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Abstract. This article investigates some properties of generalized Hausdorff compact-
ifications of topological Ty-spaces. In particular, it is show that the totality of these
compactifications forms a lattice of g-extensions in which there is the maximum element.
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Compactificari generalizate Hausdorff

Rezumat. In acest articol se studiazi unele proprietiti ale compactificirilor generalizate
HausdorfF ale Tp-spatiilor topologice. in particular, se demonstreazi ci totalitatea com-
pactificarilor formeaza o latice de g-extensii in care existd elementul maximal.
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1. EXTENSIONS

Let us mention, that in case there are no concrete indications, then the topological

space is considered Tp—space.

Definition 1.1. A pair (Y, f) it is called a generalized extension or g—extension of space
X, where Y is a space, f : X — Y is a continuous mapping and the set f (X) is dense in
Y. If f is an embadding of space X inY, i.e. an omeomorphism of space X on subspace
f(X) of Y, then the pair (Y, f) is called an extension of space X.

If (Y, f) is an extension of space X, then, as a rule, the point x € X is identified with
f (x) € Y and it is considered to be X C Y. In this case f (x) = x for any x € X.

Let GE (X) be the set of all g—extensions of the space X and E (X) be the set of all
extensions of X. Obviously, E (X) € GE (X).

In class GE (X) the binary increased relationship is introduced. If (Y, f) and (Z, g)
are two g—extensions of X space, then it is considered (Z,g) < (Y, f). If there is a
continuous mapping ¢ : Y — Z, for which g(x) = ¢(f(x)) forany x € X,ie. g=¢po f

and Diagram 1 is commutative.

89


https://orcid.org/0000-0001-6665-7927

GENERALIZED HAUSDORFF COMPACTIFICATIONS

Y f(X)
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Diagram 1 Diagram 2

Figure 1. Diagrams 1 and 2.

If (Y,f) <(Z,g)and (Z,g) < (Y, f), then these g—extensions (Y, f) and (Z, g) are
called equivalent and we denote this by (Y, ) ~ (Z, g).

Proposition 1.1. If (Y, f) and (Z, g) are two g—extensions of space X, (Z,g) < (Y, f)
and (Z,g) € E (X), then (Y, f) € E (X).

Proof. Lety : Y — Z be acontinuous mapping and g = ¢o f. According to the definition
of relationship <, g is a dive. Let us denote h = ¢ | f(X) : f(X) — g(X). Then
we get Diagram 2. As g is a bijection and f, & are surjections, it turns out that f and &
are bijections. We have f (A) = h™!' (g (A)). Therefore, for any open set U of X the set
f (U)isopenin f (X), and the mapping f~! : f (X) — X is continuous. So, f is a dive.

Obviously, 4 is a homomorphism. Proposition 1.1 is proved. m|

Corollary 1.1. If (Y, f) and (Z, g) are two g—extensions equivalent of space X and one

of them is extension, then the other one is extension.

The pair (X, f), where f(x) = x for any x € X is an extension of space X. This is the
trivial extension or maximum extension. Let us denote this extension by (X, ex).

Let S be a space consisting of a single point and let sx (x) = S for any x € X. Then
(S, sx) is called g—extension minimal or g—zero extension of space X.

Let P be a property of topological spaces. The property P is called multiplicative if
the product of a set of spaces with the property P is a space with the property P.

The property P is called hereditary closed if any closed subspace of a space with the
property P is a space with the property P.

Property P is called additive if the reunion space of a finite number of subspaces with

the property P is a space with the property P.

Example 1.1. The property of being compact space is multiplicative, hereditary closed
and additive.
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Example 1.2. The property of being countable compact space is hereditary, additive but
not multiplicative. The product of two countable compact spaces can not be a countable

compact space ([4], Example 3.10.19).

Example 1.3. The property of being pseudocompact is additive, but it is neither multi-
plicative and not hereditary closed [4].

Example 1.4. The property of being space is multiplicative, hereditary and additive. This
property is called trivial property.

2. LATTICE OF EXTENSIONS

Let us fix a property P of topological spaces. We denote by PGE (X) the totality
of g—extensions (Y, f) with the property P, i.e. Y possesses the property P and denote
YeP.

