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Abstract. In the paper it is shown that the property of singular integral operators with
piecewise continuous coefficients to be Noetherian is stable with respect to their pertur-
bation with certain non-compact operators. An example is constructed showing that the
corner points of the integration contour significantly affect the Noetherian property of
singular operators with translations. These results are obtained using the symbol of the
singular operators on contours with corner points, symbol, which is also determined.
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Perturbarea operatorilor integrali singulari cu coeficienti
continui pe portiuni

Rezumat. in lucrare se demonstreazi ci proprietatea operatorilor integrali singulari cu
coeficienti continui pe portiuni de a fi noetherieni este stabild Tn raport cu perturbarea
lor cu anumiti operatori necompacti. Este construit un exemplu care demonstreaza ca
punctele unghiulare ale conturului de integrare afecteazd in mod semnificativ proprieta-
tea noetheriand a operatorilor singulari cu translatii. Aceste rezultate sunt obtinute cu
ajutorul simbolului operatorilor singulari pe contururi cu puncte unghiulare, simbol, care
de asemenea este determinat.

Cuvinte cheie: operatori integrali singulari, operatori noetherieni, simbol, contur

Lyapunov pe portiuni.

1. INTRODUCTION

In the well-known monographs of N. Mushelyishvili and F. Gahov, operators of the

form

koo, (tel), (1)
Tt

(AQ)(1) = a(t)p(t) + fr

are called complete singular integral operators. In relation (1) the functions a(¢) and

k(t,7) are functions that verify Holder’s conditions on I', respectively on I" X I', and the
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integral is considered in the principal value sense. The operator A, defined by equality

(1) can be represented as
A=al+bS+T,

where b(t) = mik(t,1), S is the singular integral operator on the contour I,

(Se)(1) = — /F AL,

T—1

and T is the integral operator with the kernel
k(z,t) — k(z,1)

k(r,7) = ————

)

When k (¢, 7) satisfies Holder’s conditions on I"XT", the kernel (2) has weak singularities
and therefore the operator 7' is compact on the spaces L, (I", p), where

n
p(t)=1_[|t—tk|'3k(1<p<+oo, 1<Br<p-1,tel).
k=1

It hence follows that the operator A = al + bS +T is normally solvable and Noetherian
if and only if this property is possessed by its characteristic part, Ag = al + bS. Moreover

dimkerA = dimkerAy and dimkerA* = dimkerA,.

Based on this statement Noether’s theory for singular integral operators developed
into the foundation for characteristic singular integral operators. Remarkable results
have been obtained in this direction: Noetherian criteria have been established for these
operators with continuous piecewise coeflicients, with coefficients, which have almost
periodic discontinuities, with coefficients arbitrary (measurable and bounded). However,
in various problems of mechanics, physics and other fields, which reduce to singular
equations, it is not characteristic operators but complete operators that appear. In this
contest it arises the necessity to study complete singular operators with discontinuous
functions a(t) si k(z, 7). The main difficulty in this direction consists in the fact that the
operator 7" with kernel (2) may not be compact and (more importantly) may not represent
a permissible perturbation for singular characteristic operators.

We will illustrate this with an example. Let Iy be the unit circle, y(¢) be the charac-
teristic function of the semicircle I'j = {¢ € Ty, Imt > 0}, k(7,1) = x(t) — x(7), 1 € C

and k(1)
t, T
(40 =260+ [ D g(mrar.
r 7T— t
In this example k(¢,¢) = 0, therefore the characteristic part of the operator A is the

scalar operator (Agp)(t) = Ap(t). In this example the operator can be represented as

A=A+ xS - Syl, 3)
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and it follows that it is contained in the algebra . ,(I'o) generated by singular operators
with piecewise continuous coefficients. It is known that this algebra is a symbol algebra.
The symbol of the operators is determined from the equalities [5], [9].

a(t,&) = h(€)(a(t +0) —a(r) (1= f(&)a(t+0)+a(t)f(&)

a(t+0) /() + (1= f@a()  h(E)(alt+0) = a() ” @

where

. -1
f(é) = [1 - ew( - 2ﬂ(€+ é))] (=00 < € < +00),

1 0

0 -1 ©)

S(t,6) =

In particular, in the case of the operator A = Al + xS — Sy and p = 2 we have:
detA(t,&) = 2% fort + 1

and

ef
1+e¢

detA(t,€) = 1> +4 (00 < & < +00), fort = =1.

The operator A is Noetherian in the space L,(Iy) if and only if 22 +4eé /(1 +e%) £ 0
for any &, —oco < ¢ < +oo. This is equivalent for A # ui, where u € [-1, 1].

Hence, for A = ui, where u € [—1,1] \ {0}, the operator A is not Noetherian and its
characteristic part Ag = A/ is Noetherian. It follows that the operator T = A — Ag is not
a permissible perturbation to the characteristic part of operator A. It also follows that the
operator T = yS — Sy ! is not compact.

From this reasoning and the examined example, the following problem comes apparent.
What (at least necessary) conditions should we impose on the operator kernel 7',

k(1.7) = k(t,t) —k(t, t)’
T—1
so that this operator does not influence the Noetherian conditions of the operator A = al+
bS,i.e. the operators Ag = al+bS and A = al+bS+T are or are not Noetherian conditions
and IndAy = IndA. If the function k(¢,7) is continuous or has weak singularities on
the integration contour then the operator 7 is compact and it satisfies the conditions
enumerated above. In this paper a class of operators T (non-compact) is described which
also possess this property. In the construction of this class of operators an important role

will be played by the symbol defined on algebra 3., (I) .
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2. PERTURBATION OF SINGULAR OPERATORS WITH OPERATORS FROM THE SET M

We denote by M the set of all operators in algebra 3 , (I') with the following properties.
If H € M, then its symbol H (¢, £) has the form
(¥ (1,€) — Dh(&)

0 m(t,§)
n(t,§) 0
F@&)+ A= f(&))y(1,¢)
and the real function ¥ (¢, &) satisfies the following conditions. If ¥ (¢g,&) # 1 (tp € ),
then the continuous function i (g, £) is decreasing and (g, &) — +oo for & — —oo and

H(t,§) =

where m(t,&) - n(t,&) = 0 and

m(t,&) =

W (tg, &) — 0 for & — +o00o. We mention that the set M includes all compact operators
acting on the space L, (I"). It will be shown below that some non-compact operators of
the algebra 3}, (I") also belong to the set M. Thus, it will be shown that the conditions for
singular integral operators to be Noetherian are stable with respect to their perturbations

by non-compact operators. This will follow from the next theorem.
Theorem 2.1. Let H € M. The operator
1 1
A=aP+Q+H (P: §(I+S), 0= E(I_S)’ ae PC(F))

is Noetherian on the space L, ('), if and only if this property is held by the operator
Ag=aP+ Q.

Proof. The symbol A(t, ) of the operator A = aP + Q + H has the form

A, &) = a(t+0)f(&) + (1= f(&)a(r) m(1,€) ‘
h(€)(a(t+0) —a(t)) +n(t, &) 1
and
detA(1.£) = a(t+0)f(&)+(1- f(f))a(t)w(t,g). ©

FE+ A= f())w(1.6)
Let the operator A be Noetherian, then a(z + 0) # 0 and

a(t+0)f(&) + (1 = f(&)a()y(1.£) #0 (7

for all t € I" and ¢ € R. We admit that the operator Ag = aP + Q is not Noetherian, then

the determinant of its symbol cancels at a point (g, &):

a(to +0) f(£o0) + (1 = f(&0))a(to) =0, (8)
where 1y € I" and & € R. Therefore ¥ (to, &) # 1 and ratio a‘(lt(ot%) can be written as
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a(to) .
a0+ 0) exp(2ﬂ(§o + l/l?))-

We will show that in this case detA (1o, &) vanishes at a point £; € R. Indeed, from the

relation (6) and condition (8) we get

(f(§) — Da(x)
F(&) + (A= f(E)(10,6)

From the properties of the function ¥ (fo, &) follows that the equation e27(¢~%0) —

detA(ty, &) = [2™(E60) —y (19, £)].

W (tg, &) possesses a solution & = &;. Thus, detA(ty,&1) = 0, which is in contradiction
with conditions (7). Necessity is proved. Let A not be Noetherian, then or a(¢+0)-a(t) =0
at a point ¢y € I" or that

a(t+0)f(&) + (1 = f(&)a()y(1,.£) =0

at the point (t9,&) (to € T, & € R). In the first case the operator Aq also is not

Noetherian, and in the second case we obtain that a‘(’t(ot%) =2n/p. Then a(ty +0) f(&) +

(1 = f(&))a(ty) = 0 at the point & € R. Therefore, in this case also the operator Ag is

not Noetherian. O

Corollary 2.1. The property of singular integral operators with piecewise continuous
coefficients to be Noetherian is stable under the perturbation of these operators with the

operators of the set M.

3. EXAMPLE OF A NON-COMPACT OPERATOR FROM THE SET M

Let us consider operator H, defined by the equality

m n
H=P=3" 3 (t=1;)™P(t—1;) ™I, 9)
j=1 k=1
where 1, 12, ..., t,, are arbitrary, distinct points on I" and ay = k=l 4 lon

n np
In this section we prove that the operator H belongs to the set M and is not completely

continous on the space L, (I").

Lemma 3.1. Operator
Hjp=(t—t;)"P(t—t;)" "I
is bounded on the space L,(T").

Proof. First we are going to show that the operator H ; is bounded on the space L, (I) if
and only if the operator P is bounded on the space L, with the weight p(¢) = [t — ;| P
Since —1 < axp < p — 1, then, from Theorem of B. Khvedelidze [8], the operator P is
bounded on the space L, (I, |t — t;|**P). |
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Theorem 3.1. The operator

Hjp=(t—t;)"™P(t—1t;)" "I

belongs to algebra ., (") and its symbol has the form

1 0
0 ol fort #1;,
H(t,&) = (10)
1 —h(f) 1—exp(2miag)
(1-f(&)) (1—exp(2miax)) , fort= .
0 0

Proof. Let ¢; (z) be a fixed branch of the function z~“*, defined on the complex plane
with the cut connecting the point O with co and intersecting the contour I" at a single point

tj. The function ¢; (¢) is continuous at every point I' \ {#;} and

(Pi,k(tj) _ e—Zm’(tk
@i k(tj+0)
Since 1/p—1 < ax < 1/p, the function ¢; () admits a factorization on the space L, (I")

in the form

t

o[t Xk
oi(0) = (= 1)) ( ) .

Let us consider the operator B x = ¢, x(t)P + Q. This operator B ; is invertible in
space L, (I') and its inverse is defined by the equality

r—t;\" % t—t\ " (t—t;\T %
B;}k:(t—zj)akp( tf) 1+( tf) Q( ’) I.

t

It follows from this that
t—t;\" %
PB}) = (t—;j)“kp(—t ’) L

Therefore,

t—t;\"
(r— z,»)“kp( p -’) I=PB; 1~ =P(P+1™Q)"". (11)

Because the operator P(P+1*<Q)~! belongs to algebra (), then from (11) it results
that the operator H; x = (1 —1;)“ P(t—1t;)~“I also belongs to algebra }; ,(I'). By direct
calculations, taking into account the equality (11), we make sure that the operator symbol
H; i coincides with the right-hand side of the equality (10). O
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Corollary 3.1. The operator H, defined by equality (9), belongs to algebra 3., (') and
its symbol has the form

00
o ol fort #1t;,
H: (1,6 = 12
(1) 1) 1—exp(27(n=1)¢) (12)
(=F@)U-expQu(n&+ilp)) || - for ¢ =1;.
0 0

From the equality (12) it results.

Corollary 3.2. The operator H is not compact. Moreover

B 1, fort # tj,
w(né) = { exp(=2n(n - 1)¢), fort =t;.

From this and from Theorem 2.1 it results.

Theorem 3.2. The operator

n

A=(a+DP+Q - > (1=1)™P(t—1))" "1
j=1 k=1

is Noetherian on the space L, (I') if and only if the operator Ay = aP + Q has the same
property.

4. THE SYMBOL OF SINGULAR OPERATORS ON CONTOURS WITH ANGULAR POINTS

Let the contour I" consist of two semi-axes starting at the point z = 0. We denote by
@ (0 < @ < m) the angle formed by these half lines. We will assume that one of these
half lines corresponds to the half axis R = [0, +c0) and that the contour I is oriented in
a such way that the orientation on I' N R* coincide with the orientation on R™.

