 𝐾𝐿/𝑆, 𝐶 = 2(𝐾3𝐿 + 𝑆4)/(𝐾𝑆(𝐵𝐾 − 𝐹𝑆))
−(𝐵𝐾4𝐿 − 2𝐹𝐾3𝐿𝑆 − 𝐹𝑆5)/(𝐾2𝐿𝑆2),
𝐷 = (𝐹𝐾2𝐿 + 𝐵𝑆3)/(𝐾2𝐿) + 2(𝐾3𝐿 + 𝑆4)/(𝐾2(𝐵𝐾 − 𝐹𝑆)),
𝐺 = 𝐹𝑆3/(𝐾2𝐿) + 2(𝐾3𝐿 + 𝑆4)/(𝐾𝑆(𝐵𝐾 − 𝐹𝑆)),
𝑀 = (𝐾3𝐿 + 2𝑆4)/𝑆3, 𝑁 = (2𝐾3𝐿 + 𝑆4)/(𝐾2𝑆),
𝑃 = (2𝐾3𝐿 + 𝑆4)/(𝐾𝑆2), 𝑄 = (𝐾3𝐿 + 2𝑆4)/(𝐾𝑆2).

Solving in each of conditions 4.1) and 4.2) the identity 𝑀5(𝑢, 𝑣) ≡ 0, we obtain

Theorem 2.2. The system (1) has the line at infinity of multiplicity five if and only if its
coefficients verify one of the following three sets of conditions:

𝐵 = −𝐴𝑆3/𝐾3, 𝐶 = 𝐷 = 0, 𝐹 = −𝐴𝑆2/𝐾2, 𝐺 = 𝐴𝑆/𝐾, 𝐿 = −𝑆4/𝐾3,

𝑀 = 𝑆, 𝑁 = −𝑆3/𝐾2, 𝑃 = −𝑆2/𝐾, 𝑅 = −𝑆3/𝐾2, 𝑄 = 𝑆2/𝐾;
(6)

𝐴 = 5𝐹3/𝐵2, 𝐶 = −6𝐹2/𝐵, 𝐷 = 2𝐹, 𝐺 = −3𝐹2/𝐵, 𝐾 = 𝐹5/𝐵3,

𝐿 = 𝐵𝐹, 𝑀 = −3𝐹4/𝐵2, 𝑁 = −3𝐹2, 𝑃 = 3𝐹3/𝐵, 𝑄 = 3𝐹3/𝐵,
𝑅 = −𝐹2, 𝑆 = −𝐹4/𝐵2, 𝐹 ≠ 0;

(7)

𝐴 = (𝐹3𝐾2 + 8𝐵𝐾𝑆2 + 4𝐹𝑆3)/(𝐵2𝐾2), 𝐷 = 2𝐹, 𝐿 = 𝑆4/𝐾3,

𝐶 = 2(𝐹2𝐾2 + 4𝑆3)/(𝐵𝐾2), 𝐺 = (𝐹2𝐾2 + 4𝑆3)/(𝐵𝐾2), 𝑀 = 3𝑆,
𝑁 = 3𝑆3/𝐾2, 𝑃 = 3𝑆2/𝐾, 𝑄 = 3𝑆2/𝐾, 𝑅 = 𝑆3/𝐾2,

𝐾2(𝐵𝐾 − 𝐹𝑆)2 + 4𝑆5 = 0.

(8)

Theorem 2.3. In the class of cubic differential systems of the form (1) the maximal
multiplicity of the line at infinity is five.

Indeed, under the conditions (6), (7) and (8) the polynomial 𝑀6(𝑢, 𝑣) becomes, respec-
tively:

(𝐾𝑢 − 𝑆𝑣) (𝐾𝑢 + 𝑆𝑣) (𝐾2𝑢2 − 6𝐾𝑆𝑢𝑣 + 𝑆2𝑣2)/𝐾3 . 0;
𝐹2𝑢(𝐵𝑣 − 4𝐹𝑢) (𝐵𝑣 − 𝐹𝑢)2/𝐵3 . 0;
(𝐵3𝐾5 − 𝐹5𝐾4 − 8𝐵𝐹2𝐾3𝑆2 − 8𝐹3𝐾2𝑆3 − 32𝐵𝐾𝑆5 − 16𝐹𝑆6)𝑢4

−4𝐵(𝐹4𝐾4 + 2𝐵2𝐾4𝑆 − 4𝐵𝐹𝐾3𝑆2 + 10𝐹2𝐾2𝑆3 + 24𝑆6)𝑢3𝑣

+6𝐵2𝐾2(𝐵𝐾𝑆2 − 𝐹3𝐾2 − 4𝐹𝑆3)𝑢2𝑣2 − 4𝐵3𝐹2𝐾4𝑢𝑣3

−𝐵3𝐾 (𝐵𝐹𝐾3 − 𝑆4)𝑣4 . 0.
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In the expressions of 𝑀6(𝑢, 𝑣) we have neglected non-zero numerical factors.
Taking into account (4) and (5), the equalities (6) give us the following four series of

conditions in the real coefficient of system (1):

𝑎 = 𝑏 = 𝑐 = 𝑓 = 𝑔 = 𝑘 = 𝑙 = 0, 𝑚 = 𝑛 = 𝑝 = 𝑟 = 𝑠 = 0, 𝑞 ≠ 0; (9)

𝑏 = −𝑎𝑠/𝑘, 𝑐 = 𝑎(𝑘2 − 𝑠2)/(𝑘𝑠), 𝑑 = 𝑎(𝑘2 − 𝑠2)/𝑘2,

𝑓 = −𝑎, 𝑔 = 𝑎𝑠/𝑘, 𝑙 = −𝑘, 𝑚 = (2𝑘2 − 𝑠2)/𝑠, 𝑛 = (𝑘2 − 2𝑠2)/𝑠,
𝑝 = 𝑘 (𝑘2 − 2𝑠2)/𝑠2, 𝑞 = (2𝑘2 − 𝑠2)/𝑘, 𝑟 = −𝑘2/𝑠;

(10)

𝑎 = 𝑏 = 𝑑 = 𝑓 = 𝑔 = 𝑘 = 𝑙 = 0, 𝑚 = 𝑛 = 𝑞 = 𝑟 = 𝑠 = 0, 𝑝 ≠ 0; (11)

𝑎 = −𝑏𝑟/𝑙, 𝑐 = 𝑏(𝑙2 − 𝑟2)/𝑙2, 𝑑 = 𝑏(𝑙2 − 𝑟2)/(𝑙𝑟),
𝑓 = 𝑏𝑟/𝑙, 𝑔 = −𝑏, 𝑘 = −𝑙, 𝑚 = (𝑙2 − 2𝑟2)/𝑟, 𝑛 = (2𝑙2 − 𝑟2)/𝑟,
𝑝 = (2𝑙2 − 𝑟2)/𝑙, 𝑞 = 𝑙 (𝑙2 − 2𝑟2)/𝑟2, 𝑠 = −𝑙2/𝑟,

(12)

and the equalities (8) give us eight real series of conditions:

𝑏 = 𝑐 = 0, 𝑑 = 2𝑎, 𝑓 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑞 = 𝑟 = 0, 𝑠 = 𝑎2, 𝑎 ≠ 0; (13)

𝑎 = 0, 𝑏 = −𝑔𝑘2/𝑠2, 𝑐 = −2𝑔𝑘2/𝑠2, 𝑑 = 0, 𝑓 = −2𝑔𝑘3/𝑠3, 𝑙 = 𝑘3/𝑠2,

𝑚 = 𝑛 = 3𝑘2/𝑠, 𝑝 = 3𝑘3/𝑠2, 𝑞 = 3𝑘, 𝑟 = 𝑘4/𝑠3, 𝑔2𝑘2 − 𝑘2𝑠 − 𝑠3 = 0;
(14)

𝑐 = 2𝑏 = −2𝑎𝑠/𝑘, 𝑓 = −𝑎(𝑘2 + 2𝑠2)/𝑠2, 𝑔 = (𝑘2 + 𝑎2𝑠)/(𝑎𝑘),
𝑚 = 𝑛 = 3𝑘2/𝑠, 𝑝 = 3𝑙 = 3𝑘3/𝑠2, 𝑞 = 3𝑘, 𝑟 = 𝑘4/𝑠3, 𝑑 = 2𝑎,
𝑘4 − 𝑎2𝑘2𝑠 − 𝑎2𝑠3 = 0;

(15)

𝑏 = 𝑘 (−𝑎𝑔𝑘 + 𝑘2 + 𝑎2𝑠 + 𝑠2)/(𝑠(𝑎𝑠 − 𝑔𝑘)), 𝑐 = 2𝑘 (2𝑎𝑠 − 𝑔𝑘)/𝑠2,

𝑑 = 2𝑎, 𝑓 = 𝑘2(3𝑎𝑠 − 2𝑔𝑘)/𝑠3, 𝑙 = 𝑘3/𝑠2, 𝑚 = 3𝑘2/𝑠, 𝑛 = 3𝑘2/𝑠,
𝑝 = 3𝑘3/𝑠2, 𝑞 = 3𝑘, 𝑟 = 𝑘4/𝑠3, 𝑔2𝑘2 − 2𝑎𝑔𝑘𝑠 − 𝑘2𝑠 + 𝑎2𝑠2 − 𝑠3 = 0.

(16)

𝑎 = 𝑑 = 0, 𝑐 = 2𝑏, 𝑔 = 𝑘 = 𝑙 = 𝑚 = 𝑛 = 𝑝 = 𝑞 = 𝑠 = 0, 𝑟 = 𝑎2, 𝑏 ≠ 0; (17)

𝑏 = 𝑐 = 0, 𝑎 = − 𝑓 𝑙2/𝑟2, 𝑑 = −2 𝑓 𝑙2/𝑟2, 𝑔 = −2 𝑓 𝑙3/𝑟3, 𝑘 = 𝑙3/𝑟2,

𝑚 = 𝑛 = 3𝑙2/𝑟, 𝑝 = 3𝑙, 𝑞 = 3𝑙3/𝑟2, 𝑠 = 𝑙4/𝑟3, 𝑓 2𝑙2 − 𝑙2𝑟 − 𝑟3 = 0;
(18)

𝑑 = 2𝑎 = −2𝑏𝑟/𝑙, 𝑓 = (𝑙2 + 𝑏2𝑟)/(𝑏𝑙), 𝑔 = −𝑏(𝑙2 + 2𝑟2)/𝑟2,

𝑚 = 𝑛 = 3𝑙2/𝑟, 𝑝 = 3𝑙, 𝑞 = 3𝑘 = 3𝑙3/𝑟2, 𝑠 = 𝑙4/𝑟3, 𝑐 = 2𝑏,
𝑙4 − 𝑏2𝑙2𝑟 − 𝑏2𝑟3 = 0;

(19)

𝑎 = 𝑙 (−𝑏 𝑓 𝑙 + 𝑙2 + 𝑏2𝑟 + 𝑟2)/(𝑟 (𝑏𝑟 − 𝑓 𝑙)), 𝑑 = 2𝑙 (2𝑏𝑟 − 𝑓 𝑙)/𝑟2,

𝑐 = 2𝑏, 𝑔 = 𝑙2(3𝑏𝑟 − 2 𝑓 𝑙)/𝑟3, 𝑘 = 𝑙3/𝑟2, 𝑚 = 3𝑙2/𝑟, 𝑛 = 3𝑙2/𝑟,
𝑝 = 3𝑙, 𝑞 = 3𝑙3/𝑟2, 𝑠 = 𝑙4/𝑟3, 𝑓 2𝑙2 − 2𝑏 𝑓 𝑙𝑟 − 𝑙2𝑟 + 𝑏2𝑟2 − 𝑟3 = 0.

(20)

43



CENTERS OF CUBIC DIFFERENTIAL SYSTEMS WITH THE LINE AT
INFINITY OF MAXIMAL MULTIPLICITY

Remark 2.1. 1) The set of equalities (7) is not satisfied in the real coefficients of cubic
system (1).

2) The transformation 𝑥 ↔ 𝑦, 𝑡 → −𝑡 reduce the system {(1), (11)} (respectively,
{(1), (12)} {(1), (17)} {(1), (18)} {(1), (19)} {(1), (20)} to the system {(1), (9)}
(respectively, {(1), (10) {(1),(13)} {(1), (14)} {(1), (15)} {(1), (16)}).

Theorem 2.4. The real cubic system (1) has the line at infinity of multiplicity five if and
only if one of the following twelve sets of conditions (13) − (20) holds.

3. Solution of the center problem for cubic systems with the line at
infinity of maximal multiplicity.

In each of the series of conditions (6), (7) and (8) we calculate the first Lyapunov
quantity 𝐿1. In the cases (7) and (8) this quantity vanishes and the divergence of vector
field X associated to system (1) also vanishes.

In the case (6) we have 𝐿1 = 2𝑖𝑆2/𝐾 ≠ 0 (see, (5), (6)) and therefore, (0, 0) is a focus.
In this way we prove the statements of the following two theorem.

Theorem 3.1. The cubic system (1) with the line at infinity of maximal multiplicity has a
center at the origin (0, 0) if and only if the first Lyapunov quantity vanishes 𝐿1 = 0.

Theorem 3.2. The cubic system (1) with the line at infinity of maximal multiplicity has a
center at the origin (0, 0) if and only if the divergence of the vector field X associated to
system (1) vanishes, i.e. iff (1) has a polynomial first integral.

In the cases of real conditions (9)-(12) we have, respectively, 𝐿1 = 𝑞 ≠ 0, 𝐿1 =

−(𝑘2 + 𝑠2)2/(𝑘𝑠2) ≠ 0, 𝐿2 = −𝑝 ≠ 0, 𝐿1 = (𝑙2 + 𝑟2)2/(𝑙𝑟2) ≠ 0. Therefore, in each of
the cases (9)-(12) the origin is a focus for (1).

In each of the cases (13)-(20) the first Lyapunov quantity and the divergence vanishes.
The first integrals F of the systems {(1),(13)} − {(1),(20)} are, respectively,

F = 6(𝑥2 + 𝑦2) + 4𝑔𝑥3 + 12𝑎𝑥2𝑦 + 3𝑎2𝑥4;

F = 6𝑠3(𝑥2 + 𝑦2) + (𝑠𝑥 + 𝑘𝑦)2(4𝑔𝑠𝑥 − 8𝑔𝑘𝑦 + 3𝑠2𝑥2 + 6𝑘𝑠𝑥𝑦 + 3𝑘2𝑦2);

F = 6𝑎𝑘𝑠3(𝑥2 + 𝑦2) + 4𝑠3(𝑘2 + 𝑎2𝑠)𝑥3 + 12𝑎2𝑠3𝑥𝑦(𝑘𝑥 − 𝑠𝑦)
−4𝑎2𝑘𝑠(𝑘2 + 2𝑠2)𝑦3 + 3𝑎𝑘 (𝑠𝑥 + 𝑘𝑦)4;

F = 6𝑠3(𝑥2 + 𝑦2) + (𝑠𝑥 + 𝑘𝑦)2(4(𝑔𝑠𝑥 − 2𝑔𝑘𝑦 + 3𝑎𝑠𝑦) + 3(𝑠𝑥 + 𝑘𝑦)2);

F = 6(𝑥2 + 𝑦2) + 12𝑏𝑥𝑦2 + 4 𝑓 𝑦3 + 3𝑏2𝑦4;
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F = 6𝑟3(𝑥2 + 𝑦2) − (𝑙𝑥 + 𝑟𝑦)2(8 𝑓 𝑙𝑥 − 4 𝑓 𝑟𝑦 − 3𝑙2𝑥2 − 6𝑙𝑟𝑥𝑦 − 3𝑟2𝑦2);

F = 6𝑏𝑙𝑟3(𝑥2 + 𝑦2) − 4𝑏2𝑙𝑟 (𝑙2 + 2𝑟2)𝑥3 − 12𝑏2𝑟3𝑥𝑦(𝑟𝑥 − 𝑙𝑦)
+4𝑟3(𝑙2 + 𝑏2𝑟)𝑦3 + 3𝑏𝑙 (𝑙𝑥 + 𝑟𝑦)4;

F = 6𝑟3(𝑥2 + 𝑦2) + (𝑙𝑥 + 𝑟𝑦)2(4(3𝑏𝑟𝑥 − 2 𝑓 𝑙𝑥 + 𝑓 𝑟𝑦) + 3(𝑙𝑥 + 𝑟𝑦)2).
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