Let PE (X) = E (X) N PGE (X). If P is a trivial property, then PE (X) = E (X) and
PGE (X) = GE (X).

Definition 2.1. If L is a nonempty set of PGE (X) and (Y, f) € PGE (X), then:
(1) the extension (Y, f) is called the upper bound of a set L in PGE (X) and denote
(Y,f)e VL, if(Z,g) < (Y, f) forany (Z,g) € L. If (Y1, fi) € PGE (X) and
(Z,8) < (Y, f) forany (Z,8) € L, then (Y, f) < (11, f1);
(2) the extension (Y, f) is called the lower bound of a set L in PGE (X) and denote
Y, f) e AL if (Y, f) < (Z,g) for anything (Z,g) € L. If (Y1, fi) € PGE (X)
and (Y, f) < (Z,g) forany (Z,g) € L, then (Y, f) < (Y1, f1).

Proposition 2.1. Let P be a multiplicative and hereditary closed property. Then for any
nonempty set L C PGE (X) there are extensions (Y, f) € VL.

Proof. Let L ={(Yy, fu) : € M}, f (x) = (fu (x) : p € M) € [T{Yy, : 4 € M} for any
x € X and let Y be the adherence of a set f (x) in [] {Yﬂ DU E M}. Then (Y, f) € VL.

Proposition 2.1 is proved. O

Definition 2.2. The set L C PGE (X) is called:
(1) the upper semilattice of extensions, if L is nonempty and for any nonempty subset
M C L there exists (Y, f) € VM.
(2) the lower semilattice of extensions, if L is nonempty and for any nonempty subset
M C L there exists (Y, f) € AM;
(3) the lattice of extensions, if it is an upper semilattice and a lower semilattice of

extensions.
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Proposition 2.2. Let P be a multiplicative and closed hereditary property. Then for any
nonempty set H C PGE (X) there exists an upper semilattice of extensions L* (H) with
propetrties:

(1) HC L"(H);

(2) if Lis an upper semilattice of extensionsandif H C L C L* (H), then L = L* (H).

Proof. Let us fix (Y, far) € VM for any nonempty subset M C H. If M = {(Y, )},
then Ya; = Y and fj; = f. They can be obtained by constructing (Yas, far) as in the proof
of Proposition 2.1.

Let us denote L*(H) = {(Yy, fm) : M C H,M # 0}. Obviously, H C L*(H). If
M C K C H, then (Yy, fu) < (Yk, fx). According to construction L* (H) is an upper
semilattice. If K = {(Yp,, fm,) : @ € A} and M = U{M, : @ € A}, then Yy, fu) €
VK. The proof is complete. |

Definition 2.3. The upper semilattice L* (H) built in the proof of Proposition 2.2 is called
the upper semilattice generated by set H.

Corollary 2.1. Let P be a multiplicative and closed hereditary property. Suppose that
the continuous image of a space with property P is a space with property P. Then any
nonempty set H C PGE (X) is contained in a lattice of extensions of PGE (X).

Proof. Let (Zy, go) be the extension, where Z is a space consisting of a single point, and
let go : X — Zj be the only possible application. It is clear that (Zy, go) < (Y, f) for
any (Y, f) € GE (X). Letus denote L (H) = L* (H U {(Zp, go)}). Obviously, L (H) is
an upper semilattice. As the upper lattice L (H) contains an element of AL (H), it is a
lattice. But (Zo, go) € AL (H). The proof is complete. O

Definition 2.4. A g—extension (Y, f) of the space X is called correct, if the family
{clyf (A) : A C X} forms a closed base of the space Y.

Let us denote by KGE (X) the totality of correct g—extensions of the space X and let
KE (X)=E (X)NKGE (X).

Proposition 2.3. If (Y, f), (Z, g) are two correct and equivalent g—compactifications of
the space X, then (Y, f) = (Z, g), i.e. the continuous application ¢ : Y — Z for any

g = @ o f is a homeomorphism of the space Y onto the space Z.

Proof. Letg : Y — Zandy : Z — Y be two continuous applications, for which g = o f

and f =y og. If A C X, then ¢ (clyf (A)) C clzg (A) and ¥ (clzg (A)) C (cly f (A)).
Hence, ¢ (cly f (A)) = clzg (A) and ¢ (cl,g (A)) = cly f (A). From these two equalities
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1

we conclude that ¢, i are reciprocal bijective applications and ¢~ = . Proposition 2.3

is proved. o

3. CoMPACTS

For topological spaces the notion of compact space was introduced by P.S. Alexandroff
and P.S. Urysohn (see [1]).

Definition 3.1. The class P of topological spaces is called strict compactness if it satisfies
the conditions:

(C1) class P is not empty;

(C2) in P there is a space X containing at least two different points;

(C3) class P is multiplicative;

(C4) class P is closed hereditary;

(C5) if'Y is a dense subspace of the space X € P, then {clxA : A C Y} is a closed
basis of the space X.

Definition 3.2. The class P of spaces with properties (C1)—(C4) is called quasi-

compactness.
Definition 3.3. A quasi-compactness P of Hausdor{f spaces is called compactness.

Proposition 3.1. If P is a strict compactness, then:
(1) PGE(X) = KPGE(X) for any space X,
(2) PGE(X) is a set for any space X;
(3) PGE(X) is a lattice of extensions for any space X.

Proof. Equality (1) is a consequence of condition (C5) in Definition 3.1. It follows from
Proposition 2.3 that PGE(X) is a set. Since L*PGE(X)) = L(PGE(X)) = PGE(X),
from Corollary 2.1 we obtain that PGE(X) is a lattice of extensions. The proof is
complete. |

Proposition 3.2. If P is a compactness, then PGE(X) is a lattice of extensions for any
space X.

Proof. 1f (Y, f) is a g—extension of the space X, Y is a Hausdorff space, and 7 is the
power of the set X, then the weight w(Y) < 27. Therefore, PGE (X) is a set. Then, based
on Corollary 2.1, we obtain that L*(PGE (X)) = L(PGE (X)) = PGE(X) is a lattice of
extensions. The proof is complete. O

Corollary 3.1. Let P be a compactness or a strict compactness, X be a space and suppose

that PE(X) # 0. Then PE(X) is a upper semilattice of extensions.
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Corollary 3.2. Let P be a compactness or a strict compactness. Then:

(1) for any space X a unique maximal g—extension (BpX, Bx) € PGE (X) is deter-
mined;
(2) for any continuous mapping ¢ : X — Y there is a unique continuous mapping

Bpy : BpX — BpY, forwhich By op = Bpyo Bx, i.e. Diagram 3 is commutative.

Proof. The statement (1) follows from Propositions 3.1 and 3.2. If ¢ : X — Y is
continuous mapping and (Z, g) € PGE (X), then (Z, goy) € PGE(X). This fact

proves the presence of Bp,. The proof is complete. m|

4. GENERALIZED HAUSDORFF COMPACTIFICATIONS

Let us denote by HGC(X) the totality of g—compactifications (bX, byx) of the space
X for which bX is a Hausdorff space.

Theorem 4.1. The totality of HGC (X) is a complete lattice of g—extensions.

Proof. We will prove this theorem after the following steps:

(1) Letus note that the totality of HG C(X) is not empty, since it contains the minimal
extension (mX, my) of a point.

(2) If Y is a Hausdorff space, then for the power (cardinality) of the set Y we have
Y| < exp (expd (Y) ) ,where d(Y) is the density of the space Y (see [4], Theorem
1.5.3). If (Y, f) € GE(X), then d (Y) < |X|. Hence, |Y| < exp (exp|X] ) for
any Hausdorff g—compactification (Y, f) € HGC(X). Butall topological spaces
of power < exp (exp|X|) form a set, which contains the entirety of HGC(X).
So the totality of HGC(X) is a set.