Let B = L,(T,|t[%) (-1 < B < p —1). We denote by 2o(T") the set of constant
piecewise functions that receives on I' two values: a value on R* and another value on
'\ R*. If h € Ay, then we denote

hy, fort € R*,
h(t) = hjeC.
hy, fort e '\ R*,

Thus, h(0) = hy, h(0+0) = hy, h(co —0) = hy, h(co+0) = hy.
The contour I" will be considered compactified with a point at infinity, whose neigh-
borhoods are complements of the neighborhoods of zg = 0. Evidently, the contour I" is

homeomorphic with an bounded contour I", having two angular points.

41



PERTURBATION OF SINGULAR INTEGRAL OPERATORS WITH PIECEWISE
CONTINUOUS COEFFICIENTS

We denote by K, the Banach algebra generated by the singular integration operator
St and all multiplication operators to the functions 2 € Ao(I'). By K* we denote
the subalgebra of algebra L(L,(R",|t|f)) generated by singular integral operators al +
bS (S = Sg+) with constant coefficients on R*. As K* is commutative, then it possesses

[5] a sufficient system of multiplicative functionals. The operator v is linear and bounded
(ve) (x) = (¢(x), p(e'x)) (x € RY),
acting from the space L, (T, |1/) on the space L3, (R*, F).

Letp € L,(T, |£|) and consider the equation

Ap=ap+bSrp =1,
, fort € RY, by, fort € R*,
aiy=1" bi)=1 " aj. b; €C.
ay, fort € '\ R, by, fort € '\ RY,

This equation can be written as a system of two equations: in one equation ¢ € I" \ R*
and in the second equation t € R*. We get,

ap() + 20 / 20 e PO @ ) e R

Rt T—1 Tl F\R*T_t
b(t
anny + 20 [ €9 4, 20 2T e~ y(t). 1 €T\ R*.
b4l R+ T—1 Tl F\R*T_t

In the integral fr\ R+ “;(_Tt) dt we change the variable T — ¢’?1 and in the second equation
of the obtained system, we change ¢ by e!?t. We obtain:

b b
01901(1‘)4‘—1./ <P1(T)d7___1./ wz—@dr=¢1(l‘), t € RY,
R* Tt JR

T T—1 + T —e"tay
b b

a2<P2(t)+—2./ —SDZ(T.) dt — 2/ SDZ(T)d =yr(t), te T\ R",
i Jg+ T — €'t Rt T—1

in which the notations can be used: fi(z) = f(¢), f(t) = f(e'%t) (t € RY).
Thus, the operator vAy~! has the form

a11+b1S —blM
—sz a21+b2S

s = [ Ear o= [ F D ar,

+T—e '

vAv~! =

where

(Ne)(t) = 1/ SD(T.) dr,teT.
R

i Jr+ T — €'t
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From the results of the works [6], [7], [10], it appears that operators M and N belong
to the algebra K™ generated by the operator S (= Sg+) and the multiplication operators
on constant functions. Therefore, vK,v~! c (K*)>*2.

Let {yar} be the system of homeomorphisms determining the symbol on the algebra

K*. For any operator A € K, we put
Im(A) = lym (A5 ey where [Ajill3 oy = vAY™.
Theorem 4.1. The operator A € K is Noetherian on the space L, (T, |t|P) if and only if
detyp (A) 0.

Proof. The factor algebra K* is commutative with respect to all compact operators in
L(Lp(R+,t'B)). Therefore, the elements of the matrix operator ||AJ~/<||§’k:1 = yAy~!
kel
is Noetherian in L, (R*,##) if and only if the operator A = det||A || is Noetherian in
L, (R*,t#). Butthe operator det||A jx|| is Noetherina if and only if ys (det||(Ax)|]) # O.
As yup(det|[(Ajr)ll) = det||lypm(Ajr)ll, it follows that A is Noetherian, if and only if

detyp (A) # 0. O

commute with the exactness of a compact. Then according to [1] the operator ||A jx||

Conclusion 4.1. Theorem 4.1 allows us to define the symbol on algebra K. Namely, the
matrix yp(A) is called the symbol of the operators A € K. Then Theorem 4.1 can be

Sformulated as follows.

