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PROFESSOR VASILE NEAGU ON HIS 80TH BIRTHDAY

Vasile Neagu, Full Professor, Doctor Habilitatus in Mathematics and Physics. He is
a remarkable mathematician from the Moldovan school of functional analysis, who has
made a major contribution to the development of the theory of integral equations and
to the training of new generations of highly qualified specialists. His scientific results
have been noted and cited by many well-known mathematicians, specialists in the field
of integral equations. On November 1, 2025, Professor Vasile Neagu celebrated his 80th
anniversary.

He was born in the village of Varzéresti, Nisporeni District, Republic of Moldova. In
1959, he graduated from primary school in Varzdresti; then, in 1963, he graduated with
a silver medal from high school in Nisporeni. In the same year he became a student at
the State University of Chisindu, Faculty of Physics and Mathematics. After a three-
year interruption due to the compulsory military service (1964-1967), he graduated with
honors in 1971 from the Faculty of Physics and Mathematics of State University of
Chisinau.

In the 1960s, the prominent Moldovan school of functional analysis had already

emerged, recognized far beyond the country’s borders, founded by the world-renowned



PROFESSOR VASILE NEAGU ON HIS 80TH BIRTHDAY

professor Israel Gohberg. The courses “Normal Solvable Operators” and “Singular Inte-
gral Operators,” among others, taught by Professors Israel Gohberg and Nahum Krupnik,
as well as their scientific publications, had a decisive impact on his career as a scientific
researcher. In his fifth year of study, Professor I. Gohberg formulated for him a scientific
research topic that proved to be highly promising. The topic concerned singular integral
operators with Cauchy kernel in the case of an integration contour with angular points -
a subject that continues to be central to Professor V. Neagu’s research.

After graduating from university in 1971, he became a doctoral student at the Depart-
ment of Mathematical Analysis of the State University of Chisindu, under the scientific
supervision of Professor Nahum Krupnik (as Academician I. Gohberg later emigrated to
Israel). The research topic had originally been formulated by Professor I. Gohberg. In
1974, Vasile Neagu defended (ahead of schedule) his PhD thesis in physics and mathemat-
ics in the specialty 01.01.02 (Differential and Integral Equations), entitled “On Certain
Problems of Singular Integral Operators in the Case of Contours with Angular Points”.
In 1976, he obtained the scientific-pedagogical title of Associate Professor. In 2003, he
defended his Doctor Habilitatus thesis in mathematics in the specialty 01.01.02 (Math-
ematical Analysis), entitled “Noetherian Conditions and Symbols of Singular Integral
Operators in the Case of Piecewise Lyapunov and Unbounded Contours” and in 2004, he
was awarded the academic title of Full Professor.

From 1974, V. Neagu was employed as a lecturer at the Department of Mathematical
Analysis of the State University. In 19762004, he worked as Associate Professor, and
from 2004 until 2023 as Full Professor. In 1989—-1994, he held the position of Vice-Dean
of the Faculty of Mathematics and Computer Science of Moldova State University. Since
2023, he has been a Coordinating Scientific Researcher at Moldova State University.
During 1983 -1987, he worked at the University of Oran, Algeria. There he taught
complex analysis, functional analysis, and specialized courses to third-year students, as
well as integral equations and Fredholm-type operators to master’s and doctoral students.
Under Professor V. Neagu’s supervision at the University of Oran, two doctoral students
defended their PhD theses in mathematics. Since 1991, Professor V. Neagu has also been
working (concurrently) at the Department of Mathematical Analysis and Differential
Equations of Tiraspol State University, which merged in 2022 with “Ion Creangd” State
Pedagogical University of Chisindu.

Professor V. Neagu’s contribution to the training of new generations of highly qualified
mathematicians is significant. He has supervised 6 PhD theses in mathematical sciences,
approximately 90 bachelor’s theses, and 40 master’s theses. He is co-author of a textbook

for students [3], author (and co-author) of 12 didactic and scientific works for students
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of faculties of [4], [5], [6], and co-author of textbooks and collections of mathematical
problems for 11th- and 12th-grade students.

Throughout his activity, Professor Vasile Neagu has established himself as a formi-
dable researcher. His scientific activity is related to singular integral equations, Rie-
mann—Hilbert boundary value problems for analytic functions, Carleman-type equations
in various functional spaces, as well as conditions imposed on the integration contour.

He is the author of more than 120 scientific publications, published in prestigious
journals in Moldova, Russia, Ukraine, Romania, the United States, Georgia, Belarus,
and Algeria, including two monographs [1], [2]. The scientific results obtained by
Professor V. Neagu have been presented at numerous national and international scientific
conferences and symposia in Moldova, Romania, Russia, Ukraine, Kazakhstan, Belarus,
and Algeria, as well as at scientific seminars at universities in Moldova, Odesa, Tbilisi,
Kyiv, Kharkiv, Alma-Ata, Rostov-on-Don, Bucharest, Minsk, Cluj-Napoca, the Steklov
Institute of Mathematics (Moscow), and others. We present the main results obtained by
Professor V. Neagu, most of which are contained in his monographs [1], [2].

He defined and constructed the symbol of singular integral operators with piecewise
continuous coefficients in the case of piecewise Lyapunov and unbounded contours. This
symbol essentially reflects the particularities of the contour. In particular, it depends
explicitly on the magnitudes of the angles at the angular points and is defined in a special
way at the point at infinity; moreover, the symbol depends on the space and on the jumps of
the operator coefficients at their points of discontinuity. He established that the necessary
and sufficient Noetherian conditions for singular operators (with and without translation),
as well as the formula for their index, are expressed through the operator’s symbol.

He calculated the exact constants in the theorems on the continuity of singular operators
in weighted spaces and of matrix singular operators in spaces. Using these results,
Vasile Neagu was the first to establish certain sufficient conditions under which singular
equations (and systems of such equations) with measurable and bounded coefficients
are Noetherian in the case of piecewise Lyapunov contours with self-intersection points.
Under fairly general conditions imposed on the integration contour, he obtained a method
that makes it possible to reduce the study of singular integral equations and the problem of
factorization of matrices of functions in weighted Lebesgue spaces to the study of similar
problems in unweighted spaces. With the help of the proposed method, and by applying
I. Simonenko’s local principle, Professor Vasile Neagu established the necessary and
sufficient conditions under which singular integral operators with arbitrary measurable
and bounded coeflicients are Noetherian in weighted spaces. He studied a class of

linear and bounded (non-compact) operators that represent admissible perturbations for
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Noetherian singular integral operators. These results play an important role in the study
of singular operators with discontinuous translations. The difficulties encountered in
the study of singular operators with translation in the case of unbounded contours were
overcome by Vasile Neagu by passing to a space with a special weight in which the
studied operators form an algebra. This approach proved decisive for obtaining the final
results. As a result, the study of singular operators with translation was reduced not to
characteristic singular operators (as in the case of Lyapunov contours), but to singular
operators perturbed by integral operators with homogeneous kernels. For such perturbed
operators he established the Noetherian criteria.

He studied various (non-commutative) algebras of singular operators with translation
and demonstrated their equivalence to algebras of singular operators without translation.
On the basis of these results, he defined the notion of symbol for these algebras and estab-
lished the Noetherian and invertibility criteria. The matrix symbol of non-commutative
algebras of singular operators constructed by Professor Vasile Neagu possesses the same
properties as the symbol in I. Gelfand’s theory concerning maximal ideals of commutative
Banach algebras. He demonstrated that both for Carleman-type singular integral equa-
tions with translation and complex conjugation, and for Riemann—Hilbert boundary value
problems, the Noetherian conditions and the indices of the equations depend essentially
on the presence of angular points on the integration contour. He showed that both the
Noetherian conditions and the indices can be expressed through the determinant of the
symbol of these equations.

We note that some ideas and results from the works of Professor Vasile Neagu and joint
works with Professor N. Krupnik have been used in the realization of several PhD theses in
mathematics both in Moldova and in other countries. References to some of his works can
be found in the monographs of well-known mathematicians: B. Hvedelidze, G. Litvinciuk,
N. Krupnik and I. Gohberg, A. Soldatov, N. Karapetyants, and S. Samko, as well as in
numerous scientific publications. They are also used by students and master’s students of
the faculties of mathematics and computer science in the preparation of bachelor’s and
master’s theses.

Although he is a renowned scientist, Professor Vasile Neagu remains a modest and
kind person. He is always attentive to colleagues and students. He is distinguished by his
open and friendly nature, generosity of spirit, and fidelity to his word. He possesses an
astonishing ability to respect and even consider the viewpoints of others.

The special appreciation of his scientific and pedagogical work has brought him nu-
merous diplomas, titles, and medals, such as: member of the Assembly of the Academy
of Sciences of the Republic of Moldova; the “Nicolae Milescu Spataru” Medal (2020);

10
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the Medal of the Academy of Sciences of the Republic of Moldova; the Medal of Moldova
State University; the Prize of the Academy of Sciences of the Republic of Moldova for
scientific works (2008). He is also an honorary citizen of the village of Varzaresti,
Nisporeni District (2017), and holds a first-category title in chess.

The present volume is dedicated to Professor Vasile Neagu at the age of 80, very active
in the academic community, full of vigor and optimism, who has made a significant
contribution to the development of mathematics in the Republic of Moldova.

On the occasion of his 80th anniversary, we congratulate Professor Vasile Neagu and
wish him good health, continued success and fruitful teaching and research activities.

Happy Anniversary, dear Professor Vasile Neagu!
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On some applications of the essential norms of singular
integral operators

Diana BicLEA® anD PETRU MoLoOSNIC

Abstract. In this paper, we calculate the norms and essential norms of singular operators
with the Cauchy kernel. We also determine the conditions under which these quantities
coincide. Using the essential norms, conditions are obtained under which singular
integral operators with bounded coefficients are Noetherian in the weighted space L.
In the absence of a weights, the presented conditions coincide with the corresponding
conditions of I. Simonenko.

2020 Mathematics Subject Classification: 45E05.

Keywords: singular integral operators, Notherian operators, Lyapunov contur, essential

norms.

Asupra unor aplicatii ale normelor esentiale ale operatorilor
integrali singulari

Rezumat. In aceasti lucrare se calculeazi normele si normele esentiale ale operatorilor
singulari cu nucleu Cauchy. Se determind conditiile 1n care aceste marimi coincid. Folo-
sind normele esentiale, se obtin conditii in care operatorii integrali singulari cu coeficienti
mirginiti sunt noetherieni in spatiul L, cu ponderi. In absenta ponderii, aceste conditii
coincid cu conditiile respective ale lui I. Simonenko.

Cuvinte-cheie: operatori integrali singulari, operatori noetherieni, contur de tip Lyapu-

nov, norme esentiale.

1. INTRODUCTION

Let I" be a Lyapunov contour on the C plane, and St be the operator of singular

integration along I':

(Sr)(1) = / ¢ 4 e

ni JrT—t
Here, the integral is understood in the sense of the principal value. We agree on the

following notation:

1/p
lelpp = ( /r ()17 p(1) |dr|) )
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the norm in the space L, (I", p); ll¢ll, = ll¢llp 13 if A € L(E), then
[[All = inf [[A+ T (T € T(E)), (2)

the indices p, p of the norms ||A|| and |A| will emphasize the space L, (I, p) in which

the operator A acts as follows

czgzl, if 1<p<2,
yp) =4 ;P 3)

tg—, if 2<p<oo.

2p

M. Riesz [1] proved the boundedness of the operator St in the space L, (Iy), where
Iy is the unit circle and 1 < p < oo. Then, Hardy and Littlewood [2], and Babenko [3]
transferred this result to the space L, (R, Ix|#) (1 < p < 0, 0 < < 1). In the paper [4],
the boundedness of the operator Sr in the space L, (I", p) was proved for the case when

I' is a Lyapunov contour and

n

o(t) = ]_[|z—zk|ﬁk (trel, -1<Br<p-1).
k=1

The condition —1 < B < p — 1 is also necessary for the boundedness of the operator
Srin L, (I, p). This is confirmed by

Lemma 1.1. Let Sp € L(L,(T, p)), then p € [(L,(')) and p~' € Ly(T") (q = Ll)
p—
Proof. The boundedness of the operator St in the space L, (I", p) implies the boundedness

in L, (I") of the operator M = mip(STR — RSt)p~!, where (Ro)(t) = to(t). But
M0 = p(0) [ 7 (0,
therefore p € L, ('), p~! € L, (T). O

It was later discovered that the norms and essential norms of singular operators in
weighted L, spaces are of great theoretical and applied interest. In particular, the
problem of using these quantities to find criteria for the Noetherian property of singular
integral operators with bounded coefficients should be noted. This problem has been
investigated by many mathematicians, especially after the appearance of Simonenko’s
works [5], [6]. In these papers, in particular, the norm of the operator St is used to
obtain conditions for the Noetherian property of a singular operator in L,. Naturally, the
problem of generalizing these results to weighted L, spaces arose. In the present paper,
we prove a theorem that allows us to express the conditions for the Noetherian property

of a characteristic singular operator in a weighted space through the conditions for the

13
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Noetherian property of another singular operator in an unweighted space. Using this

theorem and the results of Simonenko’s work [6], conditions for the Noetherian property
of singular operators in the space L, with weight are obtained. These conditions are not
only sufficient but also necessary for the singular operator to be Noetherian. The present

work is devoted to the presentation of these results.

2. RELATIONSHIP BETWEEN THE NORM AND THE ESSENTIAL NORM

OF THE OPERATOR ST

Let I consist of a finite number of simple closed disjoint Lyapunov curves, t1, t2, . . . , t; €
I' and

n
p(ty=]llt=ulP p>1 -1<Bi<p-1ro=p, re=p+p)",
k=1

(k=1,2,...,n), Frp, = max(rg, re(rr — l)_l), r =max(7o,71,...,7n).
In the works [7], [8], it is shown that
/4
ISTlp.p 2 ctg;. ()]

We present one sufficient condition under which the equality ||A|| = |A| holds (see [7],
(81, [9D).
Theorem 2.1. Let for some operator A € L(E) there exists a sequence of operators
B, € L(E) such that

(1) I1Baell = llell, ¢ € E;
(2) AB, = BnA, Vn € N;

(3) B, weakly converges to zero.

Then ||Al| = |Al.
Proof. 1t suffices to prove that, for every compact operator 7', the inequality
IA+T] > [|All (5)

holds.

Let € > 0 be arbitrary and ¢ be some vector in E, satisfying the conditions ||¢|| = 1,
|Ag|| > ||A]l — &. We set ¢, = Bn. Since B, — 0 weakly, we have | TB,¢|| — 0. We
choose n such that ||TB,¢|| < &, then

(A +T)pnll 2 |ABroll — & = |A¢ll — & 2 (IlAll = 2&)[|@nl,

hence ||A + T|| = ||A||. The theorem is proved. |

14
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Denote the unit circle by Iy, Iy = {z : |7| = 1}.
Theorem 2.2. For each p € (1, c0), the equality
1Solp = ISoll, =¥(p)  (So = Sr,)- (6)

Proof. In [10], the norm of the operator was calculated

2
in the real space L, (0,2n). It turned out that ||H||, = y(p). After some time, in [11],

2 _
(He)(t) = %/O cth—t e(r)dr,

it was proved that this equality is also valid in the complex space L, (0,2r). Let a be
an isometry L,(I'0) — L,(0,2n), defined by the equality (o¢)(6) = ¢(exp(if)). Itis
directly verified that c Ho~!' = i(Ky — So), where Kj is a one-dimensional operator,
(Kop)0) = 5 [ oty lan

It follows that ||So—Ko||, = ¥(p) and |So|,, < y(p). Taking into account inequality (4),
we obtain the equality |So|, = y(p). Consider the sequence of operators (B, ¢)(t) =
t"p(t"). It is directly verified that the sequence (B,) and the operator Sy satisfy the
conditions of Theorem 2.1 in the space L, (I'p) and, consequently, |[So|, = ||Soll,. The

theorem is proved. |

Remark 2.1. Let T be a simple closed Lyapunov contour. If |St|2 = ||Srl|2, then T is a

circle.

Indeed, let I" not be a circle, then in [11] S;. # Sr. Since S% = I, then SpSy. # I,
hence the spectrum of the operator Sp-Sy. contains a point 4 # 1. From the equality
SrSt— Al = S;.(I — S{.SrA)Sr it follows that the spectrum of the operator Sr-S}. contains
a point 1o > 1. Hence, |St|2 > 1. On the other hand, (see [11]), |Sr|2 = [Sol2 = 1. The
resulting contradiction proves that I is a circle.

Let us consider two more examples of calculating the norms of the operator Sr.

Example 2.1. Let T’ =R, p(x) = |x|# (-1 <B<p—-1); A=al + bSg, (a,b € C) and

(Bug)(x) =1 p (nx).

It is directly verified that the operators A and B, satisfy the conditions of Theorem 2.1,
therefore,
llal + bSgllp.p = lal + bSg|p p.
In particular,

IS2 11 1x16 = 181 - )

15
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Similar equalities can be written for projectors

1 1
Pr=5(I+Sr), Or=;(-Sr).
2 2
Example 2.2. Let us show that
lal + bSollp.s = lal + bSolp.p. ()

where a,b € Cand p(t) = |t = 1|P727F - |t + 1]P.
Consider the operator B, defined by the equality

1/
Bo) (1) = 2~ so(iﬁ)

r—1 r-1

and let us prove that it isometrically maps the space L, (R; |x|#) onto L, (I'o; |t —1|P =275
|t + 1|#). Furthermore, let us also prove that the equality BSg B~' = —S holds. Indeed,
let ¢ € L, (R; |x[P), then

s =+ (8 [ E a2 L [T g

n o X—Y i t—1J_o x—i

In the last integral we will make a change of variables

T+ 1
=i—, =—i————dt, tel,
T-1 ! (t—1)2 0
then
s T+l
2l/p <p(z TT) > ! B
s =-2 [ A =L [ B0,
mit=1lJr, - @-1 wi Jr, T—t
Thus, we obtained the equality BSr¢ = —SoBe, i.e., BSRB‘I — _Sp. Let us prove the

isometry. We have

loll? - et a= [ ofi
AL, wipxey = OEREEE= AT

_ -2- _ p
= | IBAOP =172 1P e =B vy

p B

2
(t-1)?

r+1
t—1

dt

From the obtained properties of the operator B and from equality (7) it follows

lal +bSollp.s = lal + bSol, 5, Where p(t) = |t — 1|P72F |t + 1], (8)

16
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3. NOETHERIAN CONDITIONS FOR THE OPERATOR aP + Q IN THE SPACE L, (I")

Let I be a closed contour of Lyapunov type and A be the operator defined by the
equality
A=aP+0Q, 9)
where a is a measurable and bounded function on the contour I,

1
PZE(I+S), Q:I_P

and S is the operator

(Se)(t) = %/Mdr (rel).

rv—t
In this Section we will use Simonenko’s local principle and the essential norms of
the operator S to determine the Noetherian conditions for the operator (9). First, we
will reduce the study of the operator A to the study of a simpler operator. We consider
the condition essinf |a(¢)| > 0O to be fulfilled, otherwise the operator A is not (see [11])

Noetherian. We express the function a in the form
a(r) = la@)|- ", @) = arga(?).
As the function a(¢) (essinf |a(¢)| > 0) admits a factorization (see [11])
la(t)] = a+(1) - a—(1), a+(t) = exp(PInla(r)]),
a_(1) = exp(QInla(n)]), ai' € LL(T), a*' € L(T),
the operator A = aP + Q can be written in the form
A=a_(e"’P+Q)(arP +aZ'Q), (10)
where the operators a_I and a, P + a~'Q are invertible in L p(D):
(a_D)7' =aZll, (aP+a’'Q) ' =al'P+a_0.
Therefore, from equality (10), the following theorem follows.

Theorem 3.1. The operator A = aP+Q is Noetherian in L, (I") if and only if the operator

e'?P + Q is Noetherian in this space. Moreover,
Ind(aP + Q) = Ind(e'¢P + Q).

Thus, Theorem 3.1 reduces the study of operators of the form aP + Q to operators of
the form e'¢() P + O, where ¢(7) is real, bounded, and measurable. We also mention an

important property of the operators A = aP + Q, a(t) 26 >0, Vt eT.

17
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Theorem 3.2. The operator A = bP + Q, b € Lo(T') is Noetherian in L, (") if and only
if the operator C = abP + Q, a(t) = 6 > 0, t € ' is Noetherian and Ind B = Ind C.

The statement of the theorem follows immediately from the fact that the function a

admits a factorization, a = a4 - a— and from the equality
C=a_(bP+Q)(asP+a-'Q).

We denote by S,(I") the set of all functions a € Lo (I") that verify the condition: for
any 7 € I there is a neighborhood u(7) c I" and two functions g5 € LZ (I"), such that the
set of values of the function g7 (¢)a(t)g?(z), for t € u(7), lies in a closed half-plane A,
that does not contain the origin of coordinates (Figure 1).

A

A
Yrel \,

o

L J

Figure 1. The set A,

The simplest function that satisfies these conditions is the function a(r) = %),
where ¢(?) is a real function and sup [¢(#)| < 5. The above condition is satisfied for this
function with g¥(r) = 1. The set of values of this function lies in the right half-plane,
{z | Rez > 0}.

Theorem 3.3. If a € ©,(T"), then the operator A = aP + Q is Noetherian in the space
Lo (D).

Proof. Lett be an arbitrary pointon I, g7 € L% (T") and u(7) be the neighborhood of the
point 7 such that for ¢ € u(7) the set of values of the function a lies in the half-plane A ;.

We denote by a.(¢) the function
a(t), for t € u(7),

ac(t) =
a gz (gt®)]™!, for r €T\ u(r),

18
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where @ is some complex number in A,. We will show that the operator a.P + Q is
Noetherian in L,(I"). Let b(t) = g7 (t)a-(t)g*(¢). The set of values of the function b for
any ¢ € I" lies in A, and is bounded:

gz (Da(t)gi (1), for t €u(r),
b(t) =

a, for t € '\ u(7).
Then there is a number y € C such that

sup |yb(t) — 1| < 1.

tell

We write the operator A; = a.P + Q in the form

Ar=(g) ' [(wb - DP +1][(vgD) 'P +g;0]. (11)

In equality (11) the operators (g7)~'Tand (yg¥)~! P+g- Q are invertible, their inverses
have the form (g;)I and, respectively, ygtP + (g7)~'Q. From Theorem 2.2 we deduce

that the essential norm of the operator P is equal to one, |P|r,r) = 1. Then
|(yb = DP|ryry = inf |[(yb = 1)P + T,y <suplyb(r) -1 <1.  (12)
TeK tel’

Thus, the operator (yb — 1)P + I is Noetherian, and consequently the operator A,
defined by equality (11), is Noetherian. At any point 7 € I, the function a is equivalent
to the function a, and the operator a, P + Q is Noetherian in L, (I"). Based on the results
of the work of Simonenko [6], we deduce that A = aP + Q is also Noetherian in the space
L, (T"). Theorem 3.3 is proved. |

Remark 3.1. We mention that in the proof of Theorem 3.3, an important role was played
by the fact that we know the size of the essential norm of the operator P: |P|p,r) = 1.

This observation is also valid in what follows.

4. NOETHERIAN CRITERIA FOR THE OPERATOR aP + Q IN THE SPACE L,

wITH WEIGHTS

To establish other Noetherian criteria for singular integral operators in the spaces L,
and L, with weights, we recall some important notions from the theory of operators of
the form aP + bQ with measurable and bounded coeflicients, notions that can be found

in the works of I. Simonenko, I. Gohberg and N. Krupnik (see for example [5], [11]).
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Definition 4.1. A function a € Lo (I") is said to admit a factorization in the space

L, (T, p) if it can be expressed in the form
a(t) = a4 (1 a_(1), (13)
where k is an integer, and the factors a. satisfy the following conditions:

(1) a- € L,(I',p), a+ € L;(F,pl_q), a”l e L;(F,pl_q) and a;' € L, (T, p);
(2) The operator a;'Pa~" is bounded in the space L,(T,p).

In the same works [5], [11], it is shown that the operator aP + bQ is Noether-
ian in L, (I, p) if and only if essinf |a(?)| > 0, essinf|b(¢)| > 0, and the function
c(t) = a(t)b~'(¢) admits a factorization c(f) = c.(¢)tXc_(¢). Under these conditions,

IndA = —y.

The following theorem and the reasoning based on it will allow us to reduce the
study of certain properties of singular operators in weighted spaces to the study of the
corresponding properties of singular operators in unweighted spaces. Thus, in particular,
we will conclude that it is sufficient to know Noetherian criteria for singular integral

operators in unweighted L, spaces.

Theorem 4.1. Let the function h € Lo(I") admit a factorization, h = hy - h_, in the
space L,(I",p). We denote L,(I',p) = By and B, = L,(I',p - |h4|™P). There are
two invertible operators B € L(B,, B)) and F € L(B1, B,) such that for any functions
a,b € Lo(T') the equality holds

B(aP + bQ)F = haP + bQ. (14)
Proof. We will define the operators F' and B by the relations:
F=hP+hl'Q, B=h_. (15)

We will prove that B € L(8,,8;) and F € L(8B, B,). Indeed, let ¢ € B,, then
1Bl = /F I (D)1P (1) [P p(0) |di] = /F e (O1? (D) P (0] (1) Ld]

< esssup |h(t)|? ||<P||I;g2-
tel

Therefore, ||B|| < esssup,cr |w(f)|. We evaluate the norm of the operator F. Let
Y € By, then

IFyllg, _/F|w+(t)(Pl//)(t)+wil(t)(Q¢f)(t)|” lw ()P p(2) |dt]
=/F|(P¢f)(t)+h(t)(Ql,0)(t)|”p(t)|dt| = [I(P +hQ) -
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From here it follows that ||F|| = ||P + hQ|| ,. The operators B and F are invertible, their

inverses are the operators
-1 -1 -1 -1
B =h'l, F =h_ P+h_0Q.

The equality (14) itself is based on the properties of the projectors P and Q and is

easily verified. Theorem 4.1 is proved. m|

From this theorem it follows

Corollary 4.1. The operator A = aP + bQ (a,b € Lo(I')) is normally solvable in the
space L, (I", p-|h4|™P) ifand only if this property is also possessed in the space L, (I, p)
by the operator

Ay = haP + Q. (16)

Corollary 4.2. Under the conditions of Theorem 4.1, the following relations
dimker A|g, = dimker Ap|g,, dimker A*lg; = dim ker AZ'BI*

hold.

Corollary 4.3. The operator A admits a regularization (left, right or bilateral) in the
space L, (I, p - |h|™P) if and only if the operator Ay, admits a similar regularization in
the space L, (I, p). The regularizers M and M}, of the operators A and Ay, are expressed
by the relation

M, = FMB,

where B and F are the operators defined by equalities (15).

Corollary 4.4. The operator A is invertible (left or right) in the space L, (I', p-|h4|™P) if
and only if the operator Ay, in the space L, (I, p) has this property. If A,;l is the inverse
of the operator Ay, then the operator F A;IIB is the inverse of the operator A.

In what follows we will assume that the contour I" consists of ¥ (y = 1,2, ...) closed
Liapunov lines on portions without common points (Figure 2).
Let

n
p(ty=]le-ulP  (-1<pe<p-1.
k=1
We denote by I'y(c I') the simple closed curve containing the point 7 and define the
function

(t — zx)~ePEIP fort e Ty,
hi (1) = (17)
1, fort e '\ Ik,
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-

Figure 2. The composite contour I"

where z; is a point in the domain Gg, bounded by the curve I'y, € = 1 (¢ = —1)
if the domain Gy, bounded by the oriented curve I'y, remains on the left (right), and
(t—z1)~®P¥/P is the branch of the function (z—zx) ~®#* continuous at any point ¢ € '\ {t¢ }
(Figure 2). The function ho(t) = hy(t) - ha(t)--- h,(t) is continuous at any point
tel'\{t,t2,..., 1y} and

ho(tx —0) o~ 27Bilp

= k=1(1,2,...,7).
ho(lk+0) ( Y)
As
2 2 2
—ﬂ—27r<— Ll <—7T,
p p p

from the results of [8], [11], [12], it follows that the operator hgP + Q is Noetherian in
the space L,(I", p). Therefore, the function ho(t) admits a factorization in L, (T, p):
ho = hy - h_. It is easy to show that

|he (D7 = p(2) - g(1),

where (g(¢))*! € C(I'). Therefore, L, (T, |h4|™P) = L,(T, p). From these arguments
and from Corollary 4.3 it follows

Theorem 4.2. Let a,b € Lo(I') and let ho(t) = hi(t) - hy(t) - - - hy (1), where hy are the
functions defined by equality (17). The operator A = aP + bQ is Noetherian in the space
L, (T, p) if and only if the operator Ay, = haP + bQ is Noetherian in the space L, (I").

Moreover, the following equalities hold:
dimker A|r,(r p) = dimker Ap|z, (), dimkerA*qu(r,pl_q) = dimker Ay |1, (r)-
Theorem 4.2 allows us to extend to the space L, with weight p some results of

I. Simonenko, A. Devinatz, H. Poisson, N. Rabindranathan, I. Daniliuc, N. Krupnik
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which represent invertibility (or Noetherian) criteria of singular integral operators in the
space L, without weights.

We will focus on a result due to I. Simonenko. Let I' consist of a finite number of
Lyapunov-type curves without self-intersection points, and let p(r) = [17_, |t — 1|P~.
From the results of I. Simonenko [5] with the help of Theorem 4.2, we obtain the following
theorem.