(3) If (Y, f) and (Z, g) are two equivalent Hausdorff g—compactifications, then they
coincide. Let ¢ : Y — Z and ¢ : Z — Y be two continuous maps for which
g =¢ofand f = og. Letus prove that 4 = ¢~!. We examine the

application 2 = ¢ o ¢ : Y — Y. This mapping is continuous and 4 (y) = y for

any y € f(X). Indeed, let y = f(x) and x € X. Then ¢(y) = ¢ (f (x)) = g(x)

and ¥ (¢ (¥)) = ¥ (g (x)) = f(x) = y. Therefore, h(y) = y. The space Y is

Hausdorff and Y| = {y € Y : h(y) = y} contains the set f(X). So the set ¥}

is dense in Y. Now let us prove that Y| = Y. Assume that yg € Y\Y;. Then

y1 = h (yo) # yo and there are two open sets U,V in Y for which y; e U, yg € V

and UNV=0. Theset W =UNh~'(V)isopeninY and y; € W. IfY € W, then

h(y) € Vand h(y) # y. Hence, W NY; = 0. Therefore, the set Y; is closed in

Y. But Yj is dense in Y, and a dense and closed set in Y coincides with Y. So,

Yy =Y. We proved that #(y) = y for any y € Y. Therefore, y = ¢!
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(4) The property H to be compact and Hausdorff space is multiplicative and hereditary
over closed subspaces. Applying Proposition 3.2 we obtain that HGC(X) is a
complete lattice. Theorem 4.1 is proved.

O

Definition 4.1. The maximal element of the lattice HG C(X) is denoted by (BX, Bx) and
is called the Stone-Cech g—compactification.

Corollary 4.1. If f: X — Y is a continuous mapping, then there is a unique continuous
mapping Bf : BX — BY for which Bf o Bx=By o f, i.e. Diagram 4 is commutative.

x_? v

X—f> Y
Bul lﬁy Xl lﬁ}, /\
B oo 8 Bf Bf

BeX—*ppY BX— TBY BX—*PY

Diagram 3 Diagram 4 Diagram 5

Figure 2. Diagrams 3,4 and 5.

Corollary 4.2. If f: X — Y is a continuous application of X space in the Hausdorff and
compact space Y, then there is a unique continuous mapping Bf : BX — Y for which

f =Bf o Bx, i.e. Diagram 5 is commutative.

Corollary 4.3. (See [4], Chapter 3). Let HC(X) =E(X) N HGC(X) be the set of
Hausdorff compactifications of the space X. Then:
(1) ifHC (X) # 0, then HC(X) is a complete upper semilattice with maximal element
BX;
(2) the following statements are equivalent:
(2.1) HC(X) + 0,
(2.2) X is a Ty—completely regular space;
(2.3) BX is an extension of the space X.

Theorem 4.2. (see [4], for T\ spaces). For any continuous application f : X — Y in a
compact Hausdorff space Y there is a unique continuous application o f : wX — Y for

which f = wX | X. The mapping w f is always perfect.

Proof. Denote ¢(x) = f(x) for any x € X and let p(¢) = N{clyf (H) : H € ¢} for any
ultrafilter ¢ € wX\X. Lety, z € cly f (X) be two different points. There are two open sets
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Uand VinY for whichx € U,y € V, and the sets F = clyU, ® = clyV do not intersect.
Then clyx f U (F)Nelyx fH (@) =0. IFX\f~1(U) € & theny ¢ ¢ (£). If X\V € &,
then z ¢ ¢ (£). Butén {X\f‘1 (U),x\f! (V)} =0. So the mapping ¢: wX — Y is
unique and f=¢ | X. The set Z={clyA :A C f (x)} forms a closed basis of the space
Z=cly f (X). If Aisclosed in f (X) and y € clyA, then there exists an ultrafilter n of
closed sets in f (X) for which {y} =N {clyH : H € n}. There exists at least one ultrafilter
& € wX for which f~! () C &. Then ¢ (£) = y. Therefore, o~ (A) = cl,xf~' (A)isa
closed set in wX. So, ¢ is a continuous mapping. From the construction and continuity
of the mapping ¢ we obtain its uniqueness. If the set F is closed in wX, then ¢ (F) is a
compact set. The compact set in a Hausdorft space is closed. So, ¢ is a closed mapping.

Theorem 4.2 is proved. O
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