Theorem 4.2. The operator A € K is Noetherian on the space L, (T, |t|P) if and only if

the determinant of its symbol is non-zero.

Taking into account the results of the work [7], the symbol of the operators H = hl (h €
Ap(I")) and St has the form:

: oo, z (z=D'"F(z+ D
I A YM(SF):‘ (- )&+ D)% _;
The symbol of the operator St can be written in a more convenient form. For this we put
zz%zcth(n(fﬂ'w) (—OOS§§+00, v = 1;'8).
Then
e@(&+iy) ela—m)(£+iy)

— DIz + ) =2 : = :
(@=1 (z+1) e®(&Hy) — 1 shr(€+iy)
3 e _elma)ssiy)  (nma)(£siy)
(@=D#(+D) ea(&+y) shr(&+iy)

Therefore the symbol of the operator can be written in the form

43



PERTURBATION OF SINGULAR INTEGRAL OPERATORS WITH PIECEWISE
CONTINUOUS COEFFICIENTS

ela—m) (£+iy)

cth(z (£ +1y)  FrEmy

(a—m) (£+iy) .
—"Shﬂ(fﬂ.y) —cthrm (£ +iy)

Ym(Sr) =

Remark 4.1. Let a = 7, i.e. the contour I satisfies the Lyapunov conditions at the point
20 = 0. Then the symbol of the operator H = hl does not change and the symbol of the
operator St has the form [1], [11]

z -Vz2 -1
22 -1 -z

cthr (€ +iy) —(shr(&+iy))™!
(shm(é +iy))~' —cthm(é +iy)

Now we can define the symbol of singular integral operators with coefficients from

Ym(Sr) =

CP(T') in the case of a piecewise Lyapunov contour.
Let I" be a piecewise closed Lyapunov contour. We denote by 71, ...,1, all the corner

points with angles ax (0 < a < )(k =1,...,n) and

n
p) =] [lr-tlP* (1<p<oo, -1 <pe<p-1.
k=1

We denote by >\(I', p)(C L(L, (T, p)) the algebra generated by operators (Hg)(t) =
h(t)p(t), h(t) € CP(I") and the operator Sp. We mention, that the ideal formed by
compact operators acting on the space L, (I", p) is contained in the algebra (I, p). Let
us define the symbol of the operator from },(T", p). For this it is sufficient to define
the symbol of the operator 41l (h € CP(I")) and the operator Sy. We will use the local
principle of Simonenko [12]. The symbol H(t,&) (r € I', £ € R) of the operator Al will

be defined as follows:

h(t+0) 0
H(t,¢) = . 13
(1,€) 0 -0 (13)
We define the symbol St (¢, £) of the operator St as follows:
cthr(€ +iy) _BXP((t:j(t)—ﬂ)_(§+i7(t)))
S(1,6) = || expl(zma() (&+iv(1) AN ’ (14)
Shn(E+iy) —cthnw (& +iy(r))

where

, t=tx (k=1,2,...,n),
a(t)z{ak fort=1;( n) and

w, fort e T\ {t,t2,....,tn},

t) = “fk, fort=1tr (k=1,2,...,n),
[ L, fort € T\ {t1, 12, ..., 1}.
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Theorem 4.3. Let A € (T, p) and A(t, &) be its symbol. The operator A is Noetherian
on the space L, (I, p) if and only if

detA(t,E) £0 (1 €T, —00 < & < +00). (15)

5. SINGULAR OPERATORS WITH A SHIFT ON A PIECEWISE LYAPUNOV CONTOUR

Let I" be a closed piecewise Lyapunov contour, v : I' — I and (V) (¢) = ¢(v(¢)). On
the space L, (I"), we consider a linear singular integral operator with a shift v(z) of the

form
(AQ)(1) = a()e(r) + 22 / 2O 4e 4 cyp(v(e) + 22 / IO RS
ni Jrr—t ni Jr T—t

where a(t), b(t), c(t) and d(t) are bounded measurable functions on I'. Assume that
the mapping v satisfies the following conditions:

(1) Carleman conditions: v(v(t)) = t;

(2) the derivative v’(¢) has a finite number of discontinuity points of the first kind
on I', and on the arcs /; connecting the discontinuity points it satisfies Holder’s
condition, v’ (1) € H(ly);

B) vV(F0)#£0(vtel).

Along with the operator A of the form (16), we also consider the operator A defined
on the space L%)(F) = L,(I') x L,(I") by the equality

al +bS cl+dS
él+dS al+ebS

0 0
d(VSV —&S) b(VSV - &S)

+ =Ag+R, (17)

where f = f(v(1)) and € = 1 (¢ = —1), if the mapping v preserves (changes) its
orientation on the contour I'. As it is known (see [4], [2] and the bibliography given
in these papers), if a, b, ¢ and d are continuous functions and v'(t) € H(I'), then the

operator is R completely continuous in L, (I") and

Theorem 5.1. The operator A defined by equality (16) is Noetherian on the space L, (I")
if and only if the operator A is Noetherian in the space L%, (I"). When these conditions
are fulfilled, the index of the operator A is calculated by formula

1 -
IndA = ElndAo.

In this section, we prove that this assertion ceases to be true if I" has corner points. In
this case, as a rule, the derivative v’ (¢) has discontinuity points on I', and it turns out that
if the operator A is Noetherian, then the operator Ay is also Noetherian. However, the

converse assertion does not hold.
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Theorem 5.2. [If operator A = a(t)I + b(t)S + (c(t)I + d(¢)S)V (a,b,c,d € C(I")) is
Noetherian on the space L, (I'), then operator Ay is also Noetherian on the space L%, (I).

Proof. Indeed, operator A is Noetherian if and only if the conditions
A(1) = (a(t) = b(0)(a(t) — eb(1)) = (c(r) = d(1))(&(1) — ed (1)) #0,
Mo (1) = (a(t) + b(1))(a(r) + eb(1)) = (c(1) + d (1)) (&(1) + £d(1)) # 0,

hold for all # € T". Let the operator A be Noetherian. Then the determinant of its symbol
[1] does not vanish: detA(t,&) (t € T, —oo < & < +00). It is directly verified that

detA(t,—o0) - detA(t,—0) = A1(t) - Ap(2).
Hence the operator A is Noetherian in L%, (T"). Theorem is proved. |

The following example shows that Theorem 5.1 cannot be inverted. Let us change the
orientation of the contour I' and the corner point zy € I" with the angle 8 (0 < 6 < )
be a fixed point of the mapping v : v(fy) = . In this case, it is easy to verify that
the derivative v’(r) is discontinuous at the point g, and v’(tg — 0) = exp(—i6 — o) and

v'(tg + 0) = exp(if + o), where o is some real number. Consider the operator
A=14+08V,

where 6 is a complex number. The corresponding operator A has the form

I 65
-0§ I

00
6(VSV-5) 0
If 6 # +i, then the operator A is Noetherian. Let A(t,&) (—c0 < & < +00) be the

=A0+R.

symbol of the operator A at the point #g. It is directly verified that
detA(tg, &) = 6> +2(y +B)6 + 1,

where
_exp[(2x — 0 —io) (£ +i/p)] exp[(0+i0)(§+i/p)]
exp(§ +i/p) -1 exp(§+i/p) -1
Hence, by virtue of Theorem 1.1 from [5], it follows that for all 6 = —(y + 8)~! +
W — 1 the operator A is not Noetherian on the space L, (I"). Thus, the condition

for the operator A to be Noetherian depends on the angle 6.

and 8 =

Theorems 5.1 and 5.2, and the above example imply the following assertions

Corollary 5.1. Let v'(t) ¢ H(T"). Then operator VSV — &S is not compact on the space
L,(T).
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Corollary 5.2. If the operator A, defined by equality (16), is Noetherian, then the opera-
tors A and Ag defined by equality (17) are also Noetherian.

Corollary 5.3. If the operator A is Noetherian, then Ay is also Noetherian. The converse

is generally not true.

In conclusion, we note that the corresponding example of a non-Noetherian operator
A for which A is Noetherian can also be given in the case when the mapping v preserves

the orientation of the contour I'.

6. ExAMPLES

The symbol of the singular integral operators and Theorem 2.1 can be used in studying
different classes of composite singular operators. The difficulties which can arise in this
context are the following: to show that the operator under consideration belongs to an
algebra of operators with symbol; to write in the explicit form the symbol of this operator;
to show that the symbol can be expressed as a singular perturbed operator that satisfies
the conditions of Theorem 2.1.

We will consider an example where these difficulties arise and are overcome. Studying
singular integral operators with homographic translations on the real axis in the space

L) = {t,o:/+oo|t,0(x)|p|x—6|ydx<oo} (-l<y<p-1, 6 €R),

operators of the following form are investigated (see [12])

b +eo _ s\ 400 (o V-1
Hep =a(x) + (j) /_oo @dt+c(x)(x m.é) /_ Unl) w(t)dt,

T t—x 0 t—x

1 1
— +7</l<1— +7.

p p
To apply the conditions of Theorem 2.1, we will express the operator H as follows

(18)

H=al+bS+cM, (19)

+o0 t
Se :/ %dt

_ —f?)” /+°° (1 _5)_/190(t)dl.

i 00 t—x

where

and

My

The expression (19) implies the operator H to be a singular integral operator perturbed

with the operator c M.
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Theorem 6.1. Let a,b,c € C(R). The operator H = al + bS + cM is Noetherian
in the space L% if and only if the operator Hy = al + bS is Noetherian. Moreover,
Ind H = Ind Hy.

Thus, the operator ¢cM is a permissible perturbation to the operator Hy and as a result

of this perturbation his index remains the same.

Proof. Denote by H (x, u), respectively by Hy(x, ) the symbols of operators H and Hy.
The symbol of the operator M at the point x = ¢ has the form

0 u(p
M6, ) = , 20
(0, 1) 0 0 (20)
where
() 4ih(u) sin A - exp(mid)
u = s
K 2if () sinmd - exp(mid) + 1
in Op-exp(iOp)
= | S Pro#0. (1 +y)
u, for 6 =0, 4
and

h(w) =N f() (1= f(w), 0 <p<1.

Obviously, the operator M has singularities only at the points x = ¢ and x = oo, therefore
it is equivalent to the null operator at the points x € R \ {6, c}. Thus

M(x,u) = , X # 08, X # 00,

0

To calculate the symbol of M at the point x = oo, we proceed as follows. We consider
the linear and bounded operator A : L, (R, |x —6[*) — L,(R, |x — 5|P~277) defined by

the relation
1 (ot— 1 1
00 = 1o ) 400 = e - 5))

The symbol of the operator M at the point x = oo is defined as the symbol of the
operator AMA~! at the point x = 0. We calculate AMA~!. Let f(x) = (x — 6)%, then

1\ .
AfA—l _ (_;) = ATy

1
— 1 1 ™ ze(r) dr
-1 _ 6 _ @
(AfA <p)(t)——— —/ dX——;'g/ Srieil 2
T T

(AfA~! <p)(t) = (Sp)(1).
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Thus, AMA~! = t~4S#] and A verifies the condition

l+p-y-2 l+p—-y-2

<A<1-
p p
Therefore, the symbol of the operator M at the point x = co has the form (20), where 4
must be replaced by —A, and 6 by —6. This is equivalent to the fact that the function u(u)
from (20) is replaced by m Thus, the symbol of the operator (18) has the form
Hx. ) = a(x)+b(x) c(x)o(x,u) ’
0 a(x) —b(x)
where o (x, ) = O forany x € R\ {5, o}, o7(6, 1) = u(x) and o (o0, u) = m It follows
from this that detH (x, u) = detHy(x, u) which means that both operators H and H are
or are not Noetherians and Ind H = Ind Hy. m]

Remark 6.1. The statements of Theorem 6.1 remain to be true even if the functions are

replaced by matrices functions with elements from C(R).

Conclusion 6.1. The results presented in this paper show us that the property of singular
integral operators to be Noetherian is stable with respect to their perturbation with certain
noncompact operators. This property was established due to the symbol of some operators
with singularities was determined. It was shown that the determinant of the symbol of the
original operator coincides with the determinant of the symbol of the perturbed operator.

Moreover, the indices of these operators are also equal.
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