Theorem 4.3. Let the function a € L (I") satisfy the following three conditions:

(1) essinficr |a(?)| #0;

(2) for any point t € T'\ {t1,...,ty} there is a neighborhood u(t) C T' and two
functions g%, g7 which belong to the sets LL, (I"), respectively L (I") together
with (g¥)~" and (g7)~", such that, for t € u(t) the set of values of the function
81(t)a(r)gz () is contained in the angle with the vertex at the point z = 0 and

with the opening smaller than maxz(; D (p~'+q'=1);

(3) there is a neighborhood u(ty) of the point ty (k = 1,n) and two functions g}, g,
from the sets LY, (T') and L_ (") together with (g;)‘1 and (gl;)‘l, such that, for
t € up(ty) andt >ty (t € u(ty), and t < ty) the set of values of the function

gr(Da(t)g; (1) (g,:(t)a(t)g’f (1) - e—zmﬁk/P)

lies in the angle with the vertex at 7 = 0 and with the opening smaller than
2n
max(p, q)’
Under these conditions the operator aP + Q is Noetherian in the space L, (I, p).

We note that for p(¢) = 1 (Bx = 0, k = 1,n) this theorem is contained in the paper
[5], and for p = 2 the conditions of Theorem 4.3 are necessary and sufficient in which the
operator aP + bQ is Noetherian. In addition, the results in the papers [5], [6] concerning
the operators aP + bQ, where a and b are matrices of functions, can be extended using

Theorem 4.3 to the space LY with weights. Here we will not stop at these cases.
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On a quasigroup prolongation and its recursive differentiability

ELENA CuzNETOV

Abstract. We consider a method of quasigroups prolongation by adding two new ele-
ments and by using two transversals that intersect in exactly one cell. In a Latin square
L of order ¢, along with usual transversals we call ’free transversals™ any set of g cells
taken by one from each row and each column of L. It is shown that a Latin square of
order g can have at most ¢ — 2 (ordinary) transversals that intersect exactly in one cell,
which is also the only common cell of every two transversals. It is proved that a latin
square of order 4 has exactly 24 free transversals, 576 (ordinary) transversals, 96 pairs of
free transversals that intersect exactly in one cell and 13824 pairs of ordinary transversals
that intersect exactly in one cell. We also investigate the recursive 1-differentiability of
considered prolongations of Latin squares of order 5, one of the transversals being on
the main diagonal. The research done in this paper is applicable in cryptography and is
important for data integrity and fault tolerance.

2020 Mathematics Subject Classification: 20N05, 05B15.

Keywords: quasigroup, transversal, free transversal, prolongation, recursively differen-
tiable quasigroup, recursive derivative, Latin square.

Despre prelungirea quasigrupului si derivabilitatea sa recursiva

Rezumat. Este consideratd o metoda de prelungire a quasigrupurilor prin adjunctia a
doud elemente noi i utilizarea a doud transversale care se intersecteaza intr-o singurd
celuld. Intr-un pitrat latin L de ordinul ¢, impreuni cu transversalele obisnuite, sunt
utilizate “transversale libere” - seturi de g celule luate cate una din fiecare linie si fiecare
coloand a lui L. Se demonstreazd cd un patrat latin de ordinul ¢ poate avea cel mult
q — 2 transversale (ordinare) ce se intersecteaza intr-o singura celuld, care este si singura
celuld comuna a fiecaror doud transversale. Se demonstreaza cd un patrat latin de ordi-
nul 4 are exact 24 de transversale libere, 576 de transversale (ordinare), 96 de perechi
de transversale libere care se intersecteazd exact intr-o celuld si 13824 de perechi de
transversale ordinare care se intersecteaza exact intr-o celuld. De asemenea, investigdm
1-derivabilitatea recursiva a prelungirilor considerate ale pétratelor latine de ordinul 5,
una dintre transversale fiind pe diagonala principald. Cercetarea efectuatd in aceasta lu-
crare are aplicari 1n criptografie si este importantd pentru integritatea datelor si toleranta
la erori.

Cuvinte-cheie: quasigrup, transversala, transversala liberd, prelungire, quasigrup recur-

siv derivabil, derivata recursiva, patrat latin.
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ON A QUASIGROUP PROLONGATION AND ITS RECURSIVE
DIFFERENTIABILITY

1. INTRODUCTION

The concept of extending quasigroups was first examined by Bruck in 1944 for finite
idempotent quasigroups [1]. For analogous constructions the term “prolongation” was
introduced by Belousov in 1967 [2]. By ”prolongation” of a finite quasigroup we mean a
process of extending the quasigroup by adding one or more new elements and redefining
the operation to obtain a new quasigroup of higher order.

Other methods of prolongations or modifications of the known ones have been proposed
by Osborn, Yamamoto, Denes and Pasztor, Belousov and Belyavskaya, Belyavskaya,
Deriyenko and Dudek, and others [3].

A method of quasigroups prolongation by adding two new elements and by using two
transversals that intersect exactly in one cell is considered in the present work.

Estimations of the number of prolongations, using the proposed method, are given. One
of our purposes is to study the recursive differentiability of the considered prolongations.
In a Latin square L of order g, along with usual transversals, we call a “free transversal”
any set of q cells taken by one from each row and each column of L. We show that a Latin
square of order g can have at most ¢ —2 (ordinary) transversals that intersect exactly in one
cell, which is also the only common cell of every two transversals. We use the considered
method of quasigroups prolongation mainly for Latin squares of order 4 and 5 (there does
not exist Latin squares of order < 3 which have two transversals intersecting exactly in
one cell). It is proved that a Latin square of order 4 has exactly 24 free transversals, 576
(ordinary) transversals, 96 pairs of free transversals that intersect exactly in one cell, and
13824 pairs of ordinary transversals that intersect exactly in one cell. It is known that
there does not exist recursively differentiable quasigroups of order 6, due to orthogonality
of the recursive derivatives and the non existence of orthogonal Latin squares of order 6.
Hence, the prolongations of Latin squares of order 4, by adding two new elements, are
not recursively 1-differentiable. In the case of Latin squares of order 5 we prove that:

1. There exist exactly 48 different Latin squares of order 5 with two transversals
intersecting in one cell, where one transversal is on the main diagonal.

2. The prolongations by adding two new elements and using two new transversals, that
intersect exactly in one cell, one of which is on the main diagonal, and have the order of
elements {1,2,3,4,5} or {2,3,4,5, 1}, are not recursively 1-differentiable.

The (ordinary) transversal of a Latin square of order n is a set of n cells taken by one
from each row and each column, in which the elements are pairwise different. We call a
free transversal of a Latin square L of order n any set of n cells taken exactly one from

each row and each column of L.
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Proposition 1.1. A Latin square of order n can have at most n—2 ordinary transversals that

intersect exactly in one cell, if this is also the only common cell of every two transversals.

Proof. Let L be a Latin square of order n with the elements 1,2, ..., n in its cells which
has n — 2 ordinary transversals that intersect exactly in one cell, which is also the only
common cell of every two transversals. Let a be the element in the common cell of the
n—2 transversals of the Latin square of order n. If L would have one more transversal with
the same common cell, then this transversal must intersect a line which does not contain
the common cell or in the cell with the element a or in the cell from the column (row)
with the common cell, but both cases are impossible as the transversal already contains

the element a in the common cell with the other n — 2 transversals. O

Corollary 1.1. There does not exist Latin squares of order 3 with 2 transversals that

intersect exactly in one cell.
Proposition 1.2. The Latin square of order four has exactly 24 free transversals.

The proof follows immediately from the possibility of selecting cells from each row

(column). These free transversals are given bellow:

L] L] [] L]
T : o T : u Ts : u T4 : U
L] L] []
L]
L] L] [] L]
T5 . T6 . D T7 . D Tg . D
[] L]
L] L] []
L] [] L] L]
Ty : L] T : Ty Tis -
[] L] L] L]
L] [] L]
L] L] []
T3 : L] Ty : ] Tis L] T : L]
L] [] L]
L] L]
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L] L] L] L]
Ty : = Tng : = T191D TzoiD
L] L] [] []
L] [] L] L]
[] [] L] L]
T21 . D T22 . D T23 . D T24 . D
L] L] L] L]
L] [] [] L]

Corollary 1.2. Any Latin square of order four has exactly 576 (ordinary) transversals.

Proposition 1.3. The total number of pairs of free transversal that intersect exactly in

one cell is 96.

Proof. The proof follows from Proposition 1.2. The total number of pairs of free transver-

sals that intersect exactly in one cell is 96 and these pairs are given bellow:

(11, 1), (11, T5), (T2, 13), (T2, T6), (T3, T6), (T4, T5), (17, Tho), (T7, T11),
(13, To), (T, Tr2), (T9, T12), (T10, T11), (T13, T16)» (T13, T17), (Tha, Tis)s
(Tha, T1s), (Tis, Ths), (Thes T17), (Tho, Ta2), (Tho, T23), (T20, T21),
(T20, T24), (T21, T24), (T2, T23), (T7, T1a), (T7, Tho), (T3, T13), (T3, T2o),
(T13, To0), (T14, T1o), (T1, The), (T1, T21), (T2, Tis), (T2, Taz), (Tis, Tna),
(Ti6, T21), (T3, Tho), (T3, T23), (T4, To), (T4, T24), (To, T24), (T10, T23),
(Ts,T12), (T5,T17), (Ts, T11), (Ts, T1g), (T11, Tis), (T2, T17), (To, Ta1),
(To, T17), (T11, Ths), (T11, T23), (Ti1s, T23), (T17, T21), (T3, Thg), (T3, T1o),
(T5,Th3), (Ts, Ta4), (T13, T24), (T18, T19), (T1, T12), (T1, Too), (Ts, T7),
(Ts, T22), (T7, T22), (T12, Ta0), (T2, Tho), (T2, Tha), (T4, Tg), (T4, T1e),
(Ts, T16), (Tho, T14), (Tro, Ths), (Tro, T22), (T12, Tie), (Th2, T2a),
(Ti6, T24), (T1s, T22), (T4, Th7), (T4, Tao), (Ts, T14), (T, T23), (T1a, T23),
(T17, Ta0), (T2, Th1), (T2, Tho), (15, 1), (T5, T21), (T8, T21), (T11, Tho),
(1, Tv), (Th, Th3), (T3, T7), (T3, Ts), (17, Ths), (To, T13)

O

Corollary 1.3. In any Latin square of order four there exist exactly 13824 pairs of

ordinary transversals that intersect exactly in one cell.

Proof. By fixing one of two transversals, we can fill its cells in 4! ways. Then the cells

of the second transversal (which intersects the first in exactly one cell) can be filled in
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3! ways. Therefore, there are a total of 96 - 4! - 31 = 13824 pairs of regular transversals,

which have only one cell in common. |

Let (Q, -) be a quasigroup. The recursive derivative of order k of the quasigroup (Q, -),

denoted by (’-‘), k € N, is defined as follows:
xly=x-y;xty=y-(x-y);
xl-(y = (kazy) : (xk-_ly),forallk >2.

A binary quasigroup (Q, -) is recursively r-differentiable (» > 0) if each of its recursive
derivatives (]5), where k =0, ..., r, is a quasigroup operation.

Known estimations of the order of recursive differentiability of finite quasigroups are
given in [4-7]. In particular, it is known that:
1. The maximum order r of recursive differentiability of a finite binary quasigroup of
order ¢ satisfies the inequality r < g — 2;
2. There exist finite binary quasigroups that are recursively (g — 2) — differentiable for

any primary order g > 3.

2. METHODS

The method of construction of quasigroups prolongations by adding two new elements
and by using two transversals that intersect exactly in one cell and the recursive differen-
tiability of such prolongations for some particular transversals in Latin squares of order 5
were announced [8].

We examine the recursive derivability in a general case of such prolongations and study
the recursive 1-differentiability of Latin squares of order 5 with a fixed transversal on the
main diagonal bellow.

Let (Q, -) be a finite quasigroup of order q and let the Cayley table of the quasigroup
(Q, -) contain 2 transversals 77 and T, which have a single common cell, located at the
intersection of the row of element x with the column of element y. We denote the element
in the common cell of transversals 77 and 7> by a. We now consider the set Q' = Q U
{é1,&2}, where &1, & ¢ Q. Onthe set Q” we define the operation o as follows: we complete
the cells, different from the common cell, of one transversal with &}, and of the other with
&>. We transfer the elements in the cells of the two transversals, except for the element in
the common cell, preserving their order, into the cells of the row and, respectively, of the
column of elements &; and &. The remaining cells in the row of element x, the column
of element y, and at the intersection of the rows and columns of elements &; and &, can be
filled in several possible ways, but following this method, there are exactly 12 possibilities

for extending the quasigroup Q by adjointing two new elements and using 2 transversals
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that intersect exactly in a cell. These possibilities are illustrated in the diagrams below:

O (... ... yo ... ... f] fz

I X0 |ee .o E1 o ol a &
é:] ...... a ... ... 52 é‘:]
Erlenn . &y ol ¢ a

Ol wuu yo ... ... fl §2

I11. XO[eee oee fl ...... «fz a
Erfeen oo &y a &

62 ...... a ... ... f] 52

[O2 I Yo ..o ... §1 fz

v X0 |eer e &y o a &
f] ...... a ... ... fl -’;:2
&f..n .. Er e . & oa
ol... ... VO eer e & &

VII. XO[eer oo §2 ...... f] a
f] ...... f] ...... a {,':2

fz ...... a ... ... §2 51

30

O l... ... Yo oo .o é:] fz

178 XO[eee oo fl ...... a {,:2
f] ...... 52 ...... fl a

fz ...... a ... ... Ez f]

O l... ... yo ... .. f] fz

v, XO oo oen fl ...... fz a
f] ...... a ... ... f] fz

fz ...... fz ...... a fl

ST PP yo ... ... fl fz

VI XO[eee oen fz ...... a é‘:]
f] ...... {,:1 ...... fz a

fz ...... a ... .. :fl fz

Ol .. VO e ene & &
VIII. XO[eee oen fz ...... f] a
«fl ...... a ... .. .fz fl

fz ...... fl ...... a 62
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(S PP Yo ..o .o fl fg O ... .o Yo ..o .o fl fg
X X0|..n ... a ... .. & & X X0|..n ... a ... .. & &
fl ...... {"1 ...... fz a fl ...... fz ...... a f]
62 ...... é:z ...... a {,:1 fz ...... fl ...... é:z a
[ PP Yo oo .ol fl fz O .. .. Yo ..o ... fl {:"2
XI. XO[eee oee a ... ... fz f] X1I. XO[eer oo a ... ... 62 f]
fl ...... fz ...... fl a fl ...... §1 ...... a §2
§2 ...... fl ...... a fz fz ...... §2 ...... fl a

As an example we consider a quasigroup of order 5 with two transversals — one marked
inred and one marked in blue — that meet at position (1, 1). The prolongation by adding two
new elements & and &, and using the transversals 71 = {(1, 1), (2, 3), (3,5), (4,2),(5,4)}
and T» = {(1,1),(2,2),(3,3),(4,4),(5,5)} is given in the second Cayley table bellow:

ol 1 2 3 4 5|56
1 2 3 4 5 Tl41352§2
14 13 s 2| 1 [&a][&] 2 435
2124_}35 2 (&) 1 &4 3
305 2 [4] 1 [3] 4l 4 [&] 3 [a] 2051
al4 1] 3 [5] 2 513 5 2 [a[a]t 4
5|3 5 2 [4][1] ale 105 4 3|8 2

&2 3 4 5 1|64

Proposition 2.1. Six extensions out of the 12 possible (Cases I, IV, VI, VII, X, XI), by the
adjunction of two new elements and using two transversals that intersect exactly in a cell,

are not recursively I-differentiable.

Proof. In the mentioned cases the recursive derivative o is not a quasigroup operation as

it is shown bellow:

I-'flcl"fl = &1 0 (& 051)=§10§2=§1,§1é§2=§2°(§1°§2)=§2°§1 =&1.
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IV-flélfl =&1o0(f10&1)=6108 =§1,§1%§2=§2°(§1°§2)=€2°§2=§1-
VL & 0151 =&1o(&0é) =106 =66 °l§2=§2°(§2°§2) =&Hob =6
VH-§%°§1 =§10(§20§1)=§1°§2=§2,§]2°§2=§2°(§2°§2)=§20§1 =&.
X.xpoép=&10(xp0é)) =€é10é1=a,x00ér=60(xp0éy) =&r0é =a.
XL x00 & =& 0(x0é) =& o0& =ax0é =0 (x0é) =& 08 =a.

Proposition 2.2. In a Latin square of order 5, the total number of pairs of free transversals,

one of which is on the main diagonal that intersect exactly in one cell, is 45.

Proof. The 45 diagrams illustrating Latin squares with two free transversals, one of which

is on the main diagonal, that intersect exactly in one cell are the following:

9.

13.

17.

L L L] L
L] L] 0] L O
O 02 OO 3. O (4 OO
O L] L] L]
L] L] ] [0 ][]
L] L L L
L O O []
6. O 07 Od 8 L]
0] 0] O
[] L] L] [
| 1 O 1 O []
O | | |
1 [10. ] [ ] (12. ]
L 1 L] L]
L] [ I [] 0]
I [] [] [] []
| | | |
1 0O 14. ] []15. ] 161 O
(I I R 0] 0]
L] [ L 0O O [] L]
[] L L [ [ 1]
| | (I
1 |18. 1 [19. [ | 20. [ |
1O 0] 1O L]
0O O [] 0] 0]
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21.

25.

29.

33.

37.

41,

[ 1] I I I

L O 0] [] O
[ ] 22. [ ] 23. 24. [ ]
L] (I I R O

[] [] L] [ ] O []

[] L O I I .

0] O L]

[ ] 26. B 27. 28 ] [
O [ [ ]
L] 0O O O O L]

[ 1] [ 1] [ [ []
(I [] O

1 [ 30. 31. O 1321 [

| | | |
L] [ L] [ []

[ [ [] [] L O []
(N L] L]
0] 34. 1] 35.01 [ 36/ 1]

[ [ [ [ ]

[] [] L] [ L O L]

[ 1] [ 1] [ 1] [ [
L] 0] L O 0]

1 |38 01 13900 O 40. 0]

1O 0] 0] O

[ | [ | [ | [ |
[]
L]
4. [
O
[ |
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Proposition 2.3. There exist exactly 48 different Latin squares of order 5 with two

transversals intersecting in one cell, where one transversal is on the main diagonal with

the fixed order of elements.

Proof. The 48 Latin squares of order 5 with two transversals, one of which is on the main
diagonal with the fixed order of elements {1, 2, 3,4, 5}, that intersect exactly in one cell

are:

13524 13524 15432 14253
32451 52413 42513 42531
Li=(54312Ly=41352(L3=[21354|L4=[25314
25143 35241 53241 53142
41235 24135 34125 31425
14523 13254 14532 13254
32451 52413 32451 52431
Ls=(25314Lg=145321|L7=125314|Lg=[45312
53142 31542 51243 21543
41235 24135 43125 34125
15423 13254 15432 13254
32514 42513 32514 42531
Lo=|24351|Lip=|54321|L11=(24351|L1p=1[54312
53142 35142 51243 25143
41235 21435 43125 31425
14523 15234 13452 13452
52431 52413 42531 32514
Liz=121354/L14=1{24351|L;s5=|51324|Lig=145321
35142 31542 25143 51243
43215 43125 34215 24135
14253 15432 14523 14523
52134 32154 52134 32154
Li7=145321|Lig=|54321|Li9g={41352|Lyy=(45312
31542 21543 35241 53241
23415 43215 23415 21435
15234 15432 15423 14532
42153 42153 52134 42153
Lyt =|54312|Lyp=1[51324{Ly3=|41352|Ly=|51324
23541 23541 23541 35241
31425 34215 34215 23415
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15423 14532 13524

32154 32154 52431
Lys=|51324|Ly=1[54312{Ly;=45321|Lyg=|41352
23541 51243 25143

41235 23415 34215

13254 14253 14532 14253
52431 52431 52413 52134
Lyy=145312{L30=1(25314|L31=|21354|L3x=(45312
21543 31542 35241 23541
34125 43125 43125 31425
15423 15234 13524 13452
42531 42153 32451 32514

L33 ={21354{L34=|54321|L3s={45312|L36=|54321
53142 31542 51243 25143
34215 23415 24135 41235
13452 13524 15423 15234
52134 52413 32514 32451
L37=145321|L33=|24351|L3g=[41352{Lg=|54312
21543 35142 53241 21543
34215 41235 24135 43125
14253 14532 13452 13524
42531 42153 42531 42153

Ly =151324|L4yp=1(25314|Lgy3=125314|Lggq=|54312
35142 53241 51243 35241
23415 31425 34125 21435
14532 14253 15234 15423
32451 32514 52413 52134
Lis=|51324|Lys=145321|Lgy7=(41352|L4g=24351
25143 53142 2354 31542
43215 21435 34125 43215

The corresponding 240 second transversals for the transversal given on the main

diagonal of the Latin squares L; — Lys, are the following:

Li: Ty ={(1,1),(2,3),(3,5), (4.2). (5.4}, T» = {(1,1),(2,4), (3,2). (4.5). (5.3)}
T3 ={(1,3),(2,2),(3,4),(4,5), (5. D}, Ty = {(1,5),(2,2), (3, 1), (4,3), (5,9},
Ts = {(1,4),(2,5),(3,3),(4,2), (5. D}, Ts = {(1,5),(2,4),(3,3), (4, 1), (5,2)},
T7 ={(1,2),(2,5),(3,1),(4,4),(5,3)}, Tg = {(1.3).(2,1),(3,5).(4,4), (5.2)},
To ={(1,2),(2,3),(3,4),(4,1), (5.5}, Tio = {(1,4),(2,1),(3,2),(4,3), (5,5 }.
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Ly: iy = {(1,1),(2,3),(3,5). (4.2), 5.4}, Tia = {(1,1),(2,5).(3.4), (4.3).(5.2)},
T13=1{(1,3),(2,2),(3,1),(4,5), (5.4}, T1a = {(1,5),(2,2),(3,4),(4,1),(5.3)},
Tis = {(1,4),(2,1),(3,3),(4.5), (5.2)}, Tie = {(1,5),(2,4),(3,3).(4,2), (5, D},
Ti7 ={(1,2),(2,1),(3,5), (4.4), (5.3)}, Tig = {(1.3),(2.5).(3,2),(4.4), (5. D},
Tio ={(1,2),(2,4).(3,1),(4.3), (5.5}, Too = {(1,4),(2.3),(3,2). (4, 1), (5.5)}.

Ly: Ty = {(1,1),(2,3),(3,5), (4.2), 5.4}, T = {(1,1),(2,5),(3.4), (4,3),(5.2)},
T3 = {(1,3),(2,2),(3,4),(4.5). (5, D}, Toa = {(1,4),(2,2), (3,5), (4. 1), (5,3)},
Trs ={(1,2),(2,1),(3,3), (4.5). (5.4}, Tos = {(1.5),(2,4).(3,3). (4. 1), (5.2)},
T = {(1,2),(2,5),(3,1),(4,4),(5,3)}, s = {(1,5),(2,3),(3,2), (4. 4), (5, D},
Ty = {(1,3),(2,4), (3, 1), (4,2), (5,5)}, T30 = {(1,4),(2,1),(3,2), (4. 3), (5.5)}.

Lat Ty = {(1.1), (2.3). (3.9). (4.2), (5.4)}. T2 = {(1,1). (2.4, (3.2). (4.5). (5.3)}.
T3 = {(1,4), (2,2). (3.5 (4.3). (5. D}, Taa = {(1.5). (2,2). (3.4). (4, 1), (5.3)}.
Tis = {(1,2).(2.5). (3.3). (4.1). (5.4). Tz = {(1.4). (2.2). (3.3). (4.5). (5. D)},
Ty = {(13).(2.5). (3.2). (4.4). (5. D). Txs = {(1.5). (2.3), (3. 1). (4.4). (5.2)}.
Tyo = {(1,2), (2.4), 3, 1). (4.3). (5.5}, Tio = {(1.3). (2, 1). (3.4). (4.2), (5.5)}.
Ls: T = {(1.1), (2.3), (3,2). (4.5), (5.4)}. T2 = {(1, 1), (2.4, (3,5). (4,2). (5.3)}.
Le: Tia = {(1.1). (2.3), (3,2). (4,5), (5.4)}. Tas = {(1, 1), (2.5), (3,4). (4.3).(5.2)}.
Ly Tus = {(1.1). (2.3), (3,2). (4,5), (5.49)}. Tag = {(1, 1), (2.4), (3,5). (4,3). (5.2)}.
Tiy = {(1,3),(2,2), 3.4, (4.5). (5. D}, Tug = {(1.4). (2.2), (3.5). (4, 1), (5.3)}.
Tig = {(1,2).(2.5). (3.3). (4.1). (5.4)). Tso = {(1.5). (2.4). (3.3). (4.2). (5. D}.
Tsi = {(13).(2.5). (3. 1). (4.4). (5.2)). T = {(1.5). (2. 1). (3.2). (4.4). (5.3)}.
Tsy = {(1,2).(2.1). (3.4). (4.3). (5.5)). Tsa = {(1.4). (2.3). (3.1). (4.2). (5.5)}.
Ly Tss = {(1.1), (2.3). (3,2). (4.5), (5.4)}. Ts = {(1,1). (2.4), (3,5). (4.3). (5.2)}.
Tsy = {(1,4).(2.2). 3. 1).(4.5). (5.3)). Tss = {(1.5). (2.2). (3.4). (4.3). (5. D},
Tsg = {(1,4). (2.5). (3.3). (4.1). (5.2)}. Teo = {(1.5). (2.1). (3.3). (4.2). (5.4},
Tor = {(1,2), (2,1, (3,5), (4.4). (5.3)}, Tez = {(1.3). (2,5), (3.2). (4, 4), (5. D},
Tes = {(1,2), (2,3), 3.4 (4,1, (5.9}, Toa = {(1.3). (2.4), (3. 1), (4,2), (5.5)}.
Lot Tgs = {(1.1),(2.3). (3.2). (4.5). (5.4)}. Tes = {(1.1).(2.5), (3.4). (4,2).(5.3)}.
Ter = {(13).(2.2). (3.5). (4.1). (5.4)). Tes = {(1.5). (2.2). (3.4). (4.3). (5. D},
Teo = {(1,2). (2.4). (3.3). (4.5). (5. D). Tro = {(1.4). (2.5). (3.3). (4. 1). (5. D)},
Try = {(1,2).(2.1). (3.5). (4.4). (5.3)}. T2 = {(1.5). (2.3). (3.1). (4. 4). (5.2)}.
T3 = {(1,3), (2.4). 3. 1). (4,2). (5.5)}. Tra = {(1.4). (2, 1). (3.2). (4.3). (5.5)}.

Lio: Trs = {(1,1),(2,3),(3,2), (4,5), (5.4}, T = {(1,1),(2,5),(3,4),(4,2),(5.3)},
T77 ={(1,4),(2,2).(3,5), (4. 1), (5.3)}, T53 = {(1.5),(2,2), (3, 1), (4.3). (5.4)},
Tz = {(1,2),(2,4),(3,3),(4,5), (5. D}, To = {(1,5),(2,4), (3,3), (4.2), (5, D},
Tgi = {(1,2),(2,3),(3,5).(4,4), (5. D}, T2 = {(1,3),(2,5), (3, 1), (4.4), (5.2)},
Tgs = {(1,2),(2,1),(3,4),(4.3), (5.5}, Tga = {(1,3),(2,4),(3,2), (4. 1), (5.5)}.
Ly Tgs = {(1,1),(2,3),(3,2), (4.5), (5.4}, Tss = {(1.1),(2,5),(3.4), (4.3),(5.2)},

Lip: Ty = {(1,1),(2,3),(3,2), (4.5), (5.4}, Tgg = {(1,1),(2,4), (3.5), (4.2), (5.3)},
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Liz: Tgo = {(1,1),(2,3),(3,4), (4,5), (5,2)}, Too = {(1,1),(2,4), (3,5), (4,2), (5,3)},
Tor = {(1,3),(2,2).(3,5), (4. 1), (5.9}, Tz = {(1,5),(2.2), (3,4), (4.3), (5. D},
To3 = {(1,2),(2,1),(3,3),(4.5). (5.9}, Tos = {(1,4),(2.5), (3,3), (4.2). 5. D},
Tos = {(1,3),(2,5), (3,1), (4.4), (5.2)}, Tos = {(1.5),(2,1),(3,2).(4,4),(5,3)},
To7 ={(1,2),(2,4).(3,1), (4.3), (5.5}, Tog = {(1,4),(2.3),(3,2). (4, 1), (5.5)}.

Lig: Tog = {(1,1),(2,3),(3,4), (4.5).(5.2)}, Tioo = {(1,1),(2.5).(3,2).(4.3). (5.4},
Tior = {(1,4),(2.2),(3,5), (4.3). (5. D}, Tz = {(1,5).(2,2),(3.4). (4. 1), (5.3)},
Tios = {(1,2),(2.4).(3,3), (4.5). (5. D}, Tioa = {(1,5). (2, 1),(3.3), (4.2), (5.4)},
Tios = {(1,2),(2.5), (3, 1), (4.4). (5.3)}, Tos = {(1,3). (2, 1), (3.5). (4.4),(5.2)},
Tio7 = {(1,3),(2.4),(3,2), (4. 1), (5.5}, Tos = {(1,4).(2,3).(3.1), (4,2),(5.5)}.

Lis: Tigg = {(1,1),(2,3).(3,4), (4.5).(5.2)}, Tuio = {(1,1),(2.4),(3,5),(4.2), (5.3)},
Tinn ={(1,3),(2,2), 3, 1), (4.5), 5.4}, Tz = {(1,4).(2,2).(3.5). (4.3), (5. D},
Tz = {(1,4),(2.5),(3,3), (4. 1), 5. 2)}, Tia = {(1,5). (2, 1).(3.3), (4.2), (5.4)},
Tis ={(1,2),(2,5), (3, 1), (4.4), (5.3)}, Tuie = {(1,5).(2,3).(3.2), (4.4), (5. D},
Tii7 ={(1,2),(2,1), (3,4), (4.3), (5.5}, Tug = {(1,3).(2,4).(3.2), (4. 1), (5.5)}.

Lis: Tiig = {(1,1),(2,3),(3,4), (4.5).(5.2)}, Tizo = {(1,1),(2.5),(3,2),(4.3), (5.4}
Ti21 = {(1,3),(2.2),(3,5), (4. 1), 5.4}, T2 = {(1,4).(2,2). (3.1), (4.5),(5.3)},
Tiz3 = {(1,4),(2.5). (3,3), (4.2), (5. D}, Tiz4 = {(1,5).(2,4).(3.3). (4. 1), (5.2)},
Tizs = {(1,2),(2.,3),(3,5), (4.4), (5. D}, Tize = {(1,5). (2, 1), (3,2), (4,4),(5.3)},
Ti27 ={(1,2),(2,4), (3, 1), (4.3), (5.5}, Tizg = {(1,3). (2, 1), (3.4). (4.2), (5.5}
Li7: Ting = {(1,1),(2,4).(3,2), (4.5).(5,3)}, Tizo = {(1,1),(2.5),(3,4),(4.3), (5.2)},
Ti31 = {(1,4),(2.2),(3,5), (4. 1), (5.3)}, Ti32 = {(1,5).(2,2).(3,1), (4.3), (5.4)},
Ti33 = {(1,2),(2,1), (3,3), (4.5), 5.4}, T34 = {(1,4).(2,5).(3.3). (4.2), (5. D},
Tizs = {(1,3),(2,1), (3,5), (4.4). (5. 2)}, Tze = {(1,5).(2.3).(3.2), (4.4), (5. D},
Ti37 ={(1,2),(2,3),(3,4), (4. 1), (5.5}, T3 = {(1,3).(2,4).(3.1), (4.2), (5.5}
Lig: Tizg = {(1,1),(2,4),(3,2), (4,5).(5.3)}, Tuao = {(1,1),(2.5).(3,4),(4.3). (5.2)},
Tia1 = {(1,3),(2,2), (3, 1), (4.5), 5,4}, Tz = {(1,4),(2,2),(3,5), (4.3), (5. 1)},
Tia3 = {(1,2),(2.5).(3,3), (4. 1), 5.4}, Tiaa = {(1,5).(2,4).(3.3). (4.2), (5. D},
Tias = {(1,2),(2,1), (3,5), (4.4). (5.3)}, Tas = {(1,5).(2,3).(3.1), (4.4),(5.2)},
Tia7 = {(1,3),(2,1), (3,4), (4.2), (5.5}, Tag = {(1,4).(2,3).(3.2), (4. 1), (5.5)}.
Lig: Tiag = {(1,1),(2,4).(3,5), (4.2).(5,3)}, Tiso = {(1,1),(2.5),(3,4).(4.3), (5.2)},
Lyo: Tis1 = {(1,1),(2,4),(3,2), (4,5),(5,3)}, Tis2 = {(1,1),(2,5),(3,2),(4,3), (5.4},
Tis3 = {(1,3),(2,2), (3, 1), (4.5), (5,4}, Tis4 = {(1,5),(2,2),(3,4), (4. 1),(5,3)},
Tiss = {(1,2),(2,4), (3,3), (4.5), (5. D}, Tise = {(1,4),(2,5).(3,3), (4. 1), (5,2)},
Tis7 = {(1,3),(2,1),(3,5), (4.4), (5. 2)}, Thss = {(1,5),(2,3).(3,2), (4.4), (5. 1)},
Tiso = {(1,2),(2,1), (3,4), (4.3). (5.5}, Teo = {(1,4). (2,3).(3,1), (4.2),(5.5)}.
Lyi: Tier = {(1,1),(2,4).(3,5), (4.2). (5,3)}, Tiex = {(1,1),(2.5),(3,2),(4.3), (5.4}
Ties = {(1,4),(2,2), (3, 1), (4.5). (5.3)}, Tiea = {(1,5).(2,2),(3.4), (4,3), (5. D},
Ties = {(1,2),(2,1), (3,3), (4.5), (5.4}, Ties = {(1,5),(2,4).(3,3), (4. 1), (5.2)},
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T167 = {(1’ 2)9 (2" 3)a (37 5)7 (47 4)7 (5’ 1)}9 T|68 = {(1’ 3)a (29 5)7 (37 1)7 (4’ 4)’ (57 2)}’
Tieo = {(17 3)7 (2’ 1)’ (3$ 4)’ (4’ 2)’ (5’ 5)}’ Ti70 = {(1’4)’ (2’ 3)$ (3’ 2)’ (4’ 1)’ (5’ 5)}

Ly;:
L23Z

T171 = {(L 1)7 (2’4)7 (3!5)! (4’ 2)$ (5’3)}! T172 = {(1’ 1)’ (2! 5)! (3’ 4)’ (4’ 3)’ (5’ 2)}7
Ti73 ={(1,1),(2,4),(3,5),(4,3),(5,2)}, Ti7a = {(1,1),(2,5),(3,4),(4,2), (5,3)},

Ti7s ={(1,3),(2,2),(3,4), (4.5). (5. D}, Ti76 = {(1,5).(2,2),(3,1), (4,3), (5.4},
Ti77 ={(1,2),(2,5).(3,3), (4. 1), 5.4}, Tizs = {(1,4),(2,1).(3,3),(4.5). (5.2)},
Ti79 = {(1,2),(2,3), (3,5), (4.4), (5, D}, Tigo = {(1,5), (2, 1), (3,2), (4.4),(5,3)},
Tigi = {(1,3),(2,4),(3,2), (4. 1), (5.5}, Tig2 = {(1,4),(2,3),(3,1), (4.2),(5,5)}.

L24:

Tigs = {(1,1),(2,4),(3,5),(4.3). (5. 2)}, T34 = {(1,1).(2,5),(3.4). (4,2),(5.3)},

Tigs ={(1,3).(2,2).(3.5). (4. 1), (5.4}, Tige = {(1,4).(2,2). (3, 1), (4.5).(5.3)},
Tigr = {(1,2),(2,4), (3,3), (4.5), (5, D}, Tigg = {(1,5),(2,1),(3,3), (4,2), (5.4)},
Tigo = {(1,3),(2,5),(3,2), (4.4), (5, D}, Tigo = {(1,5),(2,3),(3,1), (4.4),(5,2)},
Tio1 = {(1,2),(2,3),(3,4), (4. 1), (5,5}, Tz = {(1,4), (2, 1), (3,2), (4.3),(5.5)}.

Tio3 = {(1,3),(2,2). (3, 1), (4.5). (5.4}, Thoa = {(1,4),(2,2), (3,5), (4. 1), (5.3)},
: Tios = {(1,3),(2,2), (3, 1), (4.5). (5.9}, Tos = {(1,5).(2,2),(3.4), (4.3), (5. D},
tTior = {(1,3),(2,2), (3, 1), (4.5). (5.4}, Thgg = {(1,4).(2,2).(3.5), (4. 1), (5.3)},
Tigo = {(1,3),(2,2), (3, 1), (4.5), (5.4}, Taoo = {(1,5).(2,2).(3,4), (4.3). (5. D},
t o = {(1,4),(2,2), (3,5), (4, 1), (5,3)}, Taz = {(1,5),(2,2),(3,4), (4.3). (5, D},
 Thos = {(1,4),(2,2), (3,5), (4. 1), (5,3)}, Tooa = {(1,5).(2,2),(3.4). (4,3), (5. D},
: Thos = {(1,2),(2,1), (3,3), (4.5). (5.4}, Taos = {(1,5).(2,4).(3.3), (4.2), (5. D},
tThor = {(1,2),(2,1), (3,3), (4.5). (5.4}, T = {(1,4).(2,5).(3,3), (4. 1).(5.2)},
 Tago = {(1,2),(2,1),(3,3),(4.5), (5.4}, Taio = {(1,4),(2,5).(3,3), (4. 1), (5,2)},
cTon ={(1,2),(2,1).(3,3), (4.5). (5.4}, Tz = {(1,5).(2,4), (3,3),(4.2), (5. D},
st Tz = {(1,4),(2,5),(3,3), (4. 1), 5,2}, To14 = {(1,5).(2,4),(3.3), (4,2), (5. D},
tTois = {(1,4),(2,5).(3,3), (4. 1), (5. D)}, Tais = {(1,5).(2,4).(3.3), (4.2). (5. D},
t Ty = {(1,2),(2,1), (3,5), (4.4). (5.3)}, Tuig = {(1,5).(2,3).(3,2), (4.4). (5. D},
oo = {(1,2),(2,1), (3,5), (4,4), (5.3)}, T = {(1,3),(2,5), (3, 1), (4.4). (5,2)},
(T ={(1,2),(2,1),(3,5), (4.4). (5,3)}, T2 ={(1,5).(2,3),(3,2), (4,4), (5. D},
t T3 = {(1,2),(2,1), (3,5), (4.4). (5.3)}, Tro4 = {(1,3).(2,5).(3.1), (4.4).(5.2)},
tTos = {(1,3),(2,5), (3. 1), (4.4). (5. 2)}, Tis = {(1,5).(2,3).(3,2), (4.4). (5. D},
t Ty = {(1,3),(2,5), (3, 1), (4,4), (5. 2)}, T = {(1,5),(2,3).(3,2), (4.4). (5. D},
Ta9 ={(1,2),(2,1),(3,4),(4.3). (5.5}, Tazo = {(1,3),(2,4), (3, 1), (4.2). (5.5)},
(T3 ={(1,2),(2,1),(3,4),(4.3). (5,5)}, Trxz = {(1,4).(2,3),(3,2), (4. 1), (5.5},
t Ty = {(1,2),(2,1),(3,4), (4.3). (5,5)}, T34 = {(1,4).(2,3).(3,2), (4. 1), (5.5},
tThss = {(1,2),(2,1), (3,4),(4.3). (5,5)}, Tzs = {(1,3),(2,4).(3,1), (4.2).(5.5)},
Tz = {(1,3),(2,4), (3, 1), (4,2), (5,5)}, Tazg = {(1,4),(2,3).(3,2), (4. 1), (5,5)},

 Tazo = {(1,3),(2,4),(3,1),(4,2), (5.5)}, Taao = {(1,4),(2,3),(3,2), (4. 1), (5.5)}.
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Proposition 2.4. There does not exist recursively 1-differentiable prolongations of Latin
squares of order 5, obtained by adding two new elements and two transversals, one
of which is on the main diagonal with the fixed order of elements {1,2,3,4,5} or
{2,3,4,5, 1}, that intersect exactly in one cell.

Proof. The proof is obtained by direct calculation. For Latin squares with each of the
240 pairs of transversals, 6 types of prolongations according to extension schemes II, III,
V, VIII, IX, XII were considered. O
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On some Noetherian criteria for singular integral operators
with bounded coeflicients
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Abstract. In this paper, Noetherian conditions are established for singular integral
operators with measurable and bounded coefficients. The study is carried out in spaces
of integrable functions with certain weights, and the integration contour is assumed to be
piecewise smooth. The established Noetherian conditions depend on the space in which
the research is carried out, on the coeflicients of the operators, as well as on the sizes
of the angles formed by the integration contour at its corner points. In the case of the
Lyapunov-type contour, the presented Noetherian conditions are necessary and sufficient
in which the operators studied are Noetherian.
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Asupra unor criterii noetheriene pentru operatorii integrali
singulari cu coeficienti marginiti

Rezumat. In aceastd lucrare sunt stabilite conditii noetheriene pentru operatorii in-
tegrali singulari cu coeficienti mdsurabili si mdrginiti. Studiul este realizat n spatii
de functii integrabile cu anumite ponderi, conturul de integrare se presupune neted pe
portiuni. Conditiile noetheriene stabilite, depind de spatiu in care se desfdsoard cerceta-
rea, de coeficientii operatorilor, precum si de méarimile unghiurilor formate de conturul
de integrare in punctele sale unghiulare. in cazul conturului de tip Lyapunov conditiile
noetheriene prezentate sunt necesare si suficiente in care operatorii studiati sunt Noethe-
rieni.

Cuvinte-cheie: operator singular, factorizarea functiilor, norma esentiald, conditii noe-

theriene, spatii cu ponderi.

1. INTRODUCTION

The previous theory of one-dimensional singular integral equations with continuous
coefficients was systematically developed by N. Muskhelishvili, F. Gakhov, I. Vekua and
others. Based on these classical developments, numerous studies were carried out in

the case of singular integral equations with discontinuous coefficients. In particular,
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I. Simonenko, I. Gohberg, and N. Krupnik established various local theories for singular
integral equations, which reduce global problems to local ones. In an attempt to use these
local theories, K. Clancey and I. Gohberg [1] investigated the concept of local factorization
of functions. They showed that the existence of a global factorization is equivalent to
the existence of a local factorization at each point of the integration contour, and the
Noetherian conditions of singular integral operators are determined by the existence of
factorization of the coefficients of the respective operators.

In this paper, the results of research in the theory of operators with local properties
[2-4] are applied to obtain some sufficient conditions under which singular operators with
scalar or matrix coefficients are Noetherian. These conditions are established for singular
integral operators acting in the spaces L, (I', p), where I is a piecewise Lyapunov contour
and p is the weight introduced by the mathematician B. Khvedelidze [5].

It is shown that the Noetherian conditions depend on the coefficients of the operator, on
the space L, (I", p), but also on the sizes of the angles formed by the contour at its corner
points. Thus, the Noetherian conditions at different points of the contour are different, and
especially, at the self-intersection points of the contour. In the case, where the integration
contour I' does not contain corner points, the results presented in this paper also become

necessary in which the operators under study are Noetherian.

2. INVERTIBILITY AND LOCAL FACTORIZATION

Let  be a rectifiable arc in the complex plane C. The notation L, (y) (1 < p < o) will
be used for the usual Lebesgue spaces with respect to arc length measure on y. In case y

is a piecewise Lyapunov arc and 1 < p < co, we define the singular integral operator S
on L,(y) by

1 [ o(1)
(00 = [£ar.
ni J, Tt
The fact that S, defines a bounded operator on L, (y) (1 < p < o), even if the arc y has
cusps, is established in [5], [6]. When the arc y is a piecewise Lyapunov contour I', one

defines the usual analytic projectors

2 2mi T—1

Py = 28 ! / 2O g (0,00(0) = ot) - (Pye) (0.
Y

bounded in L,(I') (1 < p < co). The range of the projector P, on L,(I") is denoted
by L;’,(F), while L, (I') denotes the span of the range of Oy on L, (I') and the constant
functions (1 < p < oo). Further, L3,(I') = Lo(I") N L5(T). Let a be a function in
Lo (T"). We denote by T, the singular integral operator T, = aP, + Q, acting on L, (I")
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(1 < p < ). A general reference to the theory of operators of the form 7, is the

monograph [7].
Let 7o be a fixed point on the Lyapunov contour I" and let ¢ belong to L,(I"). In
this section we will discuss the equivalence of various interpretations of the phrase “the

operator T, on L, (') is locally invertible at ty”.

Definition 2.1. Leta € Lo (I"), where I is a Lyapunov contour. The operator T, = aP+Q
in L, () is called left-Fredholm, right-Fredholm or Fredholm operator at a point ty € I’
if there is a function b € Lo (") and a neighborhood U of the point to such that a(t) = b(t)
fort € U, and the operator Ty, = bP + Q is left-Fredholm, respectively right-Fredholm or
Fredholm.

The next definition of “local invertibility” is due to Simonenko [2], see also the

references in [3].

Definition 2.2. We say that the operator T, = aP + Q in L, (") admits a local right (left)
regulator at a point ty € I if there exist an operator R, a compact operator K in L, (I"),

and a function u continuous on I" and equal to one in a neighborhood of to, such that
RT M, =M, + K, M,T,R =M, +K,
where M,, denotes the operator in L, (I") of multiplication by the function u.

We say that the operator T, admits a local regulator at #¢ if it admits both a right and a
left local regularizer at ¢.

Let I" be a Lyapunov contour bounding the domain G in the complex plane. It will be
assumed that the point zero belongs to G. Let a be an element of G Lo, (I"); here G L (I")
denotes the group of invertible elements in L, (I"). The following is the standard definition

of factorization of the function a relative to L.

Definition 2.3. We say that a function a admits a factorization in the space L, (1 < p <
o) if it can be represented in the form a(t) = a_(t) t* ay(t), t € I, where k is an integer
and the following conditions hold:

1) the pair (a;', ay) belongs to L, (I'y) X Ly (T'y) and the pair (a-, a~') belongs to
L,T)x L, (T) (pl+q 1=1);

2) the operator a;'Sa='l is bounded in L,(T).

The following definition of local factorization is similar to the previous definition and

is contained in [2] (see also [1]).
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Definition 2.4. A function a admits a local factorization in L, at a point to € T if there
exists a neighborhood 7y of the point ty such that a(t) = a_(t)a+(t), where

(i) the pair of functions(a;', ay) belongs to L, (T'y) X Lg(Ty) and (a-, a~') belongs
to Ly,(T-) X L(T-); here Ty ¢ G4 UT are piecewise Lyapunov contours such that
LNl =y.

(ii) the operator a;'Sa~'l is bounded in L,(y).

In [1] it was established that a function a which admits a local factorization in L,
at every point 7o € I" also admits a (global) factorization in L. In the present work,
alongside the norms and essential norms of the operator S, we will use the equivalence
between the notions of local factorization of a function in L, (I') and local invertibility
of the singular integral operator 7, = aP + Q. The main result that will be used is the

following:

Theorem 2.1. Let I' be a Lyapunov contour. Assume a € G L (T"), and let tg € T.

1) Assume that 1 < p < oco. If a function a admits a local factorizationin L, at a point
to, then the operator T, = aP + Q in L, (I") has a local regulator at t.

2) If the operator T, = aP + Q in L, is locally invertible at ty, then a admits a local

factorization in L, at t.

3. NOETHERIAN CONDITIONS FOR THE OPERATOR A = aPr + bQr WITH SCALAR

COEFFICIENTS

Let a and b be two measurable and bounded functions on the contour I'. Here we will

establish sufficient conditions under which the operator
A ZaPr+er (31)

is Noetherian in the space L,(T', p). If the contour I is of Lyapunov type and p = 1, these
conditions coincide with the conditions established by 1. Simonenko [2] and, in addition,
are also necessary under which the operator (3.1) is Noetherian in the space L,(T', p).

Henceforth, we will assume that the contour I satisfies the following conditions:

a) I has a finite number of self-intersection points 71, 75, . . ., T, and a finite number
of angular points 7. (k =r+1,...,m);
b) at the points 7 (k =r + 1,...,m), the tangents to I" are perpendicular;

c¢) the contour I' can be completed up to a closed composite contour [ of Lyapunov
type by pieces, which divides the complex plane into two sets Fff and Ff_ and T
is the boundary for each of these sets Ffi. Obviously, the contour T is determined

unambiguously.
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We denote by map(r) (0 < ag(t) < 2) the angle formed by the contour I" at the point

T#71 (k=r+1,...,m). We will also need the functions @ (¢) = min{ag(t), 2 —ap(z)}
(O<a(t)<1)and 6(z) (t € '\ {71, 72,..., T }) defined by the relation
a(t) a(t)

1 1-z\ 2 1+z) 2
crgh(r) = 5 max_ <1+z>(1—+§) —(1—z)(1—f§) . (3.2)

We note that the set of values of the function 6(¢) is contained on the interval | 7, 7|

and 6(t) = 7 at all points ¢ of the contour I" where the Lyapunov conditions are verified.
In particular, if the contour I is simple and of Lyapunov type, then the set of values of
the function #(¢) is contained on the interval | 7, 7] and 6(¢) = 7.

Let 79 be an arbitrary point of the contour I" different from the points 71, 12, . .. 7. We
denote by A(1p) an angle with the vertex at the point z = 0 of size 20(1y), where 8(¢) is
defined in (3.2). By A(tx) (k = 1,...,r) we will denote an angle with the vertex at the
point z = 0 of size 6 = 7.

LetT'(o>T) bea completion of the contour I" up to a closed composite contour, which

satisfies condition ¢). If a € T'o,(I"), then we denote by a the function

a(t), for tel,

a(r) = -
1, for tel\T.

Let us also denote by M (I") the set of measurable and bounded functions on I" that
satisfy the conditions:

(1) essinfla(t)] > 0;

(i) for any point 7 € I there exists a neighborhood u(7) C I of the point 7 and two
functions g+, g7 which belong respectively to the sets! L% (), LL(T) together
with (g;)~! and (g;)~!, such that for ¢ € u(7) the set of values of the function
87(t) a(t) g5 (¢) is contained in the angle A(7).

It can be easily shown that the set M (I") does not depend on the choice of the composite

contour T, if T satisfies conditions a)—c).

Theorem 3.1. Let a € M(I'). Then the operator A = aPr + Qr is Noetherian in the
space L(T).

To facilitate the proof of the stated theorem, we will need the following three auxiliary
propositions. Let I'y be a simple closed Lyapunov contour on portions with a single

corner point #.

1By LE(T) (C LoI') we denote the set of bounded analytic functions in the domain Fg (Ff‘).
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Lemma 3.1. If the real and measurable function ¢(t) (t € I'y) satisfies the condition

esssup |¢(1)| < 8(10),

tely

then the operator A, = €'? Pr, + Qr, is Noetherian in the space L»(I).

Proof. Based on the results from [8], [9] we have

0 (7o)
2 b
where T (= T(L2(Iy))) is the set of compact operators in the space L, (Iy). The operator

}22 ISty + Tl (ry) = ctg

Ao can be written in the form

e +1

. @
0= ) (I+ltg§Sro).
As
e e()|  6(w)
1nf||t—S +T < sup |[tg—=|ct <1,
TeX ! g2 Fo L,(Ty) IEIE:) & 2 L 2

it follows that the operator Ag is Noetherian (invertible) in the space L, (I'g). Lemma 3.1

is proved. |

Lemma 3.2. Let a € Lo(I'g). If essinf;cr, |a(t)| > O and its value set belongs to the
angle A(19), then the operator B, = aPr, + Qr, is Noetherian in the space L;(I'y).

Proof. The function a can be represented in the form a(z) = y|a|-e'#, where (1) satisfies
the conditions of Lemma 3.1 and 7y is a complex number (|y| = 1). The function b(z) =
la(t)| admits factorization (see [7]), b = by - b_, where b*! € L¥ (Iy) and b*' €

L (Tp) and b=! € L (I'p). Then the operator By can be represented in the form

Bo = b_ (¢"Pr, + Or,) (ybyPr, + b-'0r,). (3.3)

By Lemma 3.1, the operator el ¢Pr, + Or, is Noetherian in the space Ly(I'y). As the
operators b_I and yb, Pr, + b='Qr, are invertible in L,(T}), from (3.3) it follows that
By is Noetherian in L, (I'p). The lemma is proved. O

Let I be a closed Lyapunov contour on portions with a single self-intersection point
70 and the tangents to Iy in 79 are perpendicular. As in the proof of Lemma 3.2, taking

into account that in this case (see [8], [9])
%Ielg ISty + Tllzy(rg) = 1 + V2,

the following lemma is also proved.
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Lemma3.3. Leta € Lo (Ty). Ifessinf,er, |a(t)| > 0 and the set of values of the function

T

a is in the angle with the vertex at the point z = 0 and of size 7, then the operator

By = aPr, + Or, is Noetherian in the space L ().

Proof. We give the proof of the Theorem 3.1. Let 7,41, ..., T, denote all the angular
points of the contour I'. Let 7 be an arbitrary point in T, gt e LE(I) and u(7) be a
neighborhood of the point 7, such that the set of values of the function g¥(¢)a(t)g7 (¢)
lies in A(7) for t € u(r). We can assume that u(7) does not contain points in 7%
(k=1,2,...,m) different from 7. Let

a(r), for t € u(r),
(1) = _
5 (gt (g7 (n)~", for 1 €T\ u(r),

where § is a complex number in A(7). The set of values of the function ET(t) =
g1 (n)a-(1)g7 (1) lies in the angle A(7). We will show that the operator B, = ETPI: +0OF
is Noetherian in the space L(I"). Indeed, let (> u(r)) be a piecewise Lyapunov
contour that has a single (angular) self-intersection point for 7 = 7 (k = 1,2,...,r) (for
T =1 (k=r+1,...,m)) and that has no such points for 7 other than the points T = %
(k=1,2,...,m). We denote by c.(¢) the function defined by the equality

b (1), for t€u(r),
c.(t) =
1, for 1 € Iy \ u(7).

As b (t) = 1 fort € T\ u(7), then the set of values of the function c.(¢) (¢ € T';) also
lies in the angle A(7). From Theorem 1.1 Chapter VII of the work [7], we deduce that
the operator B, = ETPF + Of is Noetherian in the space L>(T) if and only if the operator
C; = coPp + QFT is Noetherian in the space Lg(fT). Ifr=7n(k=r+1,...,m)or
T=1 (k=1,...,r), then, by virtue of Lemmas 3.2 and 3.3, respectively, it follows that
the operator C- is Noetherian in the space LZ(FT). However, if T € I:\ {t1,...,Tm}, then
from Theorem 5 of [10], it follows that C, is Noetherian in Lz(l:f).

Therefore, the operator B, = ET Py + O is Noetherian for any 7 € . We consider the
operator ZT = d. Py + Qf and write it in the form

Ar = (87)7"6(boPr + OF) ((81) ™' P + 687 0F) (3.4)
The operators (g7)~'61 and (g7) ™' Px + 6~ g7 QO are invertible in the space L,(T),
and B, = ET Pr+Qr is Noetherian in Lz(f), so from (3.4) it follows that A + is Noetherian.

Thus, the operator A= aPg + QO at any point 7 € [ is equivalent to the Noetherian
operator ZT. Based on Theorem 1.6 of [2], it follows that A is Noetherian in Lz(f).
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Then from Theorem 1.1 of Chapter VII of the paper [7], it follows that the operator
A = aPr + Qr is Noetherian in L,(T"). The theorem is proved. |

Let

p(t):ﬂ|t—tk|'8k (-1<Bi<p-1ti=1e, k=1,....m, n>m)
k=1

n
and the function % defined in the paper [10]. From Theorem 3.1 and the results of the
paper [11] it follows

Corollary 3.1. Let the functions a € Loo(I"). If ah € M(T'), then the operator A =
aPr + Qr is Noetherian in the space L, (T, p).

Corollary 3.2. Let a,b € Loo(T) and essinf,cr |b(¢)| > 0. If ab™'h € M(T'), then the
operator A = aPr + bQr is Noetherian in the space Lo(T, p).

We note that the set M (I") is quite large. Thus, if the contour I is of a simple closed
Lyapunov type, then the class of functions M (I") coincides with the class A(2,T), defined
by I. Simonenko in the paper [12] and, in addition, the operator a Pr + bQr is Noetherian
in L(T, p) if and only if ab='h € M(T").

Let the contour I" be composite, closed and satisfy the conditions of Theorem 2.1. We
denote by M(I") C Lo,(I) the set of functions satisfying the conditions:

(i) essinf,cr |a(t)]| > O;

(i) forany 7 € '\ {ry,..., T;n} there exists a neighbourhood u(7) c I' of the point
7 and two functions g7, g7 which belong respectively to the sets LY, (I"), L (")
together with (g¥)~! and (g7)~' such that for any ¢ € u(7) the set of values of
the function g7 (7)a(t)g7 (¢) lies in an angle with the vertex at z = 0 of measure
T

(iii) atthe points ¢ (k = 1, ..., r) there exists a(1x =0), where the quantities a (7 +0)
are defined in the works [7], [8].

From Theorem 3.1 and the results of paper [11] it follows

Theorem 3.2. For the operator A = aPr + bQr (a,b € L. (I")) to be Noetherian in the
space Lo(T) it is necessary and sufficient that the function ab™" belongs to the set M ().

From Theorem 3.2 and Corollary 3.2, it also follows

Corollary 3.3. The operator A = aP, + bQ . is Noetherian in the space Ly(T, p) if and
only if the function ab™'h belongs to the set M(T).
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4. NOETHERIAN CONDITIONS FOR SYSTEMS OF SINGULAR INTEGRAL OPERATORS

We will study the operator A = aP, + bQ . in the case where the coefficients of the
operator are matrices of order m with elements in Lo (T").
Let A be a Banach space of functions, defined on the contour I'. By U™ we denote

the Banach algebra of matrix functions of order m with elements in 2.

Definition 4.1. Let the contour T be closed and a € GL™\(T"). We will say that the
matrix a admits a factorization [13] in the space Li, (T, p), if it can be represented in the
form
a=a_day, 4.1)
where d = (6, (t - zo)kf)i-’k:l, 70 € Fft and k; are integers (ky > ky > --- > k), and
the matrices a. satisfy the conditions:
(i) a_ €~ Léj‘l(F, p), as €t L;XI(F,pl“’) and a~' €~ LfIXI(F,pl‘q), a;l et

Ly p), (p~ +q7" = 1)
(ii) the operator a;'Pra'l is bounded in the space Lé,(F, p), where by Pr is
denoted the operator (6jkPl")§-,k:1-

Theorem 4.1. The matrix a € GLX (T admits a factorization in the space Li,(r, p)if
and only if the operator

A=aP:+ Q0+ (Q‘r:I_PT)
is Noetherian in the space Lé(F, p).

Theorem 4.2. Let the matrix a € G LX (T") admits a factorization in the space Li, (T, p),

where
ki >ky>--2kg>0, key1<kgpp<---<kj<0 (0<s<]),
then

ki.
1

1 s

dimker A = — Z ki, dimcoker A =
i=s+1 i=

The proof of these theorems is done in a similar way to the one in Theorem 3.1 of [13].
Let the function /4 be defined in [11]. From Theorems 3.1 and 3.2 and from the above, it

follows

Corollary 4.1. The matrix a € GLX(T') admits a factorization in LL(F, p), if and only
if the matrix b = ha admits a factorization in the space Li,(r). If b = bydb_, then
a = h7'b,db_h~" represents the factorization of the matrix a in LfD(F, p).
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Corollary 4.2. The operator aPr + Qr is Noetherian in the space Lé(r, p), if and only
if the operator Ay, = haPr + Qr is Noetherian in the space Li,(l“). Furthermore,

Ind Al ) = Ind Anf )

As we mentioned, if a, b € Lo,(I") and b(t) > 6 > 0, then the operators A = aPr + QOr
and B = baPr + Qr are or are not Noetherian in the space L, (I", p) and Ind A = Ind B.

We will show that this property is not possessed by operators of the form A and B in
the space LfD(F, p). Moreover, we will show that for any p (1 < p < o0) and any natural
[ (I > 2) there exist two matrices a, b € LX(I'), such that sets® b(t) > 6 > 0, baPr + QOr
are Noetherian in pr (I, p), but the operator aPr + Qr is not Noetherian in this space.

Based on Corollary 4.2, we can consider p(¢) = 1. Obviously, it is enough to consider
[ =2and I" = I'y, where Iy is the unit circle. As the matrices a and b will have elements
from CP(T"), then we can also consider p = 2. So, lett = ¢'? (0 < 0 < 27),

] 0
2 —cos — -1 3 +2cos — 1
a(r) = % ol b(1) = 2 .
—4+sin= 2—cos— 1 2 —cos =
+Sln2 0082 0082

The matrices a and b are continuous at any point ¢ € Iy \ {1}. Under these conditions
the operator aPr, + Qr, is Noetherian (see [7]) in the space L%(Fo), if and only if

det[,ua(t +0)+ (1 —wa(r- O)] 20 (tely, 0<u<l).
It is directly verified that for g = % and to = 1 we have
det|poa(to +0) + (1 — po)a(to — 0)] = 0.
Therefore, the operator A = aPr, + Or, is not Noetherian in the space L%(F 0). Let
¢ =ab.
It is easy to show that
det[puc(t+0)+ (1 —p)ec(-0)] #0 (re€lp, 0<pu<l),

i.e. the operator B = abPr, + Qr, is Noetherian in L%(F 0)-

Theorem 4.3. Let the matrix a € GLIN () satisfy the following conditions:
(i) for any T € T'\ {11,...,Tm} there exists a neighborhood u(t) and a pair of
matrices g+ and g7, (g (1))*! € LEU(T), (g7 (1)*! €= LEU(T), such that
Re’(g5(Na(Ng; () = 6 >0 (1 € u(r);

%Recall that H > M, where H and M are Hermitian matrices, means that >, 23:1 (cij=dij)(xi=Xj) = 0,

where ¢;; and d;; are the elements of the matrices H si M, respectively.
3Recall that Re B = (B + B).
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(ii) there exist the limits a ;(ti + 0);

(iii) the spectrum of matrices a™' (13 +0) -a(tx = 0) (k = 1,...,m) have no common

points with the semiaxis R™.

Then the operator A = aPr + Qr is Noetherian in the space LIZ(F).

The proof can be done using the results of the paper [13] and the local principle from [2]
and [10].

If the matrix a € GLYX!(T) is piecewise continuous, then the conditions of Theorem
3.3 are also necessary for the operator A = aPr + Qr to be Noetherian in the space
L’z(F). Indeed, let A be Noetherian in the space LIZ(F). Then from [13] we deduce that
the spectrum of the matrix a~!(7 + 0) - a(7 — 0) (7 € T') has no common points with the

semiaxis R™. It remains to use the following lemma.

Lemma 4.1. Let B and C be two non-degenerate numerical matrices. For there to exist

numerical matrices M and N such that
Re(MBN) >0 and Re(MCN) >0 4.2)

it is necessary and sufficient that the spectrum of the matrix B~'C has no points in

common with R™.

Proof. Let X be the matrix that reduces the matrix B~1C to the Jordan form,

XB~lcx™! = diag(Gy, ..., Gy),

where

Ag 0

1 0

G = ,

0 1 Ak
and diag(Gy, . .., Gy) is the diagonal matrix with the elements G (k = 1,...,s) on the
diagonal.

As A ¢ R, there exists anumber y; € C, such thatRe yx > 0 and 8, = Re(yxdx) > 0.

Let
I —1

£ Yk 0 0 0
0 &y 0 0

Fi = 0 0 01,
0 0 0 Yk
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where [; is the order of the matrix G, €k is a positive number. Direct calculations
show that the principal minor of order r of the matrix Re(G Fy) has the form s,‘("kg(g k)
where wy = (21 —r — 1)5, and g(&x) — &) for &x — 0. It follows that we can choose
ex > 0, such that Re(G¢Fy) > 0. We denote N = X~ F, where F = diag(Fi, ..., Fy),
and M = XB~!. Based on what has been demonstrated, the matrices MBN (= F) and
MCN = XB~'CX~'F satisfy conditions (4.2). The sufficiency is proved.

The necessity of conditions (4.2) can be demonstrated as follows. Consider on the
unit circle Iy a nondegenerate matrix a of continuous functions at any point z # 1 and
a(1+0) =B,a(1-0) = C. If there are two matrices M and N such that Re(MBN) > 0
and Re(MCN) > 0, then in the space Ll2 (T'o) the operator aPr, +Qr, is locally Noetherian
at the point z = 1. Since deta(z) # 0 for z # 1 and a is continuous at any z € I’y \ {1},
it follows that the operator aPr,, + QOr, is locally Noetherian also at these points of the
contour I'y. Therefore, the operator aPr, + QOr, is Noetherian in L12(F0). From Theorem
2 of [13], it follows that the spectrum of the matrix B~'C has no points in common with

R™. The lemma is proved. |

Next, to make the exposition easier, we will assume that the contour I" is made up of
two closed curves vy and y, of Liapunov type on portions with a single common point 7.
3 T
At the point 7 the tangents to y; and y, form an angle of measure 7.
In the following we will establish a class of matrices L'/ (I") (which also contains the
unitary matrices) such that the operator aPr + Qr is Noetherian in the space Li,(l“, 0),

where
n
p(r) = | JIe = 0l
0

to, t1, ..., t, are distinct points on I in which all the angular points of the contour I are
includedand -1 < B <p-1(k=0,...,n).

To begin with, we will consider p = 2. Let 7 € y; \ {to} (r € v2 \ {fo}) and z; (z2) be
fixed points of F}, (F}},). We denote by h(t) the function (1 —z1) #(/2((1—2,) (/)
where B(7) = Bx fort =1t (k =0, ...,n) and B(7) = 0 at the other points of the contour
I', and B and 1 respectively are the numbers and points that define the weight p (7).

For t = 19 we define the function &, (t) as follows:
he, (1) = (t —21) 7' (t — 22) 72,

where o] and 0 are real numbers satisfying the condition o) + 0% = —'%. The functions

(t - zj)_ﬁ(T)/2 ((t=2z;)97) (j = 1,2) are defined so that they are continuous on the
complex plane with the cut that joins the point z; with co and intersects the contour I" at

a single point 7 (zg).
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Theorem 4.4. The operator

A=aPr+bOr (abeLX(I))

in the space LIZ(F, p) is locally Noetherian at the point T € I if and only if this property

is possessed by the operator

Ar = hyaPr + bQr
: I
in the space Ly (I).
The proof is based on the factorization of the function /., applying Theorem 2.2,
therefore we do not dwell on it.
Consider the following function (see [8])

1-2 (1) 1 5(1)
(1+2) (1—+§) —(1-2) (1—:’)

1
arctg[z Hi%’i] ] , tel\ {1},

(1) = B
n
T I =1y,

4.3)
where §(t) = %, a(t) = min(e(2), 27 — ap(r)), and () is the angle formed by the
contour I' at the point ¢ # #g.

We denote by M /(") the set of function matrices a(r) = (ajk(t))i',kzl (t € I') of order
I with elements a jx(¢) € Lo (I") that satisfy the following conditions:
(i) Vrtzéilinf det|a(r)| > 0;
(ii) for any point T € T' except perhaps for a finite number of points 1, (k =
1,2,...,5), there exists a neighborhood u(t) C T of the point T and two func-
tion matrices g, (gt)*! €t LX!(g7)*! €= LY such that for any t € u(t) the

relation
Re(gt(t)h-a(t)g7 (1)) > (1) cos §(7), (4.4)

where 0(7) is the function defined by relation (3.3) and ¢ (7) is the norm of the oper-
ator hra in the space LZI(M(T)). As, it is known, ¢(T) = SUpP; ¢, (1) 51 (h-(t)a(r)),
where s1(hca) is the largest eigenvalue of the matrix (hraa*h’.);
(iii) atthe points Ty (k = 1,2,...,s) there exist the finite limits a(tx —0) and a(7t; +0)
of the matrix a(t) and the spectrum of the matrix e~ ™F(7) g~V (1, + 0)a (1 — 0)
does not intersect the negative semi-axis R™.
It is easy to see that if all points 7 (k = 1,2,...,s) where the limits a(7 + 0) exist are
regular, then conditions (iii) are equivalent to conditions (ii). This can be deduced using

Lemma 3.1.

52



Neagu V.

Theorem 4.5. Leta € M Ii(F) Then the operator
A=aPr+ Qr
is Noetherian in the space Lzl (T, p).

We note that if I is a closed contour of Lyapunov type and p(¢) = 1, then this theorem
was proved by I. Simonenko (see [10], Theorem 8), and the set MII(F) coincides with
the class M (2,T) defined in [10]. Given that I is a simple Lyapunov-type contour,
Theorem 4.3 is contained in the work [14].

We will prove two lemmas from which we will immediately deduce Theorem 4.5 and

which, at the same time, are also of interest in themselves.

Lemma 4.2. Let the contour Ty have a single corner point to and po(t) = |t — 1|
(=1 < B < 1). If the matrix a € GL (T) satisfies the condition

Re(h,(1)a(t)) = o > ||hgyall cos 6(1p),
then the operator
Ag = aPr, + Or,
is Noetherian in the space le(F, p) and its index are equal to zero.

Proof. Based on Corollary 3.3, it suffices to prove that the operator

hoaPr, + Or, (ho(t) = hey (1))

is Noetherian in the space LZZ(F). Lety € le(Fo,p) and ||¢|| = 1, then

Ohyd 2 20" Re(hya) o? o?
- ———¢|| <I- 5+ ;< 1- 5
lhoalll llhoal|l llhoal|l lhoalll
Consequently,
ohoa )
- < sin6(1y).
” lhoal|l?
As (see [9)]),
1

inf ||Pr, +T|| = ——,
TGI” To I sin 0(1)

where I = 1(L12(1“0)) is the set of all compact operators in the space le(Fo), then

h
([ ﬂ) Pr,+T

- < 1.
| hoal||?

inf
TeX

It follows that the operator

I 7 ohpa p
hoal]?) "

53



ON SOME NOETHERIAN CRITERIA FOR SINGULAR INTEGRAL OPERATORS
WITH BOUNDED COEFFICIENTS

is Noetherian in the space LZZ(FO) and its index is equal to zero. We write the operator

hoaPr, + Qr, in the form
hoaPr, + Or, = (I = (I - whoa) (@™ Pr, + Ory))

where w = o ||hgal|| 2. The operator a)‘lPrO + QOr, is invertible, therefore the operator

hoaPr, + QOr, is Noetherian and its indices are equal to zero. The lemma is proved. 0O

Lemma 4.3. Let the matrix of functions a € GL>! () satisfy the following conditions:

(i) there are two matrices g such that (g*)*' et LX(Iy), (g7)*! €= LXN(Iy);
(ii) Re(g™ (1)ho(1)a(r)g™ (1)) = o > || hoal| cos 6(tp),

then the operator aPr, + Qr, is Noetherian in the space le(Fo, 0).

The proof of the lemma follows from Lemma 4.2, from the equality
hoaPr, + Qr, = (§7) ™' (¢*hoag™ Pr, + Or,) ((g") ™' Pr, + g~ 0Ory).
and from the invertibility of the operators (g~)~'7 and g*Pr, + g~ Or,.

Proof. We give the proof of Theorem 4.5. From conditions (i) and (iii) of the definition
of the set M f,(F), it follows that the operator

A=aPr+Qr

is locally Noetherian at the points 7, (k = 1,2, ...,s). From conditions (ii) in the usual
way, with the help of Lemma 4.3 and the local principle, it is established that the operator
aPr + Qr is locally Noetherian also at the points 7 € I' \ {7, ..., 7s}. Consequently the
operator aPr + QOr is Noetherian in the space LZI(F, p). The theorem is proved. m|

Corollary 4.3. Let a, b € LXN(I). If
Vraiinf,cr det |b(¢)| > 0
and b~ la € M[f(F), then the operator aPr + bQr is Noetherian in the space Lzl (T, p).
We note that the set M pl (") is quite large. This follows from the following corollary.

Corollary 4.4. Let the functions a and b € CP;(T"). Then the operator aPr + bQr is
Noetherian in the space LZI(F, p) ifand only if b='a € Mff (I).
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An important role in establishing Theorems 4.2 and 4.3 was played by the knowledge of
the essential norms in the space Lzl (T, p) of the operators St, Pr and of the multiplication
operator on the matrix a. If in the space L Il, (', p) the norm is defined by the equality

1
lell” = > llejl1P,
J=1

then for p = 2, the norm of the operator Ay is calculated from the relation
||AO”L2[(F,p) = esssup,cr (1), (4.5)

where s(¢) is the largest eigenvalue of the matrix (a*(t)a(t))l/ 2, Relation (4.5) has an
important role in determining the Noetherian conditions for singular operators. Simple
examples show us, however, that for p # 2 relation (4.5) is false. In order to use the
essential norm of the operators St and Pr also for p # 2, we will modify the norm in the
space L[l,(F, p) in such a way that (4.5) holds.

Lemma 4.4. If in the space L 117 (T, p) the norm is defined by the equality
r/2

1
el = [| D lesF | oo lan, (4.6)
j=

then the relation (4.5) holds.

Proof. Obviously, for any #g € I', the norm of the operator a(#y)I in the Euclidean space
Clis equal to 5(t). Therefore the norm of Ay is equal to esssup, - s(¢) and the lemma is

proven. O

We will assume that the norm in Lﬁ,(l“, p) is defined by (4.6). In this case (see [15]),
the equalities

”SFO||L§,(Fo,lt—llf’*z*ﬁlwllﬁ) = IStollz,, vy, Je-11p-2-8 11 +118)

where Iy is the unit circle and 8 € (-1, p — 1). From this, in particular, it follows that

ctgl, for p > 2,

2
IStolles ey =5 a7
tg—, forl<p<2,
2p
e (1-18)
ISToll 2y, 2ty = ctgm—7— (1Bl < D).

Let I" be a closed Lyapunov contour. We denote by G s the set of all function matrices

a in LX(T) that satisfy the following conditions:

55



ON SOME NOETHERIAN CRITERIA FOR SINGULAR INTEGRAL OPERATORS
WITH BOUNDED COEFFICIENTS

(i) forany point T € T there exists a neighborhood u(t) of this point and two matrices

gt and g7, such that
(gr()* " LI'M),  (g7()* ™ L)
(ii) fort € u(t), the matrix g7 (t)a(t)g* (1) is unitary and o (g5 (t)a(1)gt (1)) lies in
an angle A1 (8) with the vertex at the point 7 = 0 and of measure 6.

Condition (ii) is equivalent to the fact that the set of values of the form
(¢-agin.n)  meCh nll=1,1€u(r))
lies inside the angle 1, (9).

Theorem 4.6. Let a € G s, where

; 0 . lzz;pt by 1221 ; n
—=min |l tg—,[7? ctg—|.
) 83,70 7 8,
Then the operator A = aP, + Q_ is Noetherian in the space L; (I).

The proof of this theorem is done in the usual way, using the local principle and the

following lemma.

Lemma 4.5. Let Ty be the unit circle and b be a unitary matrix in LXY(Ty), and for any

t € Ty its spectrum lies inside the angle | arg z| < a, where
tg in |/ 22;pt dy 5 tg—
— =min ([ 27 tg—,12P ctg—].
) 820 820
Then the operator B = bPr, + Qr, is Noetherian in the space Li, (ITp).
Proof. The operator B can be written in the form

B= %(b +e)(I+(b+e)"' (b—e)Sr,).

where e is the unit matrix of order /. For [ = 1 there exists [14] an operator Ky of rank

one, such that in the real space L, (I'p), we have

ctgzl, for p > 2,
ISr, = Kollz, ) =4 -7
tgz—, forl <p<2.
P

From [5] we deduce that this relation is also true in the complex space L, (I'p). As the

norm in pr (Ip) is defined by (3.6), then it is easy to deduce the equality

2-p b8

[?p ctg—, forp=>2,
2p

IS, = Kol

i =1 o 4.7)
p(10) ng’tgl, for1 < p<2,
2p
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By Kj in the space LfD(FO) we mean the operator diag(Kp, ..., Kp). Let f = i(b +
e)~'(b — e). The matrix f is self-adjoint and for any ¢ € I its spectrum lies on the

segment [—tg%,tg%] .Leto ={¢; 321 and fo = {lﬁj}ézl, then

1 1
201 <1822 Y les (01,
J=1 J=1

Therefore, || f|| < tg5. From relations (4.7) and the assumptions of the lemma it
follows that if || f (S, — Ko)|| < 1. Thus, the operator / —i f'St, is Noetherian (invertible).
Just as the multiplication operator on the matrix b + e is invertible, it follows that the

operator B is Noetherian. The lemma is proved. |

Let

n

p) =[Jlr-ul  (eTr-1<p<p-1).
k=1

We denote by G5, the set of all matrices a in LIXH(T) that satisfy the following

conditions:

(i) forany T € T\{t1,...,t,} there is a neighborhood u(t) of this point and two g7
and gz such that (g5(n)*' €* LN, (g7 (1)*' e~ LZ(D);
(ii) for vt € u(t) the matrix g7 (t)a(t)g+(t) is unitary and its spectrum lies in an

angle 1. (6) with the vertex at the point z = 0 and of measure §:

o (g7 (Da(n)gi (1)) C A-(6);

(iii) there is a neighborhood u(ty) of the point t, (k = 1,...,n) and the pair of
matrices g; and g, (g;g(t))il et LN, (& (1)) e LXUT) such that, for
any Vt € u(ty), the matrix

8- (a(t)g7 (1) gz ()a(t)g7 (1)
is unitary and

o (g7 (Na(t)gz(t)) € A(6) (fort € u™(1x)),

27y

(g (Da(DgiDe 7 ) C u(d) (fort € u™ (1),

where

ut(t) = {t:t €u(ty), t > tr}, u (t) ={t:t€uty), t <t}

It follows from Theorem 4.4.
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Theorem 4.7. Let a € G 5 p, where

T

te% = min(17F 1g 2, 17 ct
— =min|l?r tg—,[ 2 — .
) 82070 7 8,

Then the operator A = aPr + Qr is Noetherian in the space Lfv(F, 0).

5. OBSERVATIONS ON THE CASE OF THE UNBOUNDED CONTOUR.

GENERALIZATIONS

Let I" be an unbounded and admissible contour, O ¢ I" and
n n

p(@) =1z [ [le—alf* (zxel, -1<pe<p-1.-1<B+ Y Be<p-1).
k=1 k=1

In the space LfD (T, p), we consider the operator
A =aPr+ Qr,

where a, b € LIXY(T") (T = I' U o). With the help of the invertible operator B, defined
by the relation

1 1
(Bp)(z) = —so(—), 5.1)
z \z
the study of the operator A in the space Llp (T, p) reduces to the study of the operator
A= C~lPl= + be,
where I' = {r : ¢t = %, zel}, a@) = a(%), b(r) = b(%) , in the space L. (T, p)
with the weight

n n 1
p(z) = lzlPo | | 1z = ze P, Bo=p-2-B-) Pr, tk = —]|.

Thus, the theorems presented for the operator A in the space Lﬁ,(f, p) are easily
transposed to the operator A in the space pr (I, p). Similar results to the Theorems
4.2 —4.5 hold for the operator A = aPr + Qr in the case of the unbounded contour, which
we will not explain. We will focus on the case where the integration contour I" consists

of a finite number of bounded and unbounded curves.

m
r=|Jr;,
Jj=0

So, let I" be such a contour,
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where Iy is unbounded and admissible and I'; (j = 1,...,m) are bounded. For a start,

we will assume that all the curves I'; are closed and disjoint. If

p(2) =1z | [le—aulf (0¢D),

k=1
then by p; (j = 0,1,...,m) we will denote the restriction of the function p(z) on I';
(j=0,1,...,m). We also denote by R; the multiplication operator to the characteristic

function of the contour I';:

¢(z), for z eI}y,
(Rj¥)(2) =
0, for z e '\ T;.
We consider the operator
A= aPr + Qr,

where a, b € LX(T). As

m
Z Ry =1,
k=0

then the operator A can be written in the form

m m m
A:ZRjAZRk: Z R;AR;. (5.2)
j=0 k=0 jok=0
The operators R ;AR represent the restriction of A on the contour I'; (j = 0,1,...,m)

that were studied in the previous sections. AsI'; NIy = @ for j # k, the operator R; AR
(j # k) is an integral operator with continuous kernel on I'; X I'; and, therefore, is

compact in the space Llp (T, p). From these arguments it follows the following assertion.

Theorem 5.1. The operator A = aPr + Qr is Noetherian in the space Li,(F, p) if and
only if the operators
RJ'AR]' =A= aPFj + Q[‘]

are Noetherian, respectively, in the spaces L;(F ., pj). In addition,

m
Ind Al ., = Z;)Ind Al vy o (5.3)
=

On the other hand, with the help of the results of the paper [6] we can extend the
obtained results to the case where the contour I" also contains open Lyapunov curves on
portions, and by appealing to Theorems 4.2, 4.6 and the local principle, we can consider
the case where the curves curbele I'; (j = 0,1, ..., m) have a finite number of intersection

points, in particular the point z = co. In this paper we will not dwell on these details.
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6. CONCLUSIONS

In the paper, the notions of equivalence and local inversibility were effectively applied
to the determination of Noetherian conditions for singular integral operators with scalar or
matrix coefficients, bounded and measurable. In certain cases, specified in the paper, the
obtained leads are necessary and sufficient in which the studied operators are Noetherian.
The Noetherian conditions, as well as the index of the operators, depend on the space
in which the research is carried out, but also on the sizes of the angles formed by the
contour at its corner points. At the same time, an important role in establishing the
main theorems in this paper was played by the sizes of the essential norms of the Riesz
projection operators, established by the author in the papers [8], [9, [11], as well as by the
authors of the papers [7], [13], [14], [17]. The methods and ideas used, and the results
presented in this paper can be used in the subsequent study of singular operators in order

to expand the class of integration contours, research spaces, and operator coefficients.
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Lie algebra admitted by the differential system s*(3) and
functional basis of invariants polynomials
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Abstract. The Lie algebra of the representation of the centro-affine group in the space of
coefficients, phase variables and covariant vector coordinates for the ternary differential
system with third-degree homogeneities s3(3) was obtained. Using this algebra, the num-
ber of elements in the functional basis of invariant centro-affine polynomials (invariants,
comitants, contravariants, mixed comitants) was determined and irreductible elements
from these bases were obtained, and for the comitants and contravariants a functional
basis was constructed.
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Algebra Lie admis: de sistemul diferential s*(3) si baze
functionale de polinoame invariante

Rezumat. A fost obtinutd algebra Lie a grupului centroafin de reprezentare in spatiul
coeficientilor, variabilelor de faza si coordonatele vectorului covariant pentru sistemul
diferential ternar cu omogenititi de gradul trei s3(3). Cu ajutorul acestei algebre a fost
determinat numarul de elemente din baza functionald a polinoamelor centroafin invariante
(invarianti, comitanti, contravarianti, comitanti micsti) si obtinute elemente ireductibile
din aceste baze, iar pentru comitanti si contravarianti o baza functionald a lor.

Cuvinte-cheie: sisteme diferentiale ternare, algebre Lie, baze functionale, invarianti,

comitanti, contravarianti, comitanti micsti.

1. INTRODUCTION

We examine the ternary differential system s°(3) of the form

dx’

=l P =P (joafy = T3), (1)
J
aBy

convolution holds. Let GL(3,R) be the group of centro-affine transformations of the

where the coefficient tensor a is symmetrical in lower indices in which the complete

phase variables of the system (1).

62


https://orcid.org/0000-0001-7341-2602

Muginschi L.

Ternary differential systems are applied in diverse fields, including physics (rigid body
dynamics, laser physics, geophysics, and circuit theory), biology (population dynamics
and infectious disease models), economics, and engineering (missile defense systems and
optimal control of physical processes like continuous casting).

Ternary cubic differential system has applications in many domains, for example:
physic Kirchhoff equation for elastic rods with intrinsic curvature [1].

It is known [9] that the centro-affine group of transformations GL(3,R) can be ex-

pressed as the product of the following elementary one-parameter transformations:

= x, =22 =27 (4 e R\{0});
©=x!, =002 B =2 (1, e R\{0});

*=x!, ¥ =22 = 52 (43 e R\{0});

1

X =x1+,u1x2, )_62=x2,x =x7;

1 2 =3 3

x :x1+,u2x3,762:x,x‘:x; 2)

x! le, )_62=,u3xl +x2, X’ =x7;

%! :xl, ¥ =2 +p4x3, 3 :x3;

3

X =x,x =x°,X =u5x1+x3;

X =x,X :)C,)_C3:/16)C2+X3,

which are denoted by H; with parameter A; (i = l,_3) and H .3 with parameter y; (j =
1, 6) in the space of the phase variables E>(x) of the system (1), where x = (x!, x2, x3).
We consider one-parameter linear transformations

X = fl(x,a) (j = 13), 3)

where « is a real parameter continuously changing over a certain interval of R.
Applying the transformation (3) to the system (1) we obtain the system
¥ =al X (j..py = 1.3), )
where the coefficients 5{1 5y A€ expressed linearly by the coefficients a{l By
Let us denote by a and a the sets of coefficients of the right-hand sides in (1) and (4),
respectively. It is clear that each coeflicient of the set a is a linear function of the elements
of the set a with coeflicients depending on the parameter «.

‘We write this as

i R
aj|j2j3 - gj]j2j3(a’a) (]a]la]Z,]3 = 1,3) (5)

63



LIE ALGEBRA ADMITTED BY THE DIFFERENTIAL SYSTEM s°(3) AND
FUNCTIONAL BASIS OF INVARIANTS POLYNOMIALS

Let us assume that the identity transformation in the group with formulas (3) ) is

achieved in the value of the parameter @ = 0. Having expanded the functions X/ (j = 1, 3)
and @’. . . (k € A) from (4), (5) into a Taylor series in the parameter @ in some

neighborhood of @ = 0, we obtain

¥ =x+ & (x)a+o(a) (j=1,3), (6)
a;:11'213 - aj:ljzjé + n§1j2j3(a)a +o(a) (k € A), )
where
: =
. ox’ (x, ) ; da; . i ... . =
&(x) = ————la=0, M}, s (@) = %M:o (Joj1sj2j3=13 k€ A).  (8)

In the case when we have a representation of r linear one-parameter groups of the form
(3) in the space of variables and coeflicients of the system (1), then their operators are

written in the form

) p) _ _
vi=&(xX)=— 4+ (i=1,r;7=13), 9)
L oxd
where
i 0 . L.
D, = [n§1j2j3(a)]i T (i=1r; j.j1,j2, j3=1,3; k € A). (10)
J1.d2s 03

To the representations of the groups (2) in the space of the coefficients and the phase
variables E33(x, a) of the system (1) correspond the operators of the form
0 0
2 3 1
0x? ¢ ox3 nmﬁa}ll
0 0

1 1
1 ""7133—a 1 "”7222a
i3 33

0

1
day,;

1 9

Ox! *

X=¢'—t¢

1 1
+ ’7112—6 T T3
)

0

1
day,,

0

1
a4

o ., 9
T 1733 94l +
a3 33

1 1 1
DY) + ’7123(9 + ’7223a

0

1
dazs,

42 i_i_ 2
'7133a 2 ’72226
133

0

3
dajy,

0

2
am

0
a%zz
0

3
13 122 123 133

9 o .5 0
3 3 M33 73
day,, >33 dazs,

0 + P i 4P
0%12 113 aa%w 1228
0 0o
a%23 233 aa%33 3330

0
a%zz
0

2
333

2 0
+’71236a2 +
123
0y
M
da3
111

+n 0 —— 1 +13 ' .
12253 12353 1335 3 253
da da da daz,,

1 2 2
1333 ‘”71116 +’71126

2
+ M3 P

(1D

3 3
M2 + ’7113(9

3
1503

bl

3
1233 3
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where
ox/ ; oa

£ = Z—laz0, Moy = —5 = la=o. (12)

2. LIE OPERATORS OF REPRESENTATION OF THE CENTRO-AFINE GROUP G L (3, R)

IN THE SPACE OF PHASE VARIABLES AND COEFFICIENTS OF THE SYSTEM S3(3)

We analyze the representation of the group H; from (2) in the space of phase variables

and coefficients E33(x, a) of the system (1).
The system (1) after transformation obtains the form

dx!

2\2
— +
dt )

—1\3 —1\2=2 1=
= a}“(x ) +a}12(x )X +a}22x (x

—2\3 —1\2-3 —1=2-3 —212-3
+a%22(x ) +ah3(x )X +a123x XX +a%23(x )X+

—1 =312 —2 =32 —343
+a}33x x7)" + a£33x (x%) +a;33(x )
dx?
dt

2V + 225 + 2-3
222(x )T+ 2 3(x )X +a123x

—13 —1\2=2 —1 =212
= a%ll(x ) +a%12(x )X +a%22x (x)“+

—1— (13)

% + a? 3(x 2%+
=352 =352 =353
) ) +a333(x)

+a133x 'x +a233x 2(x

dx’

"3 =1\3, 3 =1\2=2 2,
o = a?ll(x ) +a?12(x )X +a122x (x )+

+a§22()_62)3 + a?m()_c])zx + a xlx ¥ +ad 3(x 2% +ad., a 33X @)%+
=2 ,=3\2 =353
+a233 (x)"+ a333(x )

where

1 111 1 112 1 1
a,,, = —, d,;, =3 s A1ry = 3a1,,
111 2 112 A 122

1
—_— R a R R R

T _ 1 T _ %13 17 _ 1 T _ 1 T _ Al

Ay = A1y, Gy =3——= 1 s Qo3 = 0ay3, Gyyy = 341053, G133 = 3a33,
T _ 1 T _ 1
33 = 31033, 333 = Ad1dsss,
2 2 a2

2 = aiy 2 = 3a112 > 412
- 9 - ) 9

111 112 2 ar3 = 1

|
—_w
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2 a2
— — a — —
2 a2 2 —3dis A3 5 _ a2
“222 3y, A3 = a3, ajy3 =3 2 Ay = 6—= 1 a5y = 3ayy;,
1
., — S
2 _ 2133 2 _ 7.2 2 _ 2
ajy; =3 F 33 = 3ah33, Q333 = G333,
3 3 3
3 _ % PR 3"112 PR A1y
b b 9
111 /l? 112 /1% 122 1
3 3 3
—_ —  a —  a — —  a
3 _ 3 3213 3 %3 T3 43 3 ,%33
Aypy = Uyps AYj3 = 3=, A3 = A A3y = 33, Ay33 =
1

I
353 = 30353, Ay = a3, 11| = exp(A)). (14)

For A; = 0 we obtain the following non-zero coordinates of the Lie operator corre-
sponding to the group H

1 _ 1 1 _
'3 =X,Tn ="

1 1 _ 1 1 _ 1
2a111, M2 = —A112:M113 = —A113
2
77222 = azzz’ 77223 = a223, ’7233 = a233, ’7333 “3339’7111 —3ay;,
2 _ 52 2 _ 2 2 _ 2 2 _ 2 2 _ 2
M2 = —2a112,M13 = —2a713: M = 120> M3 = —A123: 133 = ~A133: (15)
3 _ 23 3 _ 5.3 3 _ 53 3 _ 3
M = =3a111>M1p = =247, M3 = —2a713, My = —d1p;
3 _ 3 3 _ 3
M3 = ~Ay23-M33 = ~a)33-
Thus, for the group H; we obtain the following operator
0
v =x1—a T+, (16)
x
where
5 0 4 0 J! 0 1 0
D amal “26‘ “361 +a 222(’)‘ +
111 112 113 %)
0 0 0 0
1 1 2
"‘51223(9 T ta 233a 1 "’61333—(9 1 3a 111—(9 C
a3 33 a333 111
—242 L_Z 2 0 a? 9 — g2 i_
“112(9 > "1138 2 1226 2 5’1236 ) (17)
ai; aj3 Ay i3
, 0 3 0 3 0 3 0
—a —3(1 —_— —2a —_— —2d —_—
1334 2 111 3 112 3 113 3
da oa oa da
ai33 111 112 113
_3 9 P 0 a3 d
1227 5 1236 3 133(9 3
122 a3 333
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Similarly for the groups H; (i = 2,3) and H;,3 (j = 1,6) we obtain the following
operators:

0
Hy o v =x"— +b, (18)
2
Ox
where
1 d 1 9 0 0
b = _allzaal - 2a1228a1 — a3 oal. 3a2226a1 -
112 122 123 222
0 0 0 0
1 1 2 2
_2‘1223—(9 1 _a233—a I +a1“8 ) 51113(9 3
473 ar33 ai a3
0 0 0 0
2 2 2 2
g o +dis T 2a3,, 2. 5o + (19)
122 133 222 223
+a? 0 _ al 0 _ 2a3 0 _ al 9
3335 2 12753 122753 12375 3
333 A A1 a3
;3 0 ;3 0
_3‘12228 3~ 2“2236 3 -
a4 ar3
0
H3 U3z = X3— + b3, (20)
3
Ox
where
U R R BN
3= _a‘”aal - améa] - am&a] — A3 9al
113 123 133 223
24 0 1 0 , 0 , 0
N B P I LU R - by
233 333 113 123
0 0 0 0
2 2 2 2
—2ais; FY Ry I 2ays, P 3ass, e + (1)
133 223 233 333
111 3 1128 3 1223 3
111 ai; A
N S A S R S
133 a3 222 6613 233 8(13 333 8613 .
133 222 233 333

Hi o vy =2 vy (22)
X
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where
0 0
_ 2 2 1 2
by =ay Jf(“uz_am)a 1 +ausa T
ai aip a3
+(a%,, - 2al,,)—— + (a%,, —al ;) —— + d* i+
122 112) 51 123~ 4n3) 1335 1
ST a3 ai33
0 0
2 1 2 1 2
+(ayys — 2a13) —— + (a5 - “133)'8a1 +asss oal
223 233 333
(23)
P S N S N S
111 2 112 2 113 2 122 2
da da da da
112 112 123 22
—24° 0 a0 ad 9 2aq3 9
1233 2 a1335 5 1113 3 1125 3
da da da da
223 233 112 122
P i_gcﬁ L_zéﬁ L_cﬁ 9
1137 3 122 3 123 3 13353
a3 a7 a3 33
, 0
Hs & vs =x @ + D5, (24)
where
0 0
_ 2 2 1 2
bs=aj —— +(ajp—ay) G +taj 3+
oa oa da
111 12 113
+(a%,, - 2al,,)—— + (a%,, —al ;) —— + d* i+
122 112) 51 123~ 4n3) 5 1335 1
122 123 133
0 0
2 1 2 1 2
+(ayy; - 2“123)—a — + (a5 - “133)'8 T T a333 dal
a3 33 333
(25)
P S N S N S
111 2 112 2 113 2 122 2
da da da da
112 112 123 222
—24°2 o _ a? 9 _ al 9 2a3 9
1237 2 1335 2 1115 3 1125 3
da da da da
223 233 112 122
P L_gcﬁ L_Zéﬁ L_cﬁ 9
1373 1227 3 123 3 13353
a3 a4 a3 33
. 0
H6 S VUg =X @ + b(,, (26)
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where
be = —3a! 9 - 24! 0 - 24! 0 al 0
6= 2y T 1225 7 12361 22231
111 112 113 122
0 0 0 0
1 2 1 2
a223a 1 2338 — + (ayy —3aj) —— +(ay, - 2”‘122)a R
123 33 aiy aj,
| 2, 0 | 2, 0 | 2, 0
+(ay3 = 2a1y3) —5— + (a1yy — ayp) 75— + (a5 — axy) 22 +
113 122 123
(27)
0 0 0
+(a133 0233)6 ot ‘1222a > T 02238 o T “233(9 R
33 %) a3 4333
0 0 0
3 3
"‘“3338 ) 3"1126 3 2‘11228 3 - 243 123(9 3
333 A a1 13
R R N S
"222(9 3 223(9 3 0233(9 3
b)) a3 133
3 0
H7 SV =X ox a0 + b7, (28)
where
b = —aj 0 —al 9 - 2al 0 al 0
7= 112a 1 1228 1 123(9 1 2226
113 a3 ai33 73
0 0 0 0
1 1 3 3
20y —— ‘3“233—6 T taing; ta 1125 PO
)33 333 ain 112
0 0
+(a113 a112)6 >t a1226 >t (am ‘1122)(9 + (am
a3 Ay a123
0 0 0 29
2 3
—2a13)—5— +a 2226 > T (a223 S e 92 +
ai33 ) a3
0 0 0
3 2 3 2 P
+(a333 — 2a53) —5— + (a33; — 3"233)(9 ) 112a 3
233 333 a3
N P P RPN .9
“1228 3 123a 3 azzza 3 a2238 3 —3ays; a3
a3 33 33 a333 333
. 0
Hg S Ug =X a3 + bg, (30)
ox
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where
0 0 0
_ 1 1 )
by = —3ay 3 —— a0 2“1236 1 —2a 1338 1 a3 -1 oal
111 ) 13 122
o _ 1 8 » 9o 0
_“2338 1 333a 1 —3a “38 5 ma 3
23 33 am 112
—2a? 9 as 9 a3 9 - a? 9 +
133(9 2 59X, da Py 2336 2 333 (9612
a113 122 123 133
(3D
+(a )y =303, =2 + (! — 20— + (aly — 20l —2—+
ayn —24113) 53 Aypp — 443 a3 ay;3 —4a133) 3
a1 A2 113
0 0 0
1 3 1 3 1 3
+(ajpy —ay3) 75— + (a3 - "233)—(9 — + (a3 - ‘1333)(9 3t
122 123 133
1 9 1 9 1 9 1 d
+azzz—a3 ""’223(9 3 ta 233(’) 3 ta 333a 3
222 a3 333 333
, 0
H9 © Vg = X ﬁ + bg, (32)
where
5 4! 0 g 0 4! 0 34! 0
9= “3(‘) 1 123(’) 1 1336 1 2238 1
4112 A1y 123 A0
5 0 4l 0 , 0 o 0 2 0
5’2%36 1 33%(9 1 a113a 2 1230 2 13%(9 S
a3 )33 a2 12 123
-3a2 -2a2 9 a? 9 +a? 9 +
257 2336 > 333(9 > 1116 3
222 73 ar33 111
(33)
, 3, 0 0 )
+ajp, —aj) 5+ aj3—— + (afy - “123) +
a1 m 122
+( 2 _ 3 ) 0 +a 2 +( 2 -3 3 ) +
Qpp3 — Az 03 133a 3 Appp — dy)3 a3
123 133 E555)
0 0
2 3 2 3
+(ayy; — 2ay35) —— + (a3 — a333)—6 3 ta 333(9 3
a3 33 a333

According to the work [9] we obtain
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Theorem 2.1. To the representation of the centro-affine group GL(3,R) in the space of

variables and coefficients of the system (1) correspond the Lie operators
0 0 0
1 2 3
U =X — +D,0p =x"—= + Dy, u3 =x"— + D3,
Ox! 0x? ox3

0 0 0
_ .2 _ .3 _ .1
Uy =X _axl + b4,U5 =X _3)(1 + b5,l/6 =X —axz + b6, (34)

0 0 0

3 1 2

U7 =X —+b7,vg =X —+b8,v9 =X"—= + Do,
0x? ox3 ox3

where d; are the operators of the representation of the group GL(3,R) in the space of
coefficients of the system (1) and are from (17)—(33).

For the system (1) the determining equations are [9]

PR =ETPL 4 (P (i, ),k =1,3), (35)
. ) i . . i
where &', = ank siP, = %.

Remark 2.1. The operators (34) satisfy the system of determining equations (35) for the
system (1) and, consequently, are admitted by this system. [9].

3. GL(3,R)-LIE ALGEBRA ADMITTED BY THE DIFFERENTIAL SYSTEM §°(3)

Lemma 3.1. The operators (34) form a nine-dimensional Lie algebra

Lo < vy, ...,v9 > with structural equations

[v1, v4] = —vg, [v1, Us] = —vs, [v1, us] = v, [V1, Us] = vs, [V2, 4] = vy,
[v2, 6] = —vs, [v2, v7] = —v7, [v2, v9] = vy, [U3, Us] = s, [v3, v7] = V7,
[v3, us] = —vus, [v3, v9] = —vg, [v4, 6] = V2 — vy, [Vs, V7] = —vs, (36)
[v4, vs] = o, [Us, 6] = v7, [Us, Us] = v3 — V1, [Us, v9] = —uy,
[ve, vo] = s, [v7, U8] = —ve, [U7, 9] = 3 — vy,

(the rest [v;,v;] = 0).

If we denote by

W] =Yg, Wy =V] —U3, W3 =VU] —VU2, W4 =U4, W5 =UVUs, W = Up, 37)
(37

w7 =VU7, W8 =V, W9 =VU] +V2 +VU3,

then we obtain
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Lemma 3.2. GL(3,R)-Lie algebra Ly < vy, ...,v9 > with structural equations (36) is

isomorphic to the Lie algebra Lg < wy, ..., wg > with structural equations

[wi, w2] = —wi, [wi,w3] =wi, [wi,ws] = ws, [w1,w6] = —ws,
(w1, w7] = W2 — W3, [W2, wW4] = ~wW4, (W2, ws] = —2ws, (W2, wWs] = we,

(w2, w7] = —w7, [wWy, wg] = 2wg, [w3,ws] = 2wy, [w3,ws] = -ws, N
[w3, we] = 2we, w3, w7] = w7, [W3, W8] = ws, [wW4, we] = —ws, e
[wa, w7] = —ws, [wa, ws] = W1, [ws, wWe] = W7, [Ws, Ws] = —wo,

[w7, wg] = —ws, ([wi, w;] = 0 otherwise).

For the Lie algebra Lg < wy, ..., w9 >, non-zero structural constants up to antisymmetry
in lower indices are:
1 _ 1 _ 4 _ 8 _ 2 _ 3 _
Ch,=-1,C;3=1,Cj5=1, C=-1, Ci; =1,C{; =1,
4 _ 5 _ 6 _ 7 _ 8 _ 4 _
C24 = _1, C25 = _2, C26 = 1, C27 - _1’ C28 - 2’ C34 - _2’

(39)
5 6 7 8 3 5
Cs=-1,C5=2,Cy; =1, Ci3 =1, Cjg = -1, Cpy = -1,
Ciw=1,Cl=1,C4=-1,C5%=-1.
According to (38) we have
Lo < wy,...,w9 >= Lg < W1, ...,wg > BZ < w9 >, (40)
where Z < wy > is a non-zero center of the Lie algebra Lg < wy, ..., wg >.
Next we determine the type of the algebra Lg < wy, ..., wg >.
The Killing form [2] of this algebra is
K<v,w>= K(,ﬁxayﬁ, Kop = C;anB (a,B, 7,0 = 1,_8). 40

From (41) using (39) we obtain
K <v,w>=6x"y! + 12x%y? + 6x°y? + 6x%y° + 12x°y° +
+6x6y4 + 6)cgy5 + 6x4y6 + 6xly7 + 6x5y8.
For it we have det(K,p) # 0, consequently, the Killing form is non-degenerate [2].

According to Cartan’s criterion [2], Lie algebra Lg < wy, ..., wg > is semisimple.

From (40) and definition of reductive Lie algebra we obtain

Theorem 3.1. The algebra Lg < vy, ..., v9 > is a reductive Lie algebra and corresponds
to the centro-affine group GL(3,R).

This algebra is isomorphic to the GL(3,R)-Lie algebra admitted by the differential
system s3(1,2) [9].
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4. ON THE NUMBER OF CENTER-AFFINE INVARIANT ELEMENTS FOR THE

DIFFERENTIAL SYSTEM 5°(3)

Based on the ideas from the papers [3]-[8] some ternary differential systems were
examined in the works [8]—-[10] under different aspects. The problem of constructing the
functional bases of invariants, comitants, contravariants and mixed comitants for different
ternary differential systems is a rather important one.

Consider the center-affine group GL(3,R) given by transformations g:

= qlx® (A=det(qh) #0) (j,a=1,3). (42)

Definition 4.1. According to [3] the vector of phase variables x = (x',x?,x%) of the
system (1), which changes by formulas (42) is usually called contravariant.

Solving the equation (42) with respect to x/ we obtain

¥ = plE (rj=13), (43)
where
Piql = o (44)
is the Kroniker’s symbol, for which we have
6§={1’ forr =, 45)
0, forr #s.

Definition 4.2. According to [3] the vector of phase variables u = (uy,us,u3) of the

system (1) which changes according to the formulas

u, =plu; (r,j=13), (46)

where p{ are from (43) is called covariant, and it is also called contragradient with the

vector X.

Geometrically, the vector x = (xl,xz, x3) is a point in a three-dimensional space, and

the vector u = (u1, up, u3) - is a line.

Definition 4.3. According to [3] we say that the polynomial x(x, u, a) of the coefficients
of the system (1) and of the coordinates of the vectors x and u is called a mixed comitant
of the system (1) with respect to the center-affine group G L(3,R) if the following identity
holds

s(x,i,a) = A 8s(x,u,a) 47
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for all g from GL(3,R) and every coordinates of the vectors x and u, as well as all

the coefficients a of the system (1), where g is an integer number called the weight of

comitant.

If the mixt comitant s(x, u, a) does not depend on the coordinates of the vector u, then
following the traditions of the academic C. Sibirschi school, we call it simply comitant,
and we will note it by k(x, u,a). If s(x,u, a) does not depend on the coordinates of the
vector x we call it contravariant [3] and we will note it by r(x, u, a). If s(x, u,a) does
not depend on the coordinates of the vectors x and u, then we will call it invariant of the
system (1) with respect to the GL(3,R) group and we will note it by j(x, u, a).

If the mixed comitant s has the weight g = 0, then it is called absolute, otherwise

relative.

Definition 4.4. We will say that the set of polynomial mixed -comitants
{sr(x,u,a), k € B}, of the system (1), with respect to the GL(3,R) group forms a
functional basis of the comitants of the system (1) with respect to GL(3,R) group, if
any comitant s, (x,u,a) r ¢ B of the system (1), with respect to the GL(3,R) group, is
expressed as a unique function from the comitants sy (x,u,a). Here B is a set of finite or

infinite natural numbers.

Definition 4.5. The functional basis of the mixed comitants of the system (1) with respect
to the GL(3,R) group is called minimal, if excluding any comitant from the basis, it

ceases to form a functional basis.

Similary, it is defined the functional basis of the comitants, contravariants and invariants
of the system (1) with respect to the GL(3,R) group.

Definition 4.6. The polynomial s(x,u,a) is called irreducible, if it is not expressed
polynomially by invariants, comitants, contravariants and mixed comitants, of the same

or lower degree.

Theorem 4.1. [9] For the polynomial s(x, u, a) in the coefficients of the system (1) and
the coordinates of the vectors x and u to be a mixed comitant of the system (1) with the
weight g and respect to the GL(3, R) group, it is necessary and sufficient that it satisfies

the equations

Vi(s) = —gs (i=13), Vj(s) =0 (j=49), (48)
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where V; (i = 1,9) have the form

0 0 0
Vi=vi-ui—, a=vo—-ur—, V3=v3 —uz—

ou ouy (9143’
0 0 0
Vi=vs—u1—, Vs=vs—uij—, Vs =vg—ur—, (49)
ouy ous ouy

0 0 0
Vi=v7 - Mza—w, V=3 _u3(9_u]’ Vo =v9 _u38_u2’

where v; (i = 1,9) are from (34).

Note 4.1. From the theory of systems of differential equations (see for example [3]),
it follows that the maximum number of functionally independent solution (invariants j,

comitants k, contravariants r and mixed comitants s) is equal to
u=N-rankM +1 (g #0), (u=N —rankM (g =0)), (50)

where N is the number of variables in the system of equations, M is the matrix constructed

on the coordinates of the differential operators (34).

Theorem 4.2. The number of the invariant center-affine polynomials of the differential
system s3(3) that form the functional bases of invariants u(j), comitants u(k), con-

travariants u(r) and mixed comitants u(s), respectively, is given in the following table

() | uCk) | u(r) | pu(s)
22 | 25 | 25 | 28

The number of this invariant elements is necessary for constructing their functional

bases.

5. AN ELEMENTS FROM THE FUNCTIONAL BASES OF INVARIANT POLYNOMIALS OF

THE DIFFERENTIAL SYSTEM §° (3)

According to the basic theorem of the theory of invariant tensors [4], of invariant
centro-affine polynomials, these invariants are constructed using the product of the tensor
coeflicients, using the alternation operation (using the unit vector), followed by the total
convolution operation (summation by an upper and a lower index).

In the case of the system s°(3) the general form of the mixed comitant is

A___AQ___ - Q___ XX X u_Uu_ U gNRB L gDIO203 g Sy
———
(51

d 0 w 81 82

where d, 0, w, g1, g» are natural numbers, which indicates the number of elements in the

brace.
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Particular cases of the mixed comitant are the invariant (6§ = w = 0), the comitant

(w = 0) and the contravariant (6 = 0).
We will study the construction of invariant centro-affine polynomials of the system
5s3(3) of the form (51) through the prism of the type below

(0, d; w), (52)

where ¢ is the degree with respect to the coordinates of the phase variable vector x =

(x1,x3,x3), d - the degree with respect to the tensor coefficients a{l 5
and w is the degree with respect to the coordinates of the covariant vector u = (u1, u, u3).

) of the system s°(3),

Next, we will investigate the centro-affine invariants of the system s3(3) for which
(0 = w = g2 =0), and according to the form (51) will be written as

a a ceea_ 8(!](}20/3 .“8(4)1(4)2(1)3

, (53)
d 81

where each upper index meets once again lower. Following this property we obtain that
3d = d + 3g,. From here we have

2d = 3g1, (54)

where d and g; are natural numbers.
Then from the equality (54) it follows that

Remark 5.1. For the product (53) to be a centro-affine invariant of the system s3(3) it is
necessary and sufficient that d be a multiple of 3 and g, be a multiple of 2.

1 1 ala a3 W] w2 w3 1
We will mention that & veenE (811 o135 - - - » Evyywy) are called the unit

trivectors with coordinates

araaz _

£ 0 otherwise,

(55)
(6123 = —€132 = €312 = —€321 = €231 = —&23 = 1,

Eu oz = 0 otherwise).

Next we will focus on the construction of the invariants of the system s°(3). In this

case the type (52) of the invariants will be written as
(0,d;0). (56)
Therefore, the lowest degree of the invariant (51) of the system s3(3) has the type

(0,3;0).
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In this case we can write unambiguously

a___a___a___gNnmguicws, (57)

The question arises, how will the indices of the expression (57) be trained in the total
convolution?

In this situation, Aronhold’s symbolic is welcome [3].

Invariants of the type (56) for the system s°(3) can be written using Aronhold’s

symbolic [3], from which it is easy to pass to the tensor form and vice versa.

Remark 5.2. We will describe the work with Aronhold’s symbolic. We introduce for the
tensor coefficients of the system s°(3) the symbolic Aronhold equality

izﬁy:aj’aa‘aﬁ'ay (j’a9ﬁ’7:L_3)’ (58)

a
which we will denote by the ideal vector a (a’,a, ag, a-its coordinates). According to
the above mentioned, the invariants of the system s>(3) are a product of tensor coefficients.
In this case, we will examine the removal of some misunderstandings in the product of

tensors with Aronhold’s symbolic.

J

Suppose, for example, that for the tensor @upy it is necessary to write the product

alg ab .. (59)
Taking into account (58) with the ideal vector a (the symbols a’l, ag, ag, a, do not
make sense by themselves, only their product does), we obtain that for (59) the symbolic

notation has the form

ajaaalgayaka 5Qudy, (60)
. J k J k .
which can mean, for example, @y 5405y 45 well as @op50yuy and so on. To remove this

polysemy, another ideal vector b is introduced for which analogously we have

agﬁy = bl byobgh,. 61)

In this way, the ideal vectors a and b are different, but the products (58) and (61) are
the same. Such ideal vectors a and b are called parallel ideal vectors, or they are
also called parallel symbols. Then for the product (59) we obtain the exclusion of any

misunderstanding and will write

J

a
aBy

ko _ k
Ay =4 aqaga,b"bsb,b,,

or
J k 1 k
Copy sy = b’bo,bgbya“asaya,.

These two symbolic writing are equal in rights.
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In the case of the cubic product (57) of the coordinates of the tensor coefficient a

-
aBy
it is necessary to introduce three parallel symbols to each other and so on, when we have
products of higher degree.

We proceed analogously in the case of the symbolic writing of polynomial differential

systems with different tensor coefficients.

Now we will examine the product (57) with three parallel symbols a, b, ¢ by writing

the first expression
J13 = (@a)(bb)(ce)labe)?, (62)

where
(@a) = a'ay + d*ar + a’as, (bb) = b'by + b*by + b>b3,

(cc) = cley + ey + es,

ay az as (63)
labc) =| by by b3 |,
¢ €2 C3
with the tensorial product
j1’3 = agpsagqtazrugpqrgstu‘ (64)

Examining all the possibilities of placing the parallel symbols a, b, ¢ in the round
brackets (in those squares only the sign can be changed, but since it is squared, this does
not matter, but it is necessary that the same symbol does not occur in the square bracket,

because a priori it is zero) we obtain the following expressions:
j2.3 = (@a)(be) (cb) [abe]?,
J3 = (@b)(ba)(@e)[abe]?,
j3.3 = (@b)(be) (ca) [abe]?, (65)
ja = (@c)(ba)(cb)[abe]?,
Js = (@c)(bb)(ca) abe]*.
Interchanging the parallel symbols we obtain

J2,3 =Js’ J2,3 =J3’ J3,3 =J4. (66)
a<b aec ae—b

From these 5 expressions form (68) only two are obtained, to which the tensor expres-

sions correspond

. _a B Y _pgrstu . _ _a B ¥ pqr .stu
J23 = Qopslyq O, &7 &, J33 = g @y Garys™" €. (67)
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Using the Jacobi matrix constructed on these elements we determine that they are
functionally independent.
The next type that exists is (0, 6; 0), using the procedure described above, 15 function-

ally independent invariants were determined

Jas = agalyl a'(BlBl 5 azﬁzyzagazﬁzazaz 62a$73 638(11 03 o123 6717273 5016263
J53 = a3“171 aga/bél agawzafﬁﬁl ﬁzaﬁﬁz)@a;ﬁs 5sgm @20 b3 Y1727 0102 53’
J6.3 = agalﬂ aiﬁl 50 agﬁznagazﬁs ast 62a¥y3 638“1 ©a3 o123 5717273 5616263
J13= ag’(llw aﬁﬁl o1 a;ﬁﬂzag@ﬁ} aljas 62 alli% 538m 20 PP 71723 5010203 ’
Js3 = a,l(llflnq a€B| 5 agﬁznagthﬁs a";a3 5 a;;)’z 63801 @203 o183 717273 5610203
Jo3 = agmyl aglﬁ 51az,3272a;’502ﬁ3al(lz0362a;73 53801 PP VYN 010203,
J103 = agam a€ﬁ1 51 a:yyﬁznazm&a/;% 52‘12;/3 53‘9a1 @ a3 B1P2P3 717273 5610263
Jns = agéll)’l alﬁﬁl 61 aZﬁznagazﬁsag(u 62“1/173 638a] 0203 f1Pofs V17273 g 5263’ (68)

J123 = agdlm a’ljﬁl 51 “Zﬁm“imﬁﬂﬁ% 62agy3 63‘9a1 @3 B3 717273 5610263
J133 = ag‘ll 7 alfﬁl 01 agﬂm fmzﬁsa#ds 62a;7’3 (53Sm 0 L g1V 50 6263’
J1a3 = agalylaﬁﬂ 51aZﬁ272a/6102B3a5m 6za273 638a1 azasgﬁlﬁz'&s%n%f:él6253,
J153 = agal i a’iﬁl s agﬁzyzazazﬁﬂif% 52“;% 533“1 @203 B1B23 Y1727 5010203
Ji6.3 = agal'}’lalfﬁl 51agﬁzwaiwzﬁzaﬁm620573538(“ 0 gL g2V 5010203,
J173 = aganq a’;ﬁl 50 aZﬁzyzagaz,Bgalcia_; 52":1;/3 63801 03 o123 5717273 5616263

B

Y

0 @3 P1B2P3 Y1723 616203

i — 40 o M v
J18.3 = Ayayy,98p, 6, apyy, L6 B3 v az 5, pys 63

Remark 5.3. In this way, 18 functionally independent irreducible invariants were con-
structed that are contained in a functional basis of the invariants of the ternary differential
system s> (3).

Analogously, we construct the centro-affine comitants of the system s3(3), which
according to the form (51) will be written

X x ...xTa___a___---a___ gumas
[ —

0 d 81 82
where each upper index meets once again lower. We obtain that 3d + 3g, = 6 + d + 3g;.
From here we have

w1 W) W “ e
gD & oy Evinu;

) (69)

2d = 6 +3g1 — 32, (70)

where d, ¢, g1 and g, are nonegative integer numbers.
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The first possible type is (2, 1;0), of this type we have only one comitant

ki =ag, xPx. (71)

There are two comitants of the type (4, 2;0)

_,a B VO UV _ B y. 6. 1 60
ko3 = Ay b5, X XXX, k33 = Aopysugh X X X7 (72)
There are four comitants of the type (3, 3; 0)
_ B b% 5.v o _ B Y v Sono
ka3 = ags,ayynly ,sX X xCel™0 ks3 = Agps0yundyooxtx x9g077, 73
_ B Y 6.V.,.0 TUT _ B Y U, 7T 0 OVOo
ke.3 = dgspayplyooX "X X°E , k713 = Uoyslp,, AnooX X" x e .
There are two comitants of the type (6, 3;0)
— L, B Y S U v . T O Y
kg3 = Ay @y @5, X XX XXX,
B Y 6 Y (74)
_ o« M VT prar
ko3 = Ay p @y gy X XXX XXV €0,

Theorem 5.1. The invariants j1 3 — ji6,.3 from (68) together with the comitants ki3 —
ko3 from (71)—(74) form a functional basis of the irreducible comitants of the ternary
differential system s> (3).

Analogously, we construct the centro-affine contravariants of the system s3(3) for
which (6 = g» = 0), and according to the form (51) there will be written

a___a___+Q___y_y_---y_ g0 wiwrw3

, (75)
d w 81

where each index from above meets again from below. We get 3d + w = d + 3g;. From
here we have
2d =38 — w, (76)
where d, w and g; are natural numbers.
Two contravariants of the type (0, 2;2) were constructed

_ o« B ayras B1B2Ss3
71’3 - aaalﬁl aﬁ02ﬂzua3uﬁ38 2 ’

B B1B2B "
_ a | a3 1P2P3
r23 = aﬁalﬁlaaa2B2”“3”ﬁ3g & .
Four contravariants of the type (0, 3; 3) were constructed
_ o« B Y a1 a3y 2272 JP1B3Y3
33 = dapa Yy arp Ay asps U Uty € € ’
_ B Y a1@3Y1 23272 B1B3Y3
43 = Aaya 980,898, asp ¥y Uy € € € ’ (78)

B

_ Y ajazyl n2p2y2 JP1B3Y3
5.3 = dgya Campprasps it lys© & & ’

_ L« B Y ayazy1 P18z B3y
re,3 = aﬁmﬁlayazﬁzaaa3ﬁ3u71uy2u738 & E .
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One contravariant of the type (0, 4; 1) was constructed

_ L B b4 S
73 = aﬁalﬁ1ayazﬁzaéag,&aa%nu%

ternary differential system s> (3).

Y@ a3 sﬁlﬁ’zyl 8,337273 .

(79

Theorem 5.2. The invariants ji3 — jig.3 from (68) together with the contravariants

r1.3 — 173 from (T7)—(79) form a functional basis of the irreducible contravariants of the

Analogously, we construct the centro-affine mixed comitants of the system s°(3) with

the type (51), therefore we have

2d =0 +3g1 -38 —w,

where d, 0, w, g1 and g, are nonnegative integer numbers.

One mixed comitant of the type (3, 1; 1) was constructed
$13 = agyéxﬁxyxéua.

Two mixed comitants of the type (1, 3; 1) were constructed

@ B

v 71 a2y P1B2y3
aa1B19Barp Y1727 X UyE 2 ,

$23=4a

_ B Y Y1 aya2y2 P18y
$33 = Ag a5,y 0,5, Ay y2ys X UaE g .

One mixed comitant of the type (2, 3;2) was constructed

_ B Y @ a3 1523
= a a xPxBuqjuge
543 = Ay o181 Y a8y Y assys akp

One mixed comitant of the type (3, 3;3) was constructed

— a
55.3 = Ao By, aazﬁznaasﬁw’s

differential system s> (3).

of the Jacobi matrix of these elements was calculated at the point

1 2 3 1 1 1
x=Lx=Lx=Lu=Lu=Lu=1,a, =1,4a,,,=0,4a,;=1,
Ll d el A el A 0 a0 =1. 4 =1
Aupp = L, Q3 = =1, Aj33 = =1, dypy =Y, Gpp3 =Y, Apzz = 1, dzzg = 1,
2 _ 2 _ 2 _ 2 _ 2 _ 2 _ 2 _
apy =1 aj ==l ay;3=0,a15 =1, a7 =0, aj33 = 1, a3, =0,

2 _ 2 _ 4 2 _ 3 _ 3 _ 4 3 _ 3 _
ay3 =0, a33 = -1, a55 = 1, ay = 1, ay, = -1, a3 =0, aj = -1,

3

81

EBiy1y2:

_ 3 _ 3 _ 3 _ 3 _ 3 _
ajp3 =0, a133 = -1, a3y =0, a3; =0, ay33 = 1, a3 = -1,

B Y x‘”x‘”zx‘”uau5u783132538717273.

(80)

(81

(82)

(83)

(84)

Remark 5.4. In this way, 5 functionally independent irreducible mixed comitants were

constructed that are contained in a functional basis of the mixed comitants of the ternary

Remark 5.5. To prove the functional independence of the invariant polynomials, the rank
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Abstract. Here is a more detailed description of the algorithm proposed in [1]. This
algorithm simultaneously uses two cryptographic procedures: encryption using a gen-
eralization of the Markovski algorithm [2] and encryption using a system of orthogonal
operations. In this paper, we present an implementation of this algorithm based on T-
quasigroups, more precisely, based on medial quasigroups.
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Un algoritm de criptare bazat pe o generalizare a algoritmului
Markovski si pe T-quasigrupuri

Rezumat. Se prezintd o descriere detaliatd a algoritmului propus in [1], care utilizeaza
simultan doud procedee criptografice: criptarea bazatd pe o generalizare a algoritmului
Markovski [2] si criptarea printr-un sistem de operatii ortogonale. in aceasti lucrare este
realizatd o implementare a acestui algoritm utilizind 7-quasigrupuri, mai precis quasi-
grupuri mediale.

Cuvinte-cheie: cifru, text criptat, text necriptat, algoritmul Markovski, quasigrup,

grupoid n-ar, T-quasigrup.

1. INTRODUCTION

This paper generalizes a cryptographic algorithm based on the use of quasigroups of a
special form and provides an example illustrating the operation of this algorithm.

Additional information is required for the modifications proposed in this work [3, 4].

2. BASIC CONCEPTS AND DEFINITIONS

Definition 2.1. A binary groupoid (Q, A) is a non-empty set Q with a binary operation
A defined on it. An n-ary groupoid (Q, A) is a non-empty set Q with an Q-ary operation
f defined on it.
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Definition 2.2. n-ary groupoids (Q, A1), (Q, Az),...,(Q, A,) are called orthogonal if

for any fixed n-tuple ay, ay, . . ., a, the system of the following equations
Al(x17x23 s ,xn) = ala
Az(xl7x2a .. ,xn) = 32,
An(xlaXZ, e ,xn) =dn

has a unique solution.

If the set Q is finite, then any system of n orthogonal n-ary groupoids (Q, A;),i € 1,n,
defines a permutation of the set Q" and vice versa [5, 6, 7]. Therefore, if |Q| = ¢, then
there are (g”)! systems of n-ary orthogonal groupoids defined on the set Q.

There are various generalizations of the definition of orthogonality of n-ary operations
[8,9].

Definition 2.3. A binary groupoid (Q, A) is called a quasigroup if Ya,b € Q two

equations are uniquely solvable: A(x,a) = b and A(a,x) = b.
This definition of a quasigroup is called equational.

Definition 2.4. Garret Birkhoff [10, 11] defined an equational quasigroup as an algebra
with three binary operations (Q, -, \, /) that satisfy the following six identities:

x-(x\y) =y,
(y/x)-x =y,
\(x-y) =y,
(y-x)/x=y,
x/(y\x) =y,
(x/y)\x =y.

Definition 2.5. With a given binary quasigroup (Q, A) there are (3! — 1) other, so-called
parastrophes of the quasigroup (Q, A):

A(x1,x2) = X3,
A1) (xp,x1) = x3,
AT (x3,x7) = x1,
AP (x1,x3) = x2,
A2 (x5, x3) = x4
A1) (x3,x1) = x3.

84



Malyutina N. and Shcherbacov V.

Definition 2.6. Letr (Q, ) be a groupoid and a be a fixed element of Q, then we denote
the left, right, and middle translations as L,, R,, and P, respectively, and define them

as follows: Lyx =a-x, Ryx =x-a,x-Pyx =a, Vx € Q.

Translations play an important role in the theory of quasigroups.
In the following Table 1, for each type of translation, the equivalent parastrophe of the

quasigroup (@, -) is shown in each of the six cases [12].

Table 1. Translations of quasigroup parastrophes

e | (12) | (13) | (23) | (123) | (132)
R | L |R'" P | P | L}

L | L | R |P'|L'| R P
P

Definition 2.7. A non-empty set Q with an n-ary operation f defined on it, such
that in the equation f(x1,X2,...,X,) = Xp41 the knowledge of any n elements from
X1,X2, .« »Xn,Xn+1, Makes it possible to uniquely determine the remaining (n + 1)th

element, is called an n-ary quasigroup.

Definition 2.8. An n-ary groupoid (Q, f) is said to be isotopic to an n-ary groupoid
(Q, g) if there are permutations (L1, U2, . . . , in Of the set Q such that: f (x1,X2,...,X,) =
p g (X, poxa, .y HnXn) VX1, X2, . X € Q.

It is written: (Q, f) = (Q,g)T, where T = (uy, ua, ..., y)— is an isotopy of an n-
ary groupoid.

If f = g, then we get an autotopy of the n-ary groupoid (Q, f). The last component of
an autotopy is called a quasiautomorphism.

If uy = up = - - = uy, then the groupoids (Q, f) and (Q, g) are said to be isomorphic.

And finally, if gy = yup = --- = u, = y, and f = g, then we obtain an automorphism
of the groupoid (Q, f).

Definition 2.9. n-ary quasigroup (Q, f) of the form:

FO) =aixr +agxa + -+ apxy +a = XL aix; +a,
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where (Q, +) is a group, a1, @y, . . ., @, are some automorphisms of the group (Q, +), and

an element a is some fixed element from the set Q, we will call a linear n-ary quasigroup
(over the group (Q, +)) [12].

Definition 2.10. An n-ary linear quasigroup (Q, f) over an Abelian group (Q, +) is called
an n-ary T-quasigroup [13]. If n = 2, then a quasigroup from this class of quasigroups is
called a T- quasigroup [14, 15].

The following identity for an n-ary quasigroup (Q, f)

SO, x12, 05 X1n), f (%21, X22, -+ 5 X20)5 -+ o5 f (Xnls Xn2, -+« 5 Xnn)) =
SO Gennsxars s Xn)s f(X12,X22, -+ -5 Xn2)s - -+ f (X0 X205 -+ - Xnn))
is called the medial identity [16]. An n-ary quasigroup with a medial identity is called an
n-ary medial quasigroup.
In the binary case, we get the usual medial identity:

Xy - uv =Xu-yv.

Definition 2.11. A quasigroup (Q,-) is a T-quasigroup if and only if there exists an
Abelian group (Q, +), its automorphisms ¢ and ¥, and a fixed element ¢ € Q such that
xX-y=¢x+yy+c, forallx,y € Q[14,15]. A T-quasigroup with the additional condition
oY = ¢ is called medial.

Medial quasigroups, like other classes of quasigroups isotopic to groups, allow one
to construct quasigroups with predetermined properties. Often these properties can be
expressed in terms of the properties of groups and isotopy components.

In the following theorem, the expression A L () A means that the quasigroups (Q, A)
and (Q, ® A) are orthogonal [12].

Theorem 2.1. For a finite quasigroup (Q, A), the following equivalences hold:
(A LA & ((N\2)-x=(\2)-y=x=y);

DAL PAe (zx-x=zy-y=>x=Y);

(iNA L PAe (x-xz=y-yz=>x=y);

(MALIPA e (x-zx=y-zy=x=Y);

WAL BPDA o (xz-x=yz-y=>x=y), forallx,y,z € Q.

To construct the quasigroups mentioned in Theorem 2.1, one can use GAP and Prover
[17].
If (Q, ) is a T-quasigroup of the form x - y = ¢x + ¥y + ¢, then its parastrophes have

the following forms, respectively:

x(l-z)y:a,bx+¢y+c,
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x Wy =gty —glyy - g7le,
x 3y =y lgx ey ly—yle,
x By = g lyx+goly - g7l
x By =yl —ylgy -yl
To construct a quasigroup (Q, A) orthogonal to its parastrophe in a more theoretical

way, one can use the following theorem [4, 18].

Theorem 2.2. For a T-quasigroup (Q, A) of the form: A(x,y) = ¢x + Yy + c, the
Jollowing equivalences hold over an abelian group (Q, +):

(A L DA o (¢ —y), (¢ + ¥)) are permutations of the set Q;

(i)A L A & (e + ¢)is a permutation of the set Q;

(ii))A L @A & (e + ¢)is a permutation of the set Q;

(iv)A L () A o (¢ + y?)is a permutation of the set Q;

(WA L BDA o (¢% + )is a permutation of the set Q.

Corollary 2.1. T-quasigroup (Z,, o) of the formxoy = k-x+m-y+c, where (Z,,+) isa
cyclic group of prime order p, k,m,c € Z,; k,m, k+m,k—m,k+1,m+1, K+m, k+m? #

”

0 (mod p), where the operation is multiplication modulo p, is orthogonal to any of

its parastrophe.

Quasigroups from Corollary 1 are suitable objects for constructing the above algorithms
[4].

Belousov [19] has a proof of Toyoda’s theorem, namely: if (Q, A) is a medial quasi-
group, then there exists an Abelian group (Q, +) such that the operation A has the form:
A(x,y) = ¢x + ¥y + ¢, where ¢,y are automorphisms of the group (Q, +), moreover,
oY = ¢, and c is some fixed element of Q.

The converse Toyoda theorem also holds.

Theorem 2.3. (Toyoda’s inverse theorem) Let (Q, +) be an arbitrary abelian group, ¢,
be automorphisms of the group (Q,+), where ¢ = W, ¢ € Q is a fixed arbitrary
element. Then (Q, -) is a medial quasigroup, where x - y = ¢x + ¥y + ¢,¥x,y € Q.

3. REesuLrs

Below we denote the action of the left (right, middle) translation to the power of a of
a binary quasigroup (Q, g1) on an element u; by the symbol 4, Tz (u1). And so on. Here
[; means the leader element.
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A description of Algorithm 1 and an example that implements the operation of this

algorithm can be found in [3]. Now we give a generalization of Algorithm 1. Note that

the algorithm works for texts with even length.

Algorithm 3.1. (Algorithm 1%).
Encryption. Initially, we have the plaintext uy, us, . .., us,.

Step 1.

AT () = vi, T (u2) = va, " (vi,v2) = (V). v));
Step 2.

gsT‘C)l;ZI (u3) = v3, g4T‘222(u4) = va, FyP (v3,v4) = (v, V)3
Step 3.

’ ’
gsT 7' (us) = vs, g T (ug) = ve, F5™ (vs,v6) = (v5,v):
3 4

Step N.

a, ’ ’
P IT . 1(uzn 1) = Von-1, gon I , “2 (Ugn) = Vops Fy™ (Vap—1,van) = (Vo1 Van)-
n— n

2n*
Thus, to encrypt a plaintext of length 2n, we need 2n different operations on the

We get the ciphertext \/1 , v'z, cesV

quasigroups used in Algorithm 1*, n different values of the function F, 2 leader elements,

and 3n different powers used in the translation algorithm.

’

Decryption. Let us have a ciphertext of the form 1/1 , v’z, P
Step 1.
Fr% (v, vy) = (v1,v2), o T " (1) = i, 0T, "% (v2) = uas
Step 2.
D' va') = (v3,v4); g T 2 (v3) = u3, o, T 2(v4) = ug,
Step 3. .

aB (V5a 6) = (vs,v6); g5 o '(vs) = us, g(, (VG) = U,
3 4

Step N.
—Qny , 7 ,
F (v2n 1’v2n) = (v2n la Van).
82n- 1 (VZn 1) = U2p-1, an (VZn) = Uy,
2n 1 2n
We received a plaintext of the form uy, uy, . .., uz,.

From Algorithm 1* we obtain the classical Markovski algorithm if we take only one
quasigroup, one kind of quasigroup translation (left translations), each of which is taken
to the first degree, and if the system of orthogonal operations (crypto procedures F) is not

used. Some generalizations of Algorithm 1 are given in [4].

88



Malyutina N. and Shcherbacov V.

The Markovski algorithm is a special case of Algorithm 1*. As in the Markovski
algorithm, in Algorithm 1%, the powers a1, a1z, . . ., a,3 must be different to protect this
algorithm from chosen plaintext and ciphertext attacks [3].

Consider the operation of Algorithm 1* based on T-quasigroups using a specific

example.

Example 3.1. Take a cyclic group (Z313,+) = (A, +).
Initially, we have a plaintext uy, uy, us, uq, us, ug of length k = 6.
1) First, we define all the T-quasigroups we need.
1. Define a T-quasigroup (A, g1) = (A, %) of the form:
xxy=25-x+37-y+11
with the leader 1. The mapping x — x * [| will be denoted by Ry, ,i.e., Rj, (x) = x * [ for
all x € A.
To find the mapping Rl_ll taking into account Table 1, we find the type of operation (1*3 )
using the formula: x (1*3) y=¢ x—¢p lyy—oplc.
¢ =25y =37c=11,
¢! =253 ( mod 313) = 288, -¢~! =25,
—¢~'y =25-37( mod 313) =299,
—¢~'c =25-11( mod 313) = 275.
We have:

(13)
x % y=288-x+299-y+275,

R = (13)l _ r3), h . A (13)) < “rieht i .
, =X * L =R "x. Inasense, e quasigroup (A, =) is a “right inverse quasi-

13
group” to the quasigroup (A, x). Note that Corollary 2.1 implies that (A, «) L (A, (* )).

2. Define a T-quasigroup (A, g2) = (A, o) of the form:
xoy=T75-x+39.-y+100

with the leader ;. Mapping x — [, ox is denoted by Ly, i.e., Ly,(x) = [y ox forall x € A.

-1
L’

formula: x @ y=—¢lox+yly -y le
¢ =754 =39,c =100,
Y1 =393 mod 313) =305, -y~ =8,
—~1¢ =8-75( mod 313) = 287,
—y~ e =8-100( mod 313) = 174.

23
To find the mapping L, ", we use Table 1 and find the type of operation (o) by the

We have:

(23)
x o y=287-x+305-y+ 174.
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3. Let us define a T-quasigroup (A, g3) = (A, %) of the form:
x*xy=127-x+213 -y + 19.
Mapping x — y % x is denoted by L,i.e., Ly(x) =y x x forall x € A.

(23)
To find the mapping L;l, use Table 1 and find the type of operation * by the formula:

(23) -1 -1 -1
X *x y==¢y dx+yYy y—y c

¢ =127, =213,c = 19,
v~ = 213311 mod 313) =241, -y~ =72,
—~'¢ =72-127( mod 313) = 67,
—~'e=72-19( mod 313) = 116.
We have:
(23)
X % y=67-x+241-y+116.
4. Let us define a T-quasigroup (A, g4) = (A, O) of the form:
x0y =151 -x+301 -y + 199.

Denote the mapping x — x0y by Ry,i.e., Ry(x) = x0y for all x € A.
(13)
To find the mapping Ry ! taking into account Table 1, we find the type of operation ¢

(13)
using the formula: x ¢ 'y = ¢~ 'x — ¢ lyy — ¢~ c.
¢ =151, =301,c = 199,
¢~ = 15131 ( mod 313) =199, ¢~ = 114,
—¢~'y =114 -301( mod 313) = 197,
—¢p~'c=114-199( mod 313) = 150.
We have:
(23)
x ¢ y=199-x+197 -y + 150.
5. Let us define a T-quasigroup (A, gs) = (A, ©) of the form:
xOy=213-x+3-y+0.
The mapping x — x @ y will be denoted by Ry,i.e., Ry(x) = x ©y forall x € A.

(13)
To find the mapping Ry ! taking into account Table 1, we find the type of operation ©

(13)
using the formula: x © y=¢ 'x -~y - o~ lc.
¢ =213,y =3,c=09,
¢~ = 21331 ( mod 313) =241, ¢~ =72,
—¢~ 'y =72 -3( mod 313) = 216,
—¢~lc=72-9( mod 313) = 22.
We have:

90



Malyutina N. and Shcherbacov V.

(23)
X O y=241-x+216-y+22.

6. Let us define a T-quasigroup (A, g¢) = (A, ®) of the form:
x®y=303-x+200-y+99.
Mapping x — y ® x is denoted by Ly,i.e., Ly(x) =y ® x for all x € A.
To find the mapping L', we use Table 1 and find the type of operation (?@3) by the
formula: x %93) y=—ylox+yly —yle
¢ =303,y =200, c =99,
Y~ =2003"( mod 313) = 36, -y~ =277,
— 1 =277-303( mod 313) = 47,
— e =277-99( mod 313) = 192.
We have:
x(g)y:47-x+36-y+192.
2) We define systems of two parastrophic orthogonal T-quasigroups. We need 3 systems
of cryptofunctions F.
1. We define a system of two parastrophic orthogonal T-quasigroups (A, g7) = (A, ©)

(23)
and (A, @) as follows:
x@y=T7-x+12-y+13

(23)
X @ y=182-x+287y+25.

(23)
Denote the quasigroup system (A, @, @ ) by F\(x,y), since this system is a function
of two variables. To find the mapping F L(x, y), we solve the system of linear equations:
7-x+12-y+13=a 175y =182 -a + 306 - b
=
182 - x+287-y+25=» 138x =287 -a+301-b+ 12
. x=86-a+136-b+ 177
F] (xa )’) :
y=289-a+25-b.
Therefore, we have, if Fi(x,y) = (a,b) = (7T-x+12-y+ 13,182 - x + 287 - y + 25),
then Fl_l(a,b) =(86-a+136-b+177,289-a+25-b).
2. We define a system of two parastrophic orthogonal T-quasigroups (A, gg) = (A, ®)

(23)
and (A, © ) as follows:
x@y=79-x+113-y+23

(23)
x ©@ y=27-x+277-y+202.
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(23)
Denote the quasigroup system (A,®, © ) by F>(x,y), since this system is a function

of two variables. To find the mapping F; (x,y), we solve the system of linear equations:

79 -x+113-y+23 =a 52y ==-27-a+79-b
S
27 -x+277-y+202=» S2x=277-a—-113-b + 179

Fl(x,y)
y=162-a+152-b.

Therefore, we have, if Fp(x,y) = (79 - x + 113 - y + 23,27 - x + 277 - y + 202), then
Fy'(a,b)=(216-a+52-b+178,162-a + 152 b).
3. We define a system of two parastrophic orthogonal T-quasigroups (A, g9) = (A, ®)

.|x—216-a+52-b+178

(13)
and (A, ® ) as follows:
x®y=81-x+101-y+99

(13)
X ® y=228-x+134-y+277.

(13)
Denote the quasigroup system (A, ®, ® ) by F3(x,y), since this system is a function
of two variables. To find the mapping F; L(x,y), we solve the system of linear equations:

81-x+101-y+99=a 280y =228 -a—-81-b-135
4 =

228 -x+134-y+277=0b 280x =-134-a+101-b

F (ry) x=42-a+272-b
x,y):
’ y=50-a+287 - b+6l.

Therefore, we have, if F3(x,y) = (81 -x + 101 - y + 99,228 - x + 134 - y + 277), then
F;'a,b) = (42-a+272- 5,50 - a + 287 - b + 61).

Now we can use all the operations described above in Algorithm 1%,

Let the plaintext look like 56; 43; 105; 59; 61; 19.

In the algorithm, we will use the following values of the degrees:
ain =3san = liaiz =25a2 = 15an =35a3 = 2;a31 = 3;a3n = 25a33 = 1.

Let us choose the elements as leaders: [} = 110;1, = 210.

Encryption.

Step 1.
aly " (ur) = e T710(56) = v1,
g1T1110(56) =u *xl;] =56%110=25-56+37-110+ 11 = 160,
a1 T10(56) = ¢, T},,(160) = 160 110 = 25 - 160 + 37 - 110 + 11 = 256,
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e T20(56) = ¢, T),1(256) = 256 % 110 = 25 - 256 + 37 - 110+ 11 = 152 = vy,
g2 ?12(1"2) =& 210(43) =V,
T),,(43) =1,043=75-210+39-43 + 100 = 312 = v,,
F{'(vy,v2) = F3(152,312) = (v}, v,),

F!(152,312) = (7- 152+ 12- 312 + 13,182 - 152 + 287 - 312 + 25) = (126, 171),
F?2(152,312) = F} (126,171) = (7- 126 + 12 - 171 + 13,182 - 126 + 287 - 171 +25) =
(130,44) = (v, v)),

Step 2.

T“21 (u3) = ¢,T}5,(105) = v3,

T, (105) = 130 % 105 = 127 - 130+ 213 - 105 + 19 = 82 = V3,
4 ‘222(144) =g 44(59) = V4,
2T, (59) = 59044 = 15159 + 301 - 44 + 199 = 129,
T2,(59) = ,T/,(129) = 129044 = 151 - 129 + 301 - 44 + 199 = 57,
T3,(59) = ¢, T),(57) = 57044 = 151 - 57 + 301 - 44 + 199 = 140 = vy,
Fy (v3,v4) = F}(82,140) = (v3,v,),

F)(82,140) = (79 - 82 + 113 - 140 + 23,27 - 82 + 277 - 140 + 202) = (98, 193),
F3(82,140) = F}(98,193) = (79-98 + 113 - 193 + 23,27 - 98 + 277 - 193 + 202) =
(152,282) = (vy, v)),

Step 3.
5T‘23I (us) = g5T1352(61) =Vs,

s T1s,(61) =61 © 152 =213-61 +3-152+9 = 312,

0T, (61) = ¢ T, (312) =3120 152 =213 - 312+ 3 - 152+ 9 = 252,
152(61) = ¢sT1,(252) =2520152 =213 252 +3- 152+ 9 = 305 = vs,
g6 a?”("%) = g6 282(19) = Ve,
s 5, (19) = 282® 19 = 303 - 282 + 200 - 19 + 99 = 140,
g6 35, (19) = ¢, The,(140) = 282 ® 140 = 303 - 282 + 200 - 140 + 99 = 239 = v,
;33(‘)5’ V6) - F3 (305’ 239) - (v55v6)>
F)(305,239) = (81-305 + 101 - 239 + 99,228 - 305 + 134 - 239 + 277) = (115,118) =

(vs, vg)-

We get the following ciphertext: 130; 44; 152; 282; 115; 118.
Decryption.

Step 1.
Fr3(v,vy) = FT2(130,44) = (vi,v2),
F1(130,144) = (86 - 130 + 136 - 44 + 177,289 - 130 + 25 - 44) = (126, 171),
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F2(130, 144) = F71(126, 171) = (86 - 126 + 136 - 171 + 177,289 - 126 +25 - 171) =
(152,312) = (v, v2),
ST = T(15D) =
WTab(152) =152 % 110 288152 +299 110+ 275 = 256,
WT2(152) = 4, 110(256)—256 110 = 288 - 256 + 299 - 110 + 275 = 160,
3(152) = o, TH(160) = 160 ‘5 110 = 288 - 160 + 299 - 110 + 275 = 56 = u,
T2 (1) = ¢, T50(312) = us,
T (312) =210 0 312 = 287 - 210 + 305 - 312 + 174 = 43 = 1,
Step 2.
F,“®(vy,v,) = F;%(152,282) = (v3,v4),
Fy1(152,282) = (216 - 152+ 52 - 282 + 178,162 - 152 + 152 - 282) = (98, 193),
F52(152,282) = F;1(98,193) = (216 - 98 + 52 - 193 + 178, 162 - 98 + 152 - 193) =
(82, 140) = (v3,v4),

gl i 2(v3) = g3 130(82) = us,
1

81 110

2 130(82) =130 * 82 67 -130+241-82+ 116 = 105 = us,
(V4) = g4 44 (140) = U4,

24 441(140)_140 <> 44_199 140 + 197 - 44 + 150 = 57,

e T2 (140) = o, T, (57) = 57 <> 44219957+ 197 - 44+ 150 = 129,

3(140) = ¢, T,;'(129) = 129 <> 44 199 - 129 + 197 - 44 + 150 = 59 = uy,
Step 3.
Fy“3 (v, vg) = Fy2(115,118) = (vs, ve),
F;U(115,118) = (42-115+272-118,50- 115 +287- 118 + 61) = (305,239) = (vs, ve),

ST;,““ (vs) = ¢5T;5,(305) = u

3

o

(13)
osT25(305) =305 © 152 = 241305 +216 - 152 +22 = 252,
(13)
s Ti2(305) = o T;2h(252) = 252 © 152 = 241252 +216- 152 + 22 = 312,
(13)
5T (305) = ¢ T1:h(312) =312 © 152 =241-312+216- 152 +22 = 61 = us,

gl o (ve) = g6 232(239) = Ue,
4

o6 Toh (239) = 282 ® 230 = 47282+ 36 - 239 + 192 = 140,
(23)
26 Tos(239) = ¢, T3 (140) = 282 ® 140 = 47 - 282+ 36 - 140 + 192 = 19 = ug.

We get the following plaintext: 56; 43; 105; 59; 61; 19.
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4. CONCLUSION

A program has been developed that uses a free version of the Pascal ABC programming
language. The conducted experiments show that encoding/decoding is performed quite
quickly. The program works for any values of leaders, powers, and any plaintext of
length 6. It can be easily modified for a text of any length and any used quasigroups and
functions.

Algorithm 1* makes it possible to obtain an almost “natural” stream cipher, i.e., a
stream cipher that encodes a pair of plaintext elements at any step. It is easy to see that

Algorithm 1* can be generalized to the n-ary case.

Remark 4.1. Proper binary groupoids are preferable to linear quasigroups in terms
of the construction of the map F(x,y) for greater encryption security, but in this case,
decryption may be slower than in the case of linear quasigroups, and the definition of these
groupoids requires more memory. The same remark is valid for the choice of the function
g. Perhaps the golden mean in this choice problem is the use of linear quasigroups over

non-Abelian, especially simple, groups.

Remark 4.2. In this cipher, there is a possibility of protection against the standard
statistical attack. For this area, more commonly used letters or pairs of letters can be

denoted by more than one integer or more than one pair of integers [3].
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The Lie algebra admitted by the ternary differential system
with nonlinearities of degree six

NATALIA NEAGU

Abstract. In this paper, the ternary differential system with nonlinearities of degree six
is investigated. For this system, nine Lie operators providing a linear representation of
one-parameter elementary groups are determined in the space of phase variables and
coefficients. The commutators of these operators, which form a Lie algebra Lg, are
constructed. The structure constants are determined, and the type of the Lie algebra is
analyzed. By means of the Killing form, it is proved that the Lie algebra Lg is reductive.
2020 Mathematics Subject Classification: 37C05.

Keywords: differential system, Lie algebra, continuous one-parameter elementary group,

structure equation, associated application matrix, Killing’s form.

Algebra Lie admisa de sistemul diferential ternar cu neliniaritati
de gradul sase

Rezumat. In acest articol a fost studiat sistemul diferential ternar cu neliniarititi de
gradul sase. Pentru acest sistem au fost determinati noud operatori Lie de reprezentare
liniard a grupurilor elementare uniparametrice in spatiul coeficientilor si variabilelor de
fazd. Au fost construiti comutatorii acestor operatori, ce formeaza o algebrd Lie Lg. Au
fost determinate constantele de structura si studiat tipul algebrei Lie. Cu ajutorul formei
lui Killing, a fost demonstrat cd algebra Lie Lo este reductiva.

Cuvinte-cheie: sistem diferential, algebra Lie, grup elementar continuu uniparametric,

ecuatie de structurd, matricea aplicatiei asociate, forma Killing.

1. INTRODUCTION

An important role in the theory of ordinary differential equations is attributed to the
class of autonomous systems of first-order differential equations whose right-hand sides
are polynomials with real coefficients. The study of these systems is actual because they
arise in many problems of a theoretical or applied nature.

In this paper, we examine the differential system s°(1, 6) of the form

dx’

o = a{;xa +a xUxBxYxOxHx” (J,a,B,v,6,u,v=1,3), ()

afByouv
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where ail BySuy is a symmetric tensor in lower indices in which the total convolution is

done [1], [2], [3], [4]. The coeflicients and variables of this system take values from the

field of real numbers R.

2. LIE OPERATORS OF REPRESENTATION OF ELEMENTARY UNIPARAMETRIC
TRANSFORMATION GROUPS OF THE TERNARY DIFFERENTIAL SYSTEM WITH

NONLINEARITIES OF DEGREE SIX

Remark 2.1. In three-dimensional space, the number of elementary one-parameter con-

tinuous groups is determined by the following nine cases [8]:

=, =42 =3 (14 e R\{0}), 2)
*=xl, =t P =23 (b e R\ {0}), (3)
=x!, @ =% P = (13 € R\ {0}), (4)
e=xl b 2= =X (1 €R), (5)
H=xl+ o, =4 P = (e R), (6)
=xl, P=px! 42 =X (i3 €R), (7)
=xl, =, =5 (weR), (8)
=x!, =2 ¥ = usx' +x° (us € R), 9)
=, B2=x? P = wex® + x> (ug € R), (10)

the groups denoted respectively by H; with parameters A; (i = 1,3) and H j+3 with
parameters y; (j = 1,6), in the phase space E3(x) of system (1), where x = (x',x2, x%).

It is known [2], [3], [7] that to each one-parameter transformation group acting in the

space E®(x, a) of system (1), we can associate an operator of the form

.0
X=§J@+d (J=13), (11)
where
j 0 i 0 . —
d=rla_]+r](1',3)/5/1vj— (]’a’ﬁ,Y96a/'laV: 1’3), (12)
aaa’ afByouv
and
_i _j =
P _6“{’| gy M= —aa"’”‘”‘ﬂ _
6(1 a=qp» a 8(] a=qqp» (lﬁ'yé aa a=qp» (13)

(Joa,B,7,0,1,v =1,3)
when ap = 0, and conversely.

The following theorem holds
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Theorem 2.1. The Lie operators corresponding to the representations of the groups
H;(i=1,3)and H;3(j= 1,6), from (2) - (10), in the space of variables and coefficients

E%(x,a) of system (1), are

0
X :Xlw +d1,

0
Xp = Xzﬁ + dz,

0
X3 =X3$ +d3,

0 0 0
Xy=x*—+ds, Xs=x— +ds, X¢=x'— +ds, 14
4 7,1 T 5 o1 T 6 72 T (14)
0 0 0
X x—+d, X x—+d, X x—+d,
TEX G TY 8 = PR 8 9 = o 9
where
d;=D" +D (i=T1,9), (15)
and 0 0 0 0
(1) 1 1 2 3
D =ay g+ ayo T —ais — o
a4, as ay @
0 0 0 0
pW__ 1 2 29 29 3.2
2 2 aaé ! 8a% 3 éag 2 6a;
0 0 0 0
DV = —gl — — 42 S+ ad—,
3 3 8aé 3 8a§ ! ﬁaf 2 (?a;
0 0 0
DWW — 42 (a2 — a2 2 9 2 0 3 ,
b TG GG Ty TG a G
0 0 0 0 0
Dgl) a‘;’ : +a§—1 + (ag —a} — a%—z - ?—3,
(')a1 6a2 0 3 8a3 8a‘3
0 0 0 0 0
DM S S RS S S S S
6 1 1 2 2 292 392 243
éal aal 8a2 8a3 0 1
0 0 0 0
DD - 0 % 3% L3 + (a3 a2 P
7 2 1 1 2 2 2 3 2 2 2 3°
a, da; da; 6a3 day
() _ ;0 2 1 3 ;0 ;0
Dy __a38_a% a3a %+(a1 as ?+a2(9_ag+a36 g,
0 0 0 0
DWW — _,1 2 2 +ai2 L v 2-dH-ZL + 2L 1
9 %861; 38a§ 1 o (a3 — a3 oa3 36a§ (16)
© _ <1 i 9 0
D™ = =5ay1 1 —4ay1127 7 4“111113(9 1 -
111111 111112 A3
0 0 0 0
3"111122—5 1 36’111123—6 1 3‘1111133—8 1 2‘1111222—8 1 -
111122 111123 111133 111222
0 ] 0
2"1112236) 1 2"1112338 1 2‘1111333(9 1 ‘1112222(9 1 -
A111223 A111233 111333 112222
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1 d 1 d 1 9 1 9
~a112223 —aal ~ 4112233 —aal ~ 4112333 —aal ~ 4113333 _aal +
112223 112233 112333 113333
| d | d | d | d
+a720027 Sal + 9003 Sal + 933 Sal + arr7333 Sal +
220002 222223 222233 222333
1 0 1 0 1 0 64> 0
+a773333 o + 333333 Sal + 4333333 dal a111111—aa2 -
223333 233333 333333 111111
2 2 2 2 0
_5a111112—6a2 _5a111113—8a2 _4“111122—8012 _4a“”23—8a2 -
111112 111113 111122 111123
0 0
2 2 2 2
—4aiy 3 5 —3ai 1 3 —3ai1123 3 _3‘11112336 3 -
11133 11222 111223 111233
2 2 2 2 0
—3a) 333 902 — 241190 942 — 2475003 902 — 2475033 902 -
111333 112222 112223 112233
—242 ——  _24? L — 42 L — 42 L_
a112333 7 2 a113333 5 2 51122222(9 ) 51122223(9 )
4112333 4113333 120020 120023
L A S - S AN S R
12223375 5 12233375 2 1233335 5 1333335 2
122233 122333 123333 133333
0
3 3 3 3
—6aiy 3 —S5ajin 3 = 5aijs 3 —4aj 1 3 -
A1 11112 11113 11122
0 0
3 3 3 3
—4aj| 1y 3 —4ajy 3 3 = 3ai 10 3 _3”‘111223(9 3 -
11123 111133 11222 A11223
3 9 3 0 2 3 0 2 3 0
_3“1112336 3 _3“111333(9 3 - ‘1112222(9 3 - a”22236 3 -
111233 4111333 12000 112223
0 0
3 3 3 3
—2a31033 3 = 2ai1333 3 — 2433333 3 - alzzzzza 3 -
112233 112333 113333 122022
3 d 3 d 3 d 3 d
~d120023 —aa3 ~ 4122033 —aa3 ~ 4122333 —aa3 ~ 4123333 _aa3 -
122223 122233 122333 123333
3 0
~a133333 EyE )
133333
DWW = _,! L_zal L_al L_&,l _9 _
2 T T4y g 1112275 7 111235 T 11122275 7
111112 111122 111123 111222
0 0 0
_2"}11223 - a}11233 - 4“%12222 - 3“%12223 -
dal dal da!l da!l
111223 111233 112222 112223
24! 9 1 9 5,41 9 4q! d
—2a112233 2al aq12333 2al a122222—6a1 — 7199723 Bl
112233 112333 122222 122223
—34! — = 24! L_al L_&ll _9 _
1222337 1 122333 5 1 123333 5 1 220227 1
122233 122333 123333 220022
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0
1 1 1 1
—Say9073 —8a1 —4ay033 —aa 1 — 3a550333 —8a1 —2a;5)3333 _8a1 -
202223 222233 222333 223333
—al L+a2 —+ad? L—a2 L+
233333 5 1 iy 2 111135 3 1112275 3
233333 111111 111113 111122
2 0 242 0 2 0 2 9
+aii1133 22 — 247112 22 —ai11223 22 + ai11333 22 -
111133 111222 111223 111333
0 0
2 2 2 2
_3a”2222—6a2 — 2475003 EY- a112233 EY- + a113333 a2
112222 112223 112233 113333
0 0
2 2 2 2
—4a1500 ) —3at03 3 — 241503 22 ~ 122333 902 +
122220 122223 122233 122333
0 0
2 2 2 2
+ai33333 EY 5a000 E 4a350003 EY 3a%033 E
133333 202222 222223 222233
242 0 2 0 2 0 3 0
T40)))333 E 4723333 E + 4333333 22 a2 a3 -
222333 223333 333333 111112
g 0 3 0 3 0 g3 0
241125 3 T %2353 3“1112223— A3, 3
da da da da
111122 111123 111222 111223
e _9 _ 4a3 _0 _ 3q3 _9 _ 243 _9 _
1112333 3 11222277 3 1122237 3 1122333 3
da oa oa da
111233 112222 112223 112233
0 0 0
3 3 3 3
~a112333 7, 3 = 5aimm 3 —4aiy 3 = 3aiy03; 3 -
4112333 122020 122223 122233
243 0 3 0 643 9 5,3 d
—a0 17333 03 ~ 153333 o3 — 0ay0020 a3 ~ 20377223 a3 -
122333 123333 202222 222223
443 9 343 d 243 9 3 9
- “222233—aa3 - “222333—6a3 - a223333—6a3 ~ Q33333 0a )
222233 222333 223333 233333
D = _g! —(9 —al —(9 — 24! —(9 -aj —5
30T T4 g 111235 7 111335 7 1112235 7
111113 111123 111133 111223
2 1 0 1 0 1 0 2 1 0
—44111233 9al —3ayy333 9al ~ 112223 9al — 20112233 oa! -
111233 111333 112223 112233
34! 9 44! 0 1 9 24! 9
—34112333 2al a113333—6a1 - 5’122223—6a1 — 20177733 EVI
112333 113333 122223 122233
3 1 0 4 1 0 3 1 0 1 0
T30 17333 9 0123333—aa1 — 24133333 E 322203 Jal
122333 123333 133333 222223
24} _9 3al _9 4al _9 54} 9
T40222033 2 ~ 20357333 2 — Fd3)3333 9a) — 90333333 9a] -
222233 222333 223333 233333
1 0 2 9 2 d 2 0
—6a333333 9 “111113—6a2 ~an123 a2 2a711133 92
333333 111113 111123 111133
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—a’ o 2a? -3a’? 0 a’ 0
112235 3 112335 3 1133375 3 11222375 3
111223 111233 111333 112223
2 2 2 9 2 d
—2a712933 a2 3atis33 EY 4aii3333 EY a127723 E
112233 112333 113333 122223
0
2 2 2 2
24755933 2 —3aiys33 22 —4aiy3333 22 = Sa33333 0a2 -
122233 122333 123333 133333
0 0
2 2 2 2
~4220023 E- 2a350033 E 3a%9333 EY 4a3y3333 E
222223 222233 222333 223333
0 17} d 0
2 2 3 3
—5a533333 9d2 — 64333333 P T anm pe T ainn pe +
233333 333333 111111 111112
0 0 0
3 3 3 3
+a1111226a3 —a111133 a3 + amzzzaag — 111233 a3 -
111122 111133 111222 111233
2 3 0 3 0 3 0 2 3 0
44711333 03 T a1 FPE ~ 112233 o> — 2d112333 03 -
111333 112222 112233 112333
343 9 3 d 3 d 23 0
—I4713333 23 + a2 pE ~ 12233 pE — 217333 23
113333 122222 122233 122333
343 9 43 0 3 0 3 0
—50123333 F 133333 Y + 3222222—803 ~ a22733 EER
123333 133333 222222 222233
243 9 3a3 9 4a3 9 543 9
—<0)))333 0a> ~ 20273333 oa ~ 70733333 PR — 20333333 0a ,
222333 223333 233333 333333
6 _ 2 2 ! 2 9
D, _allllll—aal + (@i =~ ) 7 '”’111113—8611 +
11111 111112 111113
0
2 1 2 1 2
+(“111122_20111112)8a1 +(“111123_“111113)aa1 +a1“1336a1 +
111122 111123 111133
2 1 0 2 1 0 2
+(aij1o0 — 3a““22)—8a‘ +(aiy1003 — 2“111123)—aa1 +(ay 33~
111222 111223
1 2 2 1 2
_a11“33)6a1 +aiy333 94! + (a10000 = 44111200) 94! + (ai10003~
111233 111333 112222
0 0
1 2 1 2 1
_3a1“223)—6a‘ + (a3 — 2411 1033) 75— + (@10333 — 6’111333)—6611 +
112223 112233 112333
17}
2 2 1 2 1
+ai13333 94! + (a0 = 54112200) 94! + (a3 — 44 112203) 94 +
113333 122222 122223

0 0
2 1 2 1 2
+(aip33 — 3a“2233)—8a‘ + (afp333 — 2a“2333)—8a1 + (afp3333~

122233 122333
1 2 2 1 2
_0113333)—(9“1 + 133333 9al + (a5 — 6“122222)—8611 + (a3~
123333 133333 222222
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0
1 2 1 2 1
_5a122223)8a1 + (ax0033 — 44 122033) 2l + (a30333 = 3a120333) 9al
222223 222233 222333
2 1 9 2 1 d
+(aya333 — 2a123333)—6a1 + (ay33333 — a133333)—6a1 +
223333 233333
2 0 2 0 242 0 2 9
+a333333(’)a1 A 22 ~ 441112 22 _0111113aa2 -
333333 111112 111122 111123
0 0
2 2 2 2
_3"111122—8(12 - 2a11“23—6a2 - 5’111133—6a2 - 4“111222—602 -
111222 111223 111233 112222
—34? 242 _90 a? _90 542 _90 _
1112233 2 1112333 2 113335 2 11222275 3
112223 112233 112333 122020
0 0
2 2 2 2
—4a75003 E 3at1033 EY 2a71 9333 EY 4113333 E
122223 122233 122333 123333
0
2 2 2 2
—6a717, 5 — Satymn; 5 —4aiy3 ) —3ai333 902 -
322020 4222223 4272233 4322333
-2a? - —a —a -a —5 - 243 —8 -
1233335 2 133333 2 153 iy 3
223333 233333 111112 11122
-a3 _90 343 - 243 _9o ad _9
111137 3 1112275 3 111237 3 111337 3
111123 111222 111223 111233
0 0
3 3 3 3
—4ay; 15, 9a = 3ay10; 9a° —2ay)p33 9a° ~ 4111333 9a° -
112222 112223 112233 112333
0 0
3 3 3 3
=5ai120m 9a° —4ay 53 9a° —3ay 5033 9a = 2475333 9a° -
122222 122223 122233 122333
0 0
3 3 3 3
~a7113333 9a — 6a17002 PE = Say5m; PE —4aiy3; PE -
123333 222222 222223 222233
3 3 0 2 3 0 3 0
—Ia15)333 e — 20173333 PP ~ Q133333 PYER
222333 223333 233333
© _ 3 9 3 3 1 0
Ds —“mmaal "‘“1111126—“1 +(a111113_a111111)—8a1 +
11111 111112 111113
3 3 1 9 3 1 9
+a““22—6a1 +<“111123‘“111112)—al +(C’111133_2a111113)—a1 +
111122 111123 111133
0
3 3 1 3 1
+01112228a1 +(“111223_a111122)—6a1 +(a111233_2“111123)—aa1 +
111222 111223 111233
0
3 1 3 3 1
+(ay a3 —3ay ) 4+ a112222—a1 + (a1 — 0111222)—(9 I +
111333 112222 112223
3 1 3 1 3
+(ai 033 ~ 2‘1111223)—8(11 +(a1p333 — 3"111233)—8&1 + (A 13333~
112233 112333
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THE LIE ALGEBRA ADMITTED BY THE TERNARY DIFFERENTIAL SYSTEM
WITH NONLINEARITIES OF DEGREE SIX

0
1 3 3 1 3
_40111333)—a1 + alzzzzz—al + (a9 — “112222)—aa1 + (ap033~
113333 122222 122223
1 3 1 3 1 0
_2“112223)—6 I + (aip333 — 3“112233)aa1 + (ayp3333 — 4a“2333)—6a1 +
122233 122333 123333
0
3 1 3 3 1
+(ai33333 — 5“113333)aa1 -+ azzzzzz—aal + (a390003 — “122222)—6a1 +
133333 222222 222223
3 1 0 3 1 0 3
+(a3033 — 2"122223)—6 1 + (ayn333 — 3“122233)—(9 I + (ay3333~
471233 4712333
0 J
1 3 1 3 1
_4“122333)—aa1 + (a333333 — 5“123333)—8a1 + (a333333 — 6“133333)aa1 -
223333 233333 333333
T S S P T A S
Iy 2 2y 2 sy 2 1227 2
111113 111123 111133 111223
0 0 0
24> — 347 — - — 24’ _
111123 3 2 1113375 2 1112227 2 1112233 2
111233 111333 112223 112233
—34? 442 _9 _ a? _90 242 _9
1123375 2 113337 2 1122227 3 1122237 2
112333 113333 122223 122233
0 0
2 2 2 2
—3ai12033 P 4“112333—2 - 5a7 3333 2 alzzzzz—a 3 -
4122333 4123333 133333 4520223
2 2 2 2 0
—2a15003 —6a2 —3a1y03; —8a2 —4aiy33; —8a2 = Saiy3333 _aaz -
222233 222333 223333 233333
—642 _9 a3 _9 _ a3 _9 _ 2a3 _9 _
1333335 3 1153 1111123 3 1111133 3
333333 11113 11123 11133
3 9 243 d 3 0 3 0
_“1111226 3 41111237 3 _3“111133(9 3 _“111222(9 3 -
111223 111233 a111333 112203
2 3 0 3 0 4 3 0 3 0
- a1”2238 3 _3“1112338 3 - "111333(9 3 _anzzzza 3 -
112233 112333 113333 122223
0
3 3 3 3
—2a7y5; —a3 —3ay 533 —a3 —4aj9333 —ag —5aj 3333 _6a3 -
122233 122333 123333 133333
3 0 2 3 0 3 0 4 3 0
_61122222(9 3 — 201200237 3 = 3aiy3; 3 — 7197333 oa -
4292223 4772233 4322333 4323333
543 9 6a’ 9
- 6’1233338 3 - “1333338 3 ’
333333 4333333
6) _ 1 9 1 d 1 d
Dg —_6"111112—6a1 _5“111122—01 _5a111123—aa1 -
11111 11112 111113
44! 0 44! 0 44! d | 0
- amzzzaal— - a1”2236al— - a111233(')al— - 30“22228(11—_
111122 111123 111133 111222
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0
1 1 1 1
—3a;1503 94! —3ay10033 oa! —3a110333 oal — 241550, 9al
111223 111233 111333 112222
1 9 1 d 1 0 1 9
2455503 EI 2a155933 2al 2a15p333 E 2a153333 9al
112223 112233 112333 113333
0 0 0 0
_4l _9 _4 _9 _4 _9 _4 o
2222227 1 220235 1 220335 1 2023335 1
A122022 A122023 122233 4122333
0 0
1 1 1 2 1
_a223333—8a1 - a233333—8a1 +(ayy — 6“111112)—8a2 +(ay 1~
123333 133333 111111
0
2 1 2 1 2
_5“111122)6 3 ‘*‘(51111113_5"111123)a ) "‘(51111122_4‘1111222)(9 5 +
AT11112 a111113 22
1 2 1 2 1
+(ay 3 — 4“111223)—8 2 +(ayy33 — 4“111233)—3 ) +(ay 0~
11123 A11133
0
2 1 2 1 2
_3‘1112222)a 3 + (a0~ 3“112223)0 3 + (a3 — 3"112233)(9 3
A11222 A111223 a

1 2
+(ay 333 — 3“112333)—8a2

2
—2a77023) 902
112223

1 2
+(ay13333 — 2“123333)—aa2

113333 122022
2 d | 2 9 | 2 d
—a%2273) a2 + (a10033 — a30033) 902 +(a190333 — 4220333) 902
122223 122233 122333
0
1 2 1 2 1
+(a 93333 — “223333)—aa2 +(aj33333 — a233333)_6a2 T a0 Y
123333 133333 222002
| d | d | d | 9
+a772023 Y + ar933 Y + 7333 Y + arr3333 Y +
222223 222233 222333 223333
0 0
1 1 3 3
+a733333 9d2 + 4333333 92 —6ajy 111,73 —5aj 11 Py -
233333 333333 111111 111112
S 1 e — A}y e — 40y~ — 4y
- a1111238a3 - a1112226a3 - a1112238a3 - a1112338a3 -
111113 111122 111123 111133
0
3 3 3 3
—3ay 50, e —3ay 53 pE! —3ay 533 PE —3ay 333 23
111222 111223 111233 111333
0
3 3 3 3
241592 a3 — 24153 o> — 2415533 03 — 2415333 a3 -
112222 112223 112233 112333
Iy S A [ A T N T
123333 5 3 220227 3 222237 3 222337 3
113333 122222 122223 122233

111333

1 2
+(ayp033 = 2“122233)0a2

1 2
+ (ay12000 — 2a770020) P

1
+(ay;
112233

1 2
+ (a9 — azzzzzz)—aaz
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THE LIE ALGEBRA ADMITTED BY THE TERNARY DIFFERENTIAL SYSTEM
WITH NONLINEARITIES OF DEGREE SIX

3 d 3 d 3 9
—a: — — & — — & —_—
2223337 3 223333 3 233333 3 ,
122333 123333 133333
DO _ g4 0 a0 a0 a0
7T T4y g 112275 1112375 7 1122275 7
111113 111123 111133 111223
—2a! —(9 - 3a! —6 —al —(9 - 2a! —8 -
111223 77 111233 77 11222277 112223 77
da da da da
111233 111333 112223 112233
—34! — = 44! L_al L_zal _9
112233 77 112333 31 12202277 122023 77
da da da da
112333 113333 122223 122233
—34! L_41 L_&,l L_al L_
a122233 77 1 A122333 75 1 1233335 1 200222 4 1
da da da da
122333 123333 133333 222223
1 1 1 1 0
—2a5y0003 —6 1 —3aym3 a1 4a;97333 a1 Say3333 _6 1 -
4112233 4777333 4713333 133333
0 0
1 3 3 2 3
—6ay33333 77 Taimng 2 Tainneg s +(—aintannn) T3 +
da da da da
333333 111111 111112 111113
3 0 2 3 9 2 3 9
Tai12 575 +(=alm + a3) T3 +(=2ai) 1105 + a111133) 75 +
111122 a11123 a11133
17} 0 0
3 2 3 2 3
"‘“111222—802 +(=ajjm + "111223)—aa2 + (=247 1503 + “111233)—aa2 +
111222 111223 111233
0 0
2 3 3 2 3
+(=3aj s ans) T+ a112222—a2 + (=ajp + a112223)—a2 +
111333 112222 112223
0 0
2 3 2 3 2
+(—2a7,55p3 + a“2233)—8a2 +(=3ay 5 + 0112333)—aa2 + (—4ay py+
112233 112333
0
3 3 2 3 2
+‘1113333)—(9 > + A7 + (Za1n0m + Ains) 75— + (—2a703+
713333 122022 122223
3 9 2 3 9 2 3 0
+a122233)—6a2 + (=3aiy; + am333)—6a2 + (—4aiy;s; + a123333)—6a2 +
122233 122333 123333
0 0
2 3 3 2 3
+(=5aip3333 + Ai33333) 7 T 9o 75— + (FAh0000 + Gop3) 75—+
4133333 4222002 322223
2 3 0 2 3 0 2
+(=2a30003 + a39233) 9a2 + (=3ay33 + a333) 9d2 + (—4ayy+
222233 222333
0
3 2 3 2 3
+a3333) 2 + (=5a33333 + d333333) ) + (64333333 + d333333) 2z
223333 233333 333333
O T N B D o B - S
12753 11122753 11123753 111222753
111113 111123 111133 111223
243 —(9 -3a3 —8 -a’ —8 -2d3 —8 -
1122375 3 11123375 3 112222753 112223753
111233 111333 112223 112233
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—3a3 - 443 _90 al _90 243 _9 _
112233 5 3 112333 5 3 12222275 3 1222235 3
112333 113333 122223 122233
0 0
3 3 3 3
—3a350033 9a° —4aiyny; 9a° = 5aip3333 9a° ~ A0 PR -
122333 123333 133333 222223
2 3 9 3 0 4 3 0 3 0
- a222223—6a3 = 3a350033 —aag ~ F2333 —aa3 —Sa33333 _6a3 -
222233 222333 223333 233333
—6a3 L
2333337 3 ’
4333333
6) _ 1 0 1 0 1 0 1 0
Dy~ = ‘6‘1111113—8 1 ‘5“111123—(9 1 _5“111133—6 1 _4“111223—8 1 -
11111 11112 411113 11122
0
1 1 1 1
—4ay11233 ol — 44111333 oa! —3ay1003 oal —3ay1233 9al -
111123 111133 111222 111223
1 9 1 d 24! 0 24! 9
‘3"112333—5611 —3ay3333 2l a122223 E 122233 2al
111233 111333 112222 112223
0 0
1 1 1 1
245333 9 2a1y3333 E 24133333 E 222203 E
112233 112333 113333 122222
1 d 1 d 1 d 1 d
—-a ———a ———a ———a —_—
222233 1 222333 5 1 223333 5 1 233333 5 1
122223 122233 122333 123333
0 0
1 2 2 2
~a333333 2 6“111113—a2 - 5“111123—a2 = 5aiyy133 a2
133333 111111 111112 111113
2 2 2 2 0
—4ai) 103 902 —4ay 33 942 —4ay 333 9a2 = 3aim; 902 -
111122 111123 111133 111222
0 0
2 2 2 2
—3a7)5033 2 " 3ai1p333 P 3413333 P 2a15003 P
111223 111233 111333 A2
2 2 2 2 0
—2a55033 —6a2 — 241333 —8a2 — 24753333 —8a2 = 2ai33333 902 -
112223 112233 112333 113333
2 d 2 d 2 d 2 d
~4220023 E- 4227233 E 4227333 E 373333 E
12202 122023 122233 122333
2 0 2 1 3 1
~a333333 Py - a333333—6a2 +(ay — 6“111113)—a 3 + (a1~
123333 133333 Y1111
0 0
3 1 3 1 3
=5a111123) 73 +(ayy13 —5ai1133) 73 +(ayy1100 — 4471123) 73 +
11112 Q11113 11122
0
1 3 1 3 1
+(ayy1103 =441 1033) 75— + (@133 — 44 1333) 75— + (@000
111123 11133
0
3 1 3 1 3
_36’112223>—8a3 + (a0~ 3“112233)—aa3 +(ayy033 — 3“112333)—aa3 +
111222 111223 111233
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THE LIE ALGEBRA ADMITTED BY THE TERNARY DIFFERENTIAL SYSTEM
WITH NONLINEARITIES OF DEGREE SIX

1 3
+(ayy1333 — 3a713333) 73

1 3
+ (ay12000 = 2a790003) T3

1
+ (ay19003~

a111333 112020
17}
3 1 3 1 3
_2“122233)—6a3 + (a3 — 2a190333) 75— + (A1333 = 20703333 75—+
112223 112233 112333
0
1 3 1 3 1
+(ayy3333 — 2“133333)—(9 3 + (a9 — 51222223)—(9 + (a190003~
4113333 122002
0
3 1 3 | 3
—Ay0033) 75 + (A1033 — @ops33) 75— + (120333 — “223333)—a 3 +
122223 122233 4122333
0 0
1 3 1 3 1
+(a1o3333 ~ A33333) 75— * (Ay33333 —A3apa) 73— + 6’222222—(9 3 +
123333 4133333 4292220
1 d 1 d 1 d 1 d
+a712023 . + 9033 Y + arr333 Y + drr3333 . +
4222223 4222233 4727333 4773333
1 9 1 9
tayz333 73—+ “333333—6 3 ,
333333 4333333
DW = _,! L_zal L_al L_&,l _9
o T Ty 111237 77 111337 71 1112237 73
111112 11122 111123 111222
0 0 0
1 1 1 1
_2“111233—8 1 - “111333—8 1 - 45’112223—(,j 1 - 3“112233—8 1 -
111223 A111233 A11202 112223
0 0
1 1 1 1
—2a415333 9a) ~ 4113333 9a) = Sa1553 9a —4a15933 94! -
112233 112333 122222 122223
1 0 24! 9 1 9 1 d
—3a2333 1 T 49123333 E 4133333 E 6455723 Jal
4122233 127333 173333 4222022
1 1 1 1 0
—Say033 E 4a357333 2 3ay3333 9 2a;33333 94 -
222223 222233 222333 223333
I T A S D - S N S
‘1333333(9 1 ‘1111113(9 ) “1111236 3 “1111336 3
733333 11112 11122 A11123
—34? 242 _90 _ a? _90 4a? _9 _
1122375 3 1123375 3 1113335 2 1122235 3
11222 111223 111233 112022
2 9 242 9 2 9 2 d
—3ai12033 E- “112333—6 3 - “113333—6 3 — Saiym; E-
112223 112233 112333 122022
0 0
2 2 2 2
—4ai)33 F 3aiys33 E 2413333 E- 4133333 Py -
122223 122233 122333 123333
642 9 542 d 442 0 2 9
~0a%22003 E- 477233 E- 377333 E 3a%3333 a2
222222 222223 222233 222333
0
2 2 2 2
—2a533333 P 0333333—aa2 + 0111111—6a3 +(aj2-
223333 233333 111111
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3 0 2

2 3 2
—aim) T3 vy T (@i 267 03) 5 + (af0
11112 A11113 1122
2 2 2
a111133)— +ayps s * (@, - 3“111223)— + (a71203—
A111123 A111133 11222
3 2 3 2 2
—2ay)1933) 73 + (i3 — “111333)—a3 + a1“333—6a3 + (a0~
111223 111233 111333
0
4“112223)—a 3 + (a3 1003 ~ 3“112233)—a 3 + (a7 1033 — 2"112333)—(9 3 +
112222 112223 112233
0
3 2
+(“112333 0113%33)—6 3 + a113333 P + (a0 ~ 5“122223)—6 3 +
112333 113333 122222
4 - 9 2
+(aiym03 — 6’122233)8 3 + (@y33 — 3"122333)a 3 + (aip333~
4122223 4122233
3 3 2 2
—2a7y3333) e + (af 3333 — 511333%3)—a 3 + 0133333—a3 + (a2000~
122333 123333 133333
(9
3 2 2
—0a359003) 7 + (a220003 — 5“222233)— + (ay033 — 4“222333) +
4320222 4322223 @333
0
+(a222333 - 36‘223333)—a + (0223333 - 2“2333%3) 53 +
32333 373333
0
2 3
+(ays3333 — A3a33) 53— + 4 333333a 3 . (17)
233333 4333333

Proof. We will examine the transformation group H1, given by formulas (2), in the space

of variables and coeflicients of system (1). Then, this system will be written in the form

dx/

_ =) Y =0 UV _ 18
I = d'pX +aa'375#vxxxxxx (j,a,B,v.6, 1, v =1,3), (18)
where
2 3
a a
1 _ 1 =1 _ 1 =1 _ 1 =2 1 2_ 2 2_ 2 =3 1 3_ 3
a, =a,, a, =A1a,, ay =A1az, aj = R a, =ay, a; =az, a; = 7 a, = a;,
1 1
al al al al
-3 3 -1 _ S 2 - 1122 - - 111222
ay=az, Ay =~ > A= 7 > dnnun = 3 o dlnn = 5
4 4 4 4
al al
-1 112222 -1 2 1 111113
1000 = —/11 > Q12000 = “122222’ ‘1222222 = 1“222222’ ay;s = FER
al al al
1 111123 -1 911223 -1 112223 -1 1
djypyos = 3 > 11223 = T 5 o %3 T FO A122023 = G122203>
/11 A 1
1 1 al
1 2 -1 1 L 1 1 112233
Ayrynz = 1“222223’ ajppzs = a111133/13 ajy1233 = 0111233/12’ Aj1a33 = T
1 1
al al
1 _ 1 -1 - 1a! 1 sz 112333
Q19033 = A100033> Gonposzz = A1Ay033> 1333 = 2 112333 = 1
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THE LIE ALGEBRA ADMITTED BY THE TERNARY DIFFERENTIAL SYSTEM
WITH NONLINEARITIES OF DEGREE SIX

1
a
1 1 | _ 1 1 _ 913333 -1 1
A10333 = A1203330 9202333 = A1o333 13333 = 4 123333 = 4123333>
1 _ 1 -1 _ 1 1 _ 1 1 _ 1
Ay3333 = Ad3333> 133333 = A1333330 Go33333 = 410033333, A333333 = 103333335
2 2 2 2
) Y o2 Yz - YN 2 ~ Yo
“111111——/16 ’ amnz——/ls , a111122——14 , “111222——/13 ’
1 1 1 1
2 2 2
2 _ Yoo pe _ om 2 = 2 2 ERINE
2 9’ b 9’ 5 9’
112222 = 222 = T 222222 = 42002205 A11113 =
/l] 1 /11
2 2 2 2
2 _ 91123 2 _ %1023 2 _ %2023 2 _ %2023
1123 = 52 > 411223 = 53 > 4112203 = — 0 0 10003 = T
3 /lzl; 3 /l? 3 /l% 3 /1]
2 2 2
2 _ 2 ) 133 2 711233 12233
320023 = 4200223> 4111133 = BT ay11233 = B 112233 = 2
1 1 1
2 2 2
) @033 o ) 2 333 112333
a122033 = 1 4320033 = 42200335 A11333 = 3 > Q112333 = 5
1 4y 4
2 2 2
) _ Ap333 o _ 2 ) 0713333 _ 123333
120333 = 1 252333 = A222333> 4113333 = — 5 > 4123333 = 1
1 4 1
a2
) _ 2 _ 933333 o _ 2 ) _ 2
4323333 = 4223333> 4133333 = —/11 » 0233333 = 4233333, 4333333 = 4333333>
3 6 3 3 3
B VL) R S D10 s O DU+ S S 7
i = > A2 = 5 0 A2 = 7 Ain = 3
4 4 A %
3 3 3
-3 _ Mo 3 _ @y 3 _ 3 3 ERINE
A112202 = 5 Q100000 = 1 220000 = 42200005 Q11113 = 5
/ll 1 /11
3 3 3 3
3 M3 3 M3 3 @3 3 @003
anis = BT ay11223 = B A112023 = 2 120023 = 1
1 1 1 1
3 3 3
3 - 3 Y1133 e _ Y1233 P _ %12233
222223 T 903 Y3 T T s T T3 0 dimess T T 5 o
1 1 1
3 3 3
3 @033 3 _ 3 3 Y1333 3 12333
A122033 = 1 220033 = 42000335 @111333 = 3 > 112333 = 5
1 4 A
3 3 3
-3 _ @333 _3 _ 3 3 13333 3 _ 23333
a122333 = 1 4320333 = 42203335 @113333 = 5 0 123333 = 1
1 A3 1
&3
3 -2 3 _ G333 o =3 3 -2
223333 T 9223333 D133333 T T ) T 9233333 T 933333 9333333 T Dazaans

Considering these equalities and introducing into (13) the notations @ = exp(A;) [?], where
exp(d;) = |11], we obtain
=x, &=¢=0,
m=0. m=a, my=a; =-aj, ;=n03=0, nj=-aj, ;m=m3=0,
’7{11111 = _50111111’ ’7}11112 = —4a}11112, ’7{11122 = _3‘1}11122» ’7}11222 = ‘25’111222’

1 _ 1 _ | 1 1 4l
Mi2222 = ~G1122220 M22222 = 0 M00000 = 2000000 Min1113 = ~44111113>
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77%11123 = _3“}11123’ 77}11223 = _25’}11223’ 77}12223 = _“}12223’ 77}22223 =0,
M3 = Gyms Minss = 34111133 Tios = ~20111230 Moo = ~ @1
1 _ 1 _ 1 1 _ 1 1 _ 1
M22233 = 05 Moo0033 = Go0p33s Miniszs = —26 111333 12333 = ~@1123335
’7i22333 =0, 77522333 = 0522333’ ’7i13333 = —a}13333, ’7i23333 =0,
1 1 1 _ 1 _ 1 1 _ 1
M3333 = A203333> Mi33333 = O 133333 = 90333330 1333333 = 333333
’7%11111 = _6“%11111’ 77%11112 = _5“%11112’ ’7%11122 = _4‘1%11122’ ’7%11222 = _3‘1%11222’
77%12222 = _2“%12222’ 77%22222 = —a%22222, 77%22222 =0, 77%11113 = _5"%11113’
77%11123 = _4‘1%11123’ 77%11223 = _39%11223’ 77%12223 = _24%12223’ 77%22223 = _9%22223’
’7%22223 =0, ’7%11133 = _4"%11133’ ’7%11233 = _3‘1%11233» ’7%12233 = ‘20%122337
77%22233 = _0%22233’ ’7%22233 =0, 77%11333 = _3"%11333’ ’7%12333 = _2“%12333’
’7%22333 = _0%22333’ ’7522333 =0, 77%13333 = _2“%133337 ’7%23333 = _“%23333’
’7523333 =0, '7%33333 = —a%33333, 77%33333 =0, W§33333 =0,

'7?11111 = _66‘?11111’ ’7?11112 = _5“?11112’ ’7?11122 = _4“?11122’ ’7%11222 = _3“?11222’
’7?12222 = _2"?12222’ ’7?22222 = _“%22222’ ’7322222 =0, ’7?11113 = _5"?11113»
77?11123 = _4“?11123’ ’7?11223 = _3“?112237 ’7?12223 = _2"?1222& ’7?22223 = _0?222237
’7;22223 =0, ’7?11133 = _4"?11133’ ’7?11233 = _3‘1?112337 ’7?12233 = _20?12233’
’7?22233 = _0?22233’ ’7;22233 =0, 77?11333 = _3"?11333’ 77?12333 = _2“?123337
'7?22333 = _a?22333’ 77;22333 =0, ’7?13333 = _2“?13333’ ’7?23333 = _“?23333’

3 _ 3 _ 3 3 _ 3 _
3333 = 05 Mi33333 = —A33333> M33333 = 05 M333333 = 0-

By substituting the values of these coordinates into (11) - (12), we obtain the operator X; and
dy, from (14) - (16).

Similarly, one can prove the determination of the operators X; and d; (k = 2,_9), from (14) -
(16), for the transformation groups H; (i = 2,3) and His (j= 1,6), when ui=0( = 1,6),
given by formulas (3)-(10), in the space of variables and coefficients E%(x, a) of system (1).
Theorem 1 is proved. O
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3. THE LIE ALGEBRA L9 OF THE ADMISSIBLE REPRESENTATION OPERATORS FOR

THE DIFFERENTIAL SYSTEM WITH NONLINEARITIES OF DEGREE SIX

For the operators X; (1,9) from (14) - (17), admitted by the system s> (1, 6), the follow-
ing holds

Lemma 3.1. The operators X; (1,9), from (14)-(17), form a Lie algebra Ly with the

structure equations
[X1, Xa] = -X4, [X1,X5] =—X5, [Xi,Xe] = X6, [X1,Xs] =Xs, [X2,Xu] =Xy,
[X2, X6] = —X6, [X2,X7] =-X7, [X2,Xo] = Xo, [X3,X5]=Xs5, [X3,X7] = X5,
[X3, Xs] = —Xs, [X3,X0] = —Xo, [X4,Xe] =Xo—X1, [X4,X7]=-X5,
[Xa, Xo] = X3, [X5,X6] = X7, [X5,Xs] = X5—- X1, [Xs5,Xo] = —Xq,
[X6, Xo] = X3, [X7,Xs] =—X6, [X7,X0] =X3-Xo, (19)
and for other commutators [X;, X;] = 0.

We introduce the notations

YI=X9, Hh=X1-X;3, Y3=X1-Xo, Ya=X4, Ys5=X5, Ye=Xs,

(20)
Y=X7, Ys=Xs5, Yo=X+X+ X;5.
The following lemma holds.
Lemma 3.2. The Lie algebra Lo(X1, . . ., Xo), with structure equations (19), is isomorphic

to the Lie algebra Lo(Y1, ..., Yo) with the following commutator table:

Table 1. The commutators of the Lie algebra Lyo(Y1,...,Yy)

Yi Y, | Y5 | Ya | Ys | Y5 | Vg Ys | Yo
Y, 0 Y, | Y 0 | Y4 |-Ys|Va-Y5| 0 |0
Y Y 0 0 | =Yy |-2Ys| Y5 | =¥ |2¥s| O
;| -V 0 0 |-2Yy| -Ys |2Vs| Y5 |-Y5!|O0
Ys 0 Yo | 2V | O 0 |-Y3| -Ys | Y1 |0
Ys| =Y. | 2¥s | Y5 0 0 | v 0 |-%|o0
Y Ys Yo | =2Y| Y5 | -¥7 | 0 0 0|0
Yo | -Ya+Ys| Y5 | -¥5 | Y5 0 | 0 0 |-Y|o0
Ys 0 s | -Ys | - | Y, | O Ye 0|0
Yo 0 0 0 0 0 | 0 0 0|0
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where the non-zero structure constants, except for those determined by antisymmetry with

respect to the lower indices, are
C112 =-1, C113 =1 Cfs =1 C186 =-1 C127 =1 C137 =-1, C§4 =-1
Cys=-2, CS=1, Cp=-1, Cyx=2, Ci=-2 Cy=-1, C%{=2,
=1 Ch=l. Cy=-l Ch=—-l Ch=1 -1

(21)
Ci=-1, CS%=-1.
From Table 1 we observe that
Lo =(Y1,...,Yo) = Lg(Y1,...,Ys) ® {Yo}, (22)
where Z = {Yy} is the non-zero center of the Lie algebra L9 = (Y1,...,Yy).
To determine the type of the Lie algebra Lg(Y1,...,Ys), we construct the associated
application matrix [2], [3]:
(ad(X)) =
o—-xr X! —x! x8 0 0 0 —x*
x’ 0 0 0 —x8 0 —x! X
—x’ 0 0 —x© 0 x* x! 0
3 X —x* =t X423 —x! 0 0 0 23)
- 0 2% =X —x/ 2x% + x3 0 x* 0
0 x© 2x0 0 0 —x2 =253 —x8 x’
0 —x’ x’ 0 X0 -x> x2 =3 0
—x 2% a8 0 0 x! 0 —2x% = x3

In a similar way, we construct the associated application matrix for the elementY € Lg:

(ad(Y)) =
y3 _ y2 yl _yl yS 0 0 0 _y4
y7 0 0 0 _y8 0 4l y5
_y7 0 0 _y6 0 y4 yl 0
_ y5 _y4 _2y4 y2 + 2y3 _yl 0 0 0 (24)
0 _2y5 _y5 _y7 2y2 + y3 0 y4 0
0 y6 2y6 0 0 _y2 _ 2y3 _y8 y7
0o -y 0 y® -y ¥y 0
_y() 2y8 y8 0 0 yl 0 _2y2 _ y3

Using the structure constants C,g from (21) and the matrices (23) - (24), we obtain the
trace of the product matrix tr((ad(X))(ad(Y))). By means of the trace of the matrix
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product tr((ad(X))(ad(Y))), we determine the Killing form [2], [3]:

K < X,Y >= tr((ad(X))(ad(Y))). (25)

Therefore
K<X,Y>=6x'y + 12x2y2 + 6)62)/3 + 6)c3y2 + 12)c3y3 + 6x4y6 + 6)c5y8 + 6x6y4+

+6x7yl + 6x8y5.

(26)
Taking into account the Killing form (26), we obtain that
K17 = K23 = K33 = K46 = K53 = Koy = K71 = Kg5 = 6,
(27)
K» = K33 = 12,
and for other elements K3 =0, (@, = m) for which we have
0 0 0 00 O0OG6GO
012 6 00 00O
0 6 12 0 0 0 0O
det(Kqp) dto 0 0 0060();&0 (28)
e =de .
o> 00 000006
0 0 0 6 00O0TO0
6 0 0 00 0 OO
0 0 0 06 00O

4. CONCLUSIONS

Since det(Kqp) # 0, it follows that the Killing’s form is non-degenerate, and in
accordance with Cartan’s criterion [3], we obtain that the Lie algebra Lg is semisimple.
Therefore, based on relation (22), we obtain that the Lie algebra Lg is a reductive Lie
algebra.

The Lie algebra Ly obtained for the ternary differential system with nonlinearities of
degree six (1) is isomorphic to the Lie algebra Lo admitted by the ternary differential

system with quadratic nonlinearities, from [8].
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Semantic non-compositional exploration of Bessarabian idioms
by LLMs
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Abstract. The study explores the potential of LLMs in interpreting and translating
Bessarabian idioms. The central problem addressed is the semantic non-compositionality
of idiomatic expressions, which poses a significant challenge for Natural Language Pro-
cessing since their figurative meaning cannot be derived from literal components. As
part of the CI ARiA project, 1000 proverbs were digitized, using a corpus of 400 of
them to evaluate the performance of 10 Al models (such as ChatGPT, Gemini, Grok).
The methodology is multi-algorithmic, combining textual distance metrics (Levenshtein,
Jaccard) with semantic similarity analysis via Sentence Transformers. The results in-
dicate that while models demonstrate a solid capacity to grasp metaphorical meanings,
significant differences exist regarding consistency and explanatory style.

2020 Mathematics Subject Classification: 68U15, 68T30.

Keywords: Large Language Models (LLMs), idioms, semantic non-compositionality.

Explorarea non-compozitionala semantica a idiomurilor
basarabene de catre LL.M-uri

Rezumat. Lucrarea exploreazd potentialul LLM-urilor in interpretarea si traducerea
idiomurilor basarabene. Problema centrald abordatd este non-compozitionalitatea se-
manticd a expresiilor idiomatice, care reprezintd o provocare majord pentru procesarea
limbajului natural deoarece sensul lor figurat nu poate fi dedus din componentele literale.
in cadrul proiectului CI ARIA, au fost digitalizate 1000 de proverbe, utilizind un corpus
de 400 dintre ele pentru a evalua performanta a 10 modele Al (precum ChatGPT, Ge-
mini, Grok). Metodologia utilizata este multi-algoritmicd, combinand metrici de distanta
textuald (Levenshtein, Jaccard) cu analiza similitudinii semantice prin Sentence Transfor-
mers. Rezultatele indica faptul cd, desi modelele demonstreaza o capacitate solidd de a
ntelege sensurile metaforice, exista diferente semnificative In ceea ce priveste consistenta
si stilul explicativ.

Cuvinte-cheie: Modele de Limbaj Mari (LLM), idiomuri, non-compozitionalitate se-

mantica.
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1. INTRODUCTION

In recent years, the accelerated development of Generative Artificial Intelligence
(GenAl) has fundamentally shifted the paradigm of how cultural, linguistic, and vi-
sual information is created, interpreted, and analyzed. Large Language Models (LLMs)
and deep learning-based image generation systems have evolved from experimental tools
into core technologies applied in education, research, and the creative industries. In this
context, the intersection of traditional cultural heritage and modern Al technologies has
emerged as a critical area of exploration.

The central problem addressed in this study is the complexity of idiomatic expressions
within computational linguistics. Unlike standard sentence structures, idioms represent
systematic deviations from the literal meaning of language. Most automated models,
whether for machine translation, semantic analysis, or text generation, rely heavily on the
principle of semantic compositionality, assuming that the meaning of a sentence can be
derived from the meanings of its constituent words and their grammatical combination.
However, this principle fails in the context of idiomatic expressions. As Multiword
Expressions (MWESs), idioms possess figurative meanings that are stable and culturally
recognized but cannot be deduced from the literal definitions of their components (e.g.,
the Bessarabian idiom a da ortul popii” literally means “’to give the coin to the priest,”
but figuratively signifies “’to die”).

As noted by Iordache Golescu [1], “Vorba fara glume pare ca bucatele fara sare, iar
pildele la vorba, tocma ca niste glume (Speech without humor is like food without salt,
and idioms in conversation serve the very same purpose as jokes)”, idioms function like
jokes that carry wisdom,” which are essential for the flavor and nuance of natural com-
munication. Without them, language risks becoming “unsalted” or flat. Consequently,
identifying and accurately interpreting these expressions presents a significant challenge
for Natural Language Processing (NLP). This challenge is particularly acute for under-
resourced or regionally specific dialects, such as the Moldavian idioms characteristic of
the Bessarabian region.

This research is part of the national project CI ARiA that aims to bridge the gap
between cultural heritage and technological advancement. The project focuses on the
digitization and augmentation of regional idiomatic expressions from the Republic of
Moldova, intending to facilitate deep language learning and promote indigenous linguistic
heritage. The project involves collecting and classifying approximately 10,000 tokens and
creating interactive educational experiences using Artificial Intelligence and Augmented
Reality (AR).
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Specifically, this paper analyzes the “state of the art” of current LLMs, examining
their capacity to comprehend, translate, and visualize the semantic depth of Bessarabian
idioms. By evaluating how these models process the figurative meanings of idioms, we
provide insights into the limitations and strengths of current Al systems in handling deep

semantic and cultural concepts.

2. THE NATURE AND TAXONOMY OF IDIOMS

In computational linguistics and lexicography, idiomatic expressions are generally
categorized under the broader umbrella of multiword expressions. According to the
Cambridge Dictionary [2] an idiom is a group of words in a fixed order that has a
particular meaning different from the meanings of each word on its own. An idiom is
traditionally defined as a lexical unit consisting of two or more words, characterized by
semantic non-compositionality. This means that the overarching sense of the expression
cannot be derived simply by aggregating the literal meanings of its constituent parts.

From a structural and semantic perspective, idioms are defined by three primary char-
acteristics. First, they possess figurative meaning, where the relationship between the
literal components and the actual significance is metaphorical or metonymic. For exam-
ple, the Bessarabian expression “a sparge gheata” (to break the ice) refers to initiating
social interaction, without involving any physical act of breaking frozen water. Second,
idioms exhibit syntactic frozenness (fixity), which means that they resist grammatical
alteration or lexical substitution. One cannot replace components with synonyms without
losing the idiomatic sense; for example, modifying “Dintr-un bob rdsar o mie” (From a
grain, a thousand sprouts) to “Dintr-un bob, o gramada” (From a grain, a heap) destroys
the established resonance of the phrase. Finally, institutionalization requires that the
expression be recognized by the linguistic community as a single semantic unit. A clear
example is “a tdia frunzd la caini” (literally: cutting leaves for dogs), which is universally
understood as “wasting time.” In contrast, a constructed phrase like “a tdia iarbd la pisici”
(to cut grass for cats)—though grammatically valid and semantically parallel—carries -
does not have meaning because the community has not encoded it. Similarly, altering “a
fi de rasul gdinilor” (to be the laughingstock of hens) to “gdstelor” (geese) breaks the
specific cultural code, rendering the phrase without its idiomatic impact.

Folklore researchers have proposed various taxonomies for idioms based on their degree
of opacity and grammatical structure. A widely accepted classification distinguishes
between four primary categories, ranging from completely opaque to statistically probable.
At one end of the spectrum are pure or opaque idioms, expressions in which the link
between the literal and figurative meaning is either severed or historically obscured.
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In the Moldavian linguistic context, a prime example is “la pastele cailor” (literally:
at the Easter of Horses); thus the constituent words offer no logical clue to the figurative
meaning of “never” or “an impossible time.” Similarly, “a spdla putina” (to wash the
barrel) is semantically opaque, as the literal action of cleaning a vessel has no intrinsic
connection to the act of fleeing, except through a lost historical context.

Moving toward greater transparency, semi-idioms (or metaphorical idioms) allow the
figurative meaning to be partially inferred through cognitive mapping. For example, the
Bessarabian expression “a pune paie pe foc” (to put straw on the fire) operates on a clear
metaphorical logic where the physical act of intensifying a flame maps directly onto the
abstract concept of aggravating a conflict.

Distinct from these phrase-level structures are proverbs and sayings, which function
as complete sentences conveying general truths, moral lessons, or advice. This category
is particularly relevant to the Bessarabian corpus, as proverbs often encapsulate the
collective experience and archaic wisdom of the community. An illustrative example is
“apa trece, pietrele raman” (water passes, stones remain), which conveys the permanence
of fundamental values amidst transient events, or “nu da vrabia din mand pe cioara de
pe gard” (do not trade the sparrow in your hand for the crow on the fence), which advises
against risking a certainty for a larger but uncertain gain.

Finally, the taxonomy includes collocations, defined as words that statistically co-occur
more often than chance. While these exist on the boundary of idiomaticity, they are crucial
for natural fluency. In the Moldovan linguistic context, one observes specific pairings

99

such as “ploaie torentiald@’ (torrential rain) rather than “ploaie puternicd’ (strong rain),
demonstrating a fixed lexical preference despite the semantic interchangeability of the
adjectives.

A distinct and fascinating category of idiomatic expressions is one that encodes encodes
empirical knowledge of the physical world. Before the formalization of the scientific
method, communities relied on acute observation and pattern recognition to survive,
eventually crystallizing these insights regarding gravity, thermodynamics, optics, and
causality into idioms and proverbs to ensure their transmission across generations. In
cognitive linguistics, this phenomenon is framed within Conceptual Metaphor Theory
[5], where a source domain rooted in physical reality is mapped onto a target domain
representing abstract social or psychological situations. Consequently, the source domain
often reveals a surprisingly accurate intuitive understanding of natural laws, frequently
referred to as ”Naive Physics” or “Folk Physics.”

This encoding of natural laws is evident across various scientific domains. Principles

of thermodynamics and material science, for instance, are preserved in the proverb “bate
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fierul cat e cald” (strike while the iron is hot) a direct instruction derived from metallurgy
regarding the increased malleability of metals at high temperatures, applied metaphori-
cally to the seizing of fleeting opportunities. Similarly, the Moldavian proverb "aurul nu
se uneste nici cu fierul, nici cu otelul ” (gold unites with neither iron nor steel) reflects an
intuitive understanding of chemical properties and the distinct nature of noble metals; it
uses the physical resistance of gold to alloy with base metals to metaphorically describe
the fundamental incompatibility between moral nobility and common baseness.
Furthermore, the inescapability of gravitational force is captured in the idiom “what
goes up must come down” which applies the laws of physics to the rise and fall of power
or fortune, while “Mdrul nu cade departe de pom” (The apple doesn’t fall far from the
tree) or “Aschia nu sare departe de trunchi” (The woodchip does not jump far from the
trunk) relies on the observation of vertical trajectories to explain hereditary traits.
Concepts of causality and fluid dynamics are equally prevalent. The idiom “Fard foc
nu iese fum” (There is no smoke without fire) inextricably links the observable effect
of smoke to its necessary cause, combustion. Finally, the behavior of water provides
a compelling case of cross-cultural divergence in physical observation. Although the
English proverb “Still waters run deep” correctly contrasts laminar flow with turbulence
to suggest hidden complexity (a state of being), its Moldavian equivalent, “Apa lind sapd
addanc” (Smooth water digs deep), emphasizes the erosive power and persistence of the
quiet force (an action), perfectly aligning with the geological principles of erosion.
Therefore, idioms are not merely linguistic ornaments, but serve as a repository of a
community’s empirical interaction with the physical universe, preserving observation-
based truths that predate formal scientific classification. Despite substantial progress,
LLMs continue to face notable challenges in processing idiomatic language. In particular,
they often struggle not only to recognize the empirical natural laws and phenomena
encoded in such expressions but, more importantly, to map these elements onto their
intended figurative meanings. In light of these challenges, we aim to assess the proficiency
of state-of-the-art LLMs in interpreting Bessarabian idioms, testing whether current model

architectures can successfully navigate this semantic complexity.

3. METHODOLOGY

To assess the semantic alignment between linguistic comprehension and the visual
representation of idioms, this study employed a cross-modal experimental design. The
methodology combines quantitative textual analysis with qualitative visual evaluation to

determine how Al systems navigate the non-compositional nature of Moldavian idioms.
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3.1. Data collection and corpus

The primary source for this study was the volume of G. Botezatu et al[3]. From this
volume, a dataset of 1000 representative Bessarabian idioms was manually digitized and
curated [4]. Within the selected dataset, the corpus includes both idioms characteristic of
the Bessarabia region and a significant number of common proverbs also used in Romania,
thus this broader linguistic space provides a diverse framework for exploring the semantic
non-compositionality of cultural heritage.

These idioms were selected based on their cultural relevance, linguistic complexity, and
distinct figurative nature. From these 1000 proverbs, 400 were used to analyze 10 LLMs
such as: ChatGPT, Grok, Gemini, DeepSeek, Mistral, Qwen, Alibaba Cloud, Copilot,
Perplexity, Claude.

The research was structured into two distinct but interconnected experiments:

(1) Textual analysis (LLM evaluation): Measuring the capacity of generative mod-
els to complete, explain, and translate idioms.
(2) Multimodal visualization: Investigating how text-to-image models interpret

figurative prompts derived from the idioms.

To rigorously assess the performance of the selected models, the experimental workflow
was divided into four distinct phases: generation, structuring, algorithmic evaluation, and

aggregation.

(1) Multi-model generation Each proverb in the dataset was processed individually
using ten distinct Large Language Models ChatGPT, Grok, Gemini, DeepSeek,
Mistral, Qwen, Alibaba Cloud, Copilot, Perplexity, Claude to generate a compre-
hensive set of linguistic outputs. For every entry, the models were prompted to
provide:

o Idiom completion: Generating the missing segment of the proverb (either
the beginning or the ending) to test knowledge recall.

o Generate explanation: When LLMs generate the missing segment of a
proverb, we also request an explanation in order to understand the ratio-
nale behind the generated continuation and how the figurative meaning is
interpreted within the native cultural context.

o English interpretations: Providing both the literal translation and a seman-
tic equivalent (or similar English idiom).

o Generate explanation of original idiom: Explaining the meaning of the
original idiom allows us to verify whether the idiom has been generated in its

correct form; a strong alignment between this explanation and the explanation
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provided during the generation phase indicates deep comprehension. All

steps are presented in Figure 1.
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Figure 1. Sample of the Collected Data

(2) Structured data organization The raw outputs generated by each Al model were

systematically organized into a structured CSV format. This step ensured precise

alignment between the original proverb (ground truth) and the respective model

responses, establishing a clean dataset for comparative analysis.

(3) Automated comparative analysis (Python implementation) To evaluate the

accuracy and fidelity of the generated texts, a custom Python script was imple-

mented. This script compared the original proverbs against the Al-generated

content using an extensive suite of textual and semantic similarity algorithms,

specifically:

Normalized Levenshtein distance: To measure character-level edit dis-
tance.

Jaccard similarity: To assess the overlap of token sets between texts.
SequenceMatcher: To identify the longest contiguous matching sequences.
Jaro-Winkler similarity: To evaluate string similarity with a bias toward
matching prefixes

TF-IDF + Cosine similarity: To measure the angle between vector repre-
sentations of the texts based on term frequency.

Longest common subsequence (LCS): To verify the structural integrity of
the recalled idioms.

Semantic similarity (Neural embeddings): Utilizing a multilingual Sen-
tence transformers model to evaluate meaning preservation beyond mere

lexical overlap.
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(4) Data aggregation and scoring The resulting scores for each algorithm were col-
lected and aggregated into a unified data structure (CSV/JSON). This consolida-
tion facilitated a robust quantitative analysis, allowing for a statistical comparison

of how each model navigates the complexities of Bessarabian idiomatic language.

4. RESULTS ANALYSIS USING TEXT COMPARISON ALGORITHMS

Following the collection and structuring of the Bessarabian idioms corpus, the next
stage of the research focused on a comparative analysis of the results generated by various
Artificial Intelligence models. The primary objective of this stage was to evaluate the
degree of fidelity, consