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Abstract. In this paper we find conditions for a singular point O(0, 0) of a center or a
focus type to be a center, in a cubic differential system with one invariant straight line
and one invariant cubic. The presence of a center at O(0, 0) is proved by constructing
Darboux first integrals.
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Integrale prime pentru un sistem diferential cubic cu o dreapta
invarianta si o cubica invarianta

Rezumat. in lucrare se examineazi sistemul diferential cubic cu punctul singular O (0, 0)
de tip centru sau focar, care are o dreaptd invariantd si o cubicd invariantd. Pentru acest
sistem sunt determinate conditiile de existentd a centrului in O(0,0) prin construirea
integralelor prime de forma Darboux.

Cuvinte-cheie: sistem diferential cubic, curbd algebrica invariantd, integrabilitatea

Darboux, problema centrului gi focarului.

1. INTRODUCTION
We consider the cubic differential system

i=y+ax® +cexy+ fy*+kxd +mx?y + pxy? +ry’ = P(x,y), 0

y=—(x+ gx2 +dxy + by2 + 500+ qx2y + nxy2 + ly3) =0(x,y),

where P(x,y) and Q(x,y) are real and coprime polynomials in the variables x and y,
X =dx/dt,y = dy/dt. The origin O(0, 0) is a singular point of a center or a focus type for
(1),1i.e. aweek focus. It arises the problem of distinguishing between a center and a focus
(called the problem of the center), i.e. the problem of finding the coefficient conditions
under which O(0, 0) is a center.

The problem of the center is equivalent to the problem of local integrability of a differ-

ential system in the neighboarhood of a singular point with pure imaginary eigenvalues.
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It is known [1] that a singular point O (0, 0) is a center for (1) if and only if the system

has a holomorphic first integral of the form F'(x, y) = C in some neighborhood of O (0, 0).

Although the problem of the center dates from the end of the 19th century, it is
completely solved only for: quadratic systems x = y + p2(x, y), ¥y = —x + g2(x, y); cubic
symmetric systems X = y + p3(x,y), ¥ = —x + g3(x,y); Kukles system x =y, y =
—x + ¢a2(x,y) + g3(x,y) and a few particular cases in families of polynomial systems of
higher degree, where p;(x,y) and g (x, y) are homogeneous polynomials of degree j in
the variables x and y.

If the cubic system (1) contains both quadratic and cubic nonlinearities, then the
problem of the center is still open. For such systems the necessary and sufficient conditions
for the origin to be a center were obtained in some particular cases (see, for example, [9],
[20], [21], [22]), [25].

The problem of the center was solved for some families of cubic differential systems
with algebraic solutions: four invariant straight lines [3], [4], [5], [9], [18]; three invariant
straight lines [9], [24]; two parallel invariant straight lines [14], [23]; two invariant straight
lines and invariant conic [6], [7], [9]; two invariant straight lines and invariant cubic [10],
[11]. It was proved that every center in the cubic differential system (1) with two invariant
straight lines and one invariant conic comes from a Darboux integrability.

The integrability conditions for some families of cubic differential systems having
invariant algebraic curves were found in [2], [8], [9], [12]-[17], [19], [25].

The goal of this paper is to obtain the center conditions for cubic differential system (1)
with one invariant straight line and one irreducible invariant cubic by using the method

of Darboux integrability. Our main result is the following one.

Theorem 1.1. The origin is a center for cubic differential system (1), with one invariant

straight line and one irreducible invariant cubic, if one of the following conditions holds:

(i) a=d=k=r=0,g=c+1-b,l=bf, m=—(c+1),n=[bQ2c+3-0)]/2,
p=—f.g=—f(c+1+b),s=-b(c+1),b>-2f>-b=0

(ii) d=2a,k=—-a,l=[fR2b-c-1)]/3, m=—(c+1),n=[2b-c-2)(c+1)]/2,
p=—f,q=ab-c-3),r=0.

The paper is organized as follows. In Section 2 we present the known results concerning
the relation between algebraic solutions and Darboux integrability. In Sections 3 and 4 we
determine the integrability conditions for cubic differential system (1) with one invariant
straight line and one invariant cubic by constructing Darboux first integrals. Finally in

Section 5 we prove the Theorem 1.1.
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2. ALGEBRAIC SOLUTIONS AND DARBOUX FIRST INTEGRALS

An important problem for differential system (1) is whether the trajectories to (1) can

be described by an algebraic formula, for example, ®(x, y) = 0, where ® is a polynomial.

Definition 2.1. An algebraic invariant curve of (1) is the solution set in C* of an equation
@D(x,y) =0, where ® is a polynomial in x, y with complex coefficients such that
0o oo
o Py + 520 (x,y) = K(x, y)@(x, y)
X oy
for some polynomial in x,y, K = K(x, y) with complex coefficients, called the cofactor of

the invariant algebraic curve ® = 0.

We say that the invariant algebraic curve @ (x, y) = 0 is an algebraic solution of (1) if
and only if ®(x, y) is an irreducible polynomial in C[x, y]. We shall study the problem
of the center for cubic differential system (1) assuming that (1) has algebraic solutions:
one invariant straight line and one invariant cubic.

By Definition 2.1 a straight line
1+Ax+By=0, (A,B)#0, A,BeC 2)
is said to be invariant for (1), if there exists a polynomial with complex coefficients K (x, y)
such that the following identity holds
AP(x,y)+BQ(x,y) = (1+ Ax + By)K(x,y).

Let the cubic system (1) have a real invariant straight line of the form (2). Then
by rotating the system of coordinates (x — xcos¢ — ysing,y — xsing + y cos ¢) and
rescaling the axes of coordinates (x — ax, y — ay), we can make the linetobe 1—x = 0.

In [9] it was proved the following Lemma

Lemma 2.1. The cubic system (1) has the invariant straight line 1 — x = 0 if and only if
the following set of conditions holds

k=—a, m=—-c—-1, p=—f, r=0. 3)

Suppose the set of conditions (3) is realized, then the cubic system (1) can be written

as follows
)'c:(l—x)(y+xy+ax2+cxy+fy2)EP(x,y), @
y=—(x+ gx2 +dxy + by2 + 53 + qxzy + nxy2 + ly3) = Q(x,y),

We are interested in finding the conditions under which the cubic system (4) has one

real irreducible invariant cubic curve. According to [9], a real irreducible invariant cubic
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curve of (1) can have one of the following two forms

a30x3 + a21x2y + alzxyz + a03y3 + a20x2 +apxy+ a02y2 +ajpx+apy+1=0 (5

or
azox® +anx’y + apxy* + agsy’ +x* +y* =0, (6)
where (a3, as1, aiz, ap3) # 0, ajj € R.

By Definition 2.1, the cubic curve (5) ((6)) is said to be an invariant cubic for (1), if
there exists a polynomial with real coefficients K (x, y) = ciox+co1 y+czox2+c1 1Xy+co2 y2
such that the following identity holds

0P 0o

——Px,y) + ——0(x,y) = ®(x,y)K(x,y).

0x ay
Definition 2.2. System (1) is integrable on an open set D of R? if there exists a nonconstant
analytic function F : D — R which is constant on all solution curves (x(t), y(t)) in D,
i.e. F(x(1),y(t)) = C forall values of t where the solution is defined. Such an F is called
a first integral of the system on D.

When F exists in D all the solutions of the differential system in D are known [1],
since every solution is given by F(x, y) = C, for some C € R. Clearly F is a first integral

of (1) on D if and only if

OF _OF
P—+Q—=0. 7
FP +Qay ()

A first integral constructed from invariant algebraic curves fj(x,y) =0, j = 1q
F(.x, y) = l(ll 2“2 tt qa/q = C (8)

with @; € C not all zero is called a Darboux first integral [21], [25].

By constracting Darboux first integrals (8), the center conditions where obtained for
cubic system (1) with two invariant straight lines and one invariant conic in [9], with two
invariant straight lines and one invariant cubic of the form (6) in [10] and [11].

The qualitative investigation in 2-dimensional parameter space of cubic systems (1)

with a center and having the Darboux first integral of the form
(1+ Ax + By)*® =0,

where @ = 0 is an irreducible invariant cubic curve of the form (6), was done in [26].
In [13] it was found the center conditions for cubic differential system (1) by construct-

ing Darboux integrating factors of the form

p(x,y) = (1-x)"0F,
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where © = 0 is an irreducible invariant cubic of the form (6) and a, 8 € R.
In this paper, using the equation (7), we find the conditions under which the cubic

differential system (1) has Darboux first integrals of the form
F(x,y)=(1-x)@F =C ©)

composed of one invariant straight line 1 — x = 0 and one irreducible invariant cubic
@ = 0 of the form (5) ((6)), where a, 8 € R.

3.  ONE INVARIANT STRAIGHT LINE AND ONE INVARIANT CUBIC OF THE FORM (5)

In this section we find Darboux integrability conditions for cubic differential system

(1) with one invariant straight line and one invariant cubic of the form (5).

Lemma 3.1. The cubic differential system (1) with one invariant straight line 1 —x =0
and one invariant cubic (5) has a Darboux first integral of the form (9) if and only if one

of the following two sets of conditions is satisfied:

()a=d=k=r=0g=c+1-bI=bf m=—(c+1),n=[b2c+3-D)]/2,
p=—f.g=—f(c+1+b),s==-b(c+1),b*>-2f>-b=0;

(ii) d=2a, k=—-a,l=[f2b-c-1)]/3, m=—(c+1),n=[2b-c-2)(c+1)]/2,
p=-f,qg=ab—-c-3),r=0.

Proof. Let the cubic system (1) have the invariant straight line 1 — x = 0 and an invariant
cubic ® = 0 of the form (5). In this case the system (1) will have a Darboux first integral
of the form (9) if and only if the identity (7) holds. Identifying the coefficients of the

monomials x'y/ in (7), we obtain a system of twenty equations
{Uij=0, i+j=1,...,5} (10)

for the unknowns asg, az1, a2z, aos, az, aii, ag, o, ao1, @, B and the coefficients of
system (1).

When i + j = 1, the equations U9 = 0 and Up1=0 of (10) yield ap; = 0 and @ = aof.
Ifi +j = 2, the equations Uyy = 0, U;; = 0 and Uy, = 0 of (10) imply a;; = 0 and
asp = (26102 + a%o + al())/z.

When i + j = 3, the equations U;; = 0 of (10) give a>; = 2aap, aix = ap(aio +2b),
asp = (6a02a10+8ba02—4caog+4ga02+a?0+3af0+2a10)/6 andagpz = [2a02(2a—d+f)]/3.
We express [, n, g, s from the equations Ups = 0, Uz = 0, Uyp = 0, Us; = 0 of (10). Then
Uy = 2aBap(ajg +2b —c — 1) = 0, where Bagy # 0. We divide the investigation into
two cases: {a =0}; {ajo=c—2b+1,a # 0}.

1. Leta = 0. Then Ups = d(d - f)(aio +3b) = 0.
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1.1. Assume that d = f. In this case U4 = f(aio+2b + 1)(ajo +2b) =0.

1.1.1. Suppose a1g = —2b. Then Uz, = f1 f>.f3 = 0, where
fi=f=2b-3,3=02b-1)(b-1)b+(b+c-g)ac.

If f, = 0or f3 = 0, then the right-hand sides of (1) have a common factor cx+x+ fy+1.

The case f; = 01is contained in (ii) (¢ = f = 0,¢ = —1).

1.1.2. Suppose ajg = —2b — 1. Then Us; = g182g3 = 0, where
g1=f,8=2b+1,g3=02b-1)(b-1)b+(b+c-g)an.

If go = O or g3 = 0, then the right-hand sides of (1) have a common factor cx+x+ fy+1.

The case g; = 0 is contained in (ii) (a = f =0, ¢ = =2).

1.1.3. Suppose (ajo+2b+ 1)(ajp+2b) # 0andlet f = 0. Then Usp = 0and Uy =0
yields a9 = ¢ — 2b + 1. This case is contained in (ii) (a = f = 0).

1.2. Assume that d # f andlet d = 0. Then U4 = (aj9o +2b — ¢ — 1)(ajo +3b) = 0.

1.2.1. The case ajgp = ¢ + 1 — 2b is contained in (ii) (a = 0).

1.2.2. If ajgp # ¢+ 1 —2b and ajo = —3b, then from equations {Upz = 0,Usz, =
0,Us; =0} of (10) we get 2f%> —b*>+b=0,g=c—b+1andap = (3b —3b%)/2. In
this case we obtain the set of conditions (i) for the existence of the first integral (9) with
a=-3b, f=1and

®=2(1-bx)>+b(b-1)(Bbx —2fy—-3)y>=0.
1.3. Assume that d(d — f) # 0 and let a9 = —3b. In this case Uys = 0 and
U = Bb—-1)(3b-2)(3b(b - 1) +2ap) =0.
1.31.1fb=1/30rb=2/3,thenUj4 = d(9(d - )>+1) £0.

1.3.2. If agy = (3b(1 = b))/2 and (3b — 1)(3b —2) # 0, then Uy = Uz, = 0. The
equations Uy = 0, Uj4 = 0 yield b> — b —2(d — f)? = 0. In this case, the right-hand sides
of (1) have a common factor cx +x + fy + 1.

2. Assume that ajg = ¢ —2b + 1 and let a # 0. Then the equations of (10) imply
d = 2a. In this case we obtain the set of conditions (ii) for the existence of the first integral
Q) witha=c-2b+1, B=1and

D = ayx’ + a21x2y + alzxyz + a03y3 + arox? + apxy + a02y2 +ajpx+apy+1=0,
where ag; = a1 =0,a19 = c+1-2b,ax) = (2a02+a%0+a10)/2, ap = [(c+1-2b)(2b—
c=2)2b—-c-3)2b—c—-d]/[22b—c-2g - 3)(2b — c — 4) + 125], a1 = 2aaw,
arz = ap(aio +2b), aps = [2a02(2a — d + f)]/3, azp = (6apaio + 8bag, — 4cagy +
dgap + a?o + 3a%0 +2ay9)/6.

In each of the cases (i) and (ii), the system (1) has a Darboux first integral of the form (9)

and therefore the origin is a center for (1). O
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4. ONE INVARIANT STRAIGHT LINE AND ONE INVARIANT CUBIC OF THE FORM (6)

In this section we find Darboux integrability conditions for cubic differential system

(1) with one invariant straight line and one invariant cubic of the form (6).

Lemma 4.1. The cubic differential system (1) with one invariant straight line 1 —x =0
and one invariant cubic (6) has a Darboux first integral of the form (9) if and only if the

Jollowing set of conditions is satisfied:

(iii) d=2a, k=—a,l=[f2b—-c-1)]/3, m=—(c+1),n=[2b-c-2)(c+1)]/2,
p=—f,q=ab—-c-3),r=0,5s=[(c-2b+2g+3)2b—-c—-4)]/6.

Proof. Let the cubic system (1) have the invariant straight line 1 —x = 0 and an invariant
cubic ® = 0 of the form (6). In this case the system (1) will have a Darboux first integral
of the form (9) if and only if the identity (7) holds. Identifying the coefficients of the
monomials x’y/ in (7), we obtain a system of fifteen equations

(Vij=0, i+j=34,5) (11)

for the unknowns asg, a»1, aiz, ags, @, B and the coefficients of system (1).

When i + j = 3, the equations of (11) yield az; = 2a, @ = B(aip — 2b), g =
(Bazp —3ain+2b+2c)/2,d = (4a +2f — 3ap3)/2, where B # 0.

We express [, n, g, s from the equations Vos = 0, Vi3 =0, Voo =0, V31 = 0 of (11).
Then Vis = (3ags — 2f) (a2 + b)ags = 0. We divide the investigation into three cases:

{aos = (2f)/3}; {anz = 0, f # 0}; {a12 = —b, ap3(3apz — 2f) # 0}.

1. Let aps = (2f)/3. Then Vyp = a(ajp—c—-1) =0.

1.1. Assume that a1 = ¢+1. Then we obtain the set of conditions (iii) for the existence
of the first integral (9) witha =c —-2b+1, f=1and

D =3(x>+y2) + (c = 2b+2g +3)x> +6ax>y +3(c + Dxy?> +2fy> = 0.

1.2. Assume that ajp # ¢+ 1 andlet a = 0. Then V4 = f(a» + b) = 0.

If f=0,then Va3 =ajp(ap+1) =0. When ajp = 0 or ajp = —1 the right-hand sides
of (1) have a common factor cx + x + 1.

If f #0and ajp = —b, thenazg = (2—-7b)/3. Inthis case V4 = (3b—1)(3b-2) = 0.
When b = 1/3 or b = 2/3, we have that Vo3 # 0.

2. Letapz =0and f #0. Then Vyg = a(a;p—c—-1) =0.

2.1. Assume that a = 0. Then Vi4 = app(ajp+1) =0. If a;p =0, then b = 3/2 and
the right-hand sides of (1) have a common factor cx +x + fy + 1.

If a1 = —1, then V3, = (azp+ 1)(2b + 1) = 0. When a3y = —1, the cubic curve (6)
is reducible and when b = (—1)/2, the right-hand sides of (1) have a common factor

cx+x+ fy+1.
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2.2. Assume that a;p = ¢+ 1 and let a # 0. Then V5q # 0.

3. Letajp = —b and (3ag3 — 2f)6103 #0. ThenVyg=a(b+c+1)=0.

3.1. Assume that a = 0. Then V41 = f1 f> = 0, where

fi=b+c+1, fr= (6b—3)a30+5b2—2b.

If i =0,then c = —-b—1 and Vo3 = 0 yields azp = (2 — 7b)/3. In this case
Vio=(Bb-1)3b—-2)=0.Ifb=1/30r b =2/3,then V14 # 0.

Suppose that f, = 0 and f; # 0. Then azg = (b(5b —2))/(3(1 — 2b)) and V3, =
(Bb-1)3b—-2)=0.Ifb=1/30rb =2/3,then Vi4 # 0.

3.2. Assume that c = —b — 1 and a # 0. Then V5y # 0.

In the case (iii), the system (1) has a Darboux first integral of the form (9) and therefore

the origin is a center for (1). ]

5. PROOF oF THE MAIN THEOREM

The proof of the main result, Theorem 1.1, follows directly from Lemmas 3.1 and
4.1. The existence of a center for system (1), in Cases (i), (ii) and (iii), is equivalent
to the existence of the Darboux first integrals of the form (9) defined in a neighborhood
of the origin [25]. It is easy to verify that the Case (iii) is contained in the Case (ii)
(s=[(c-2b+2g+3)(2b—c—4)]/06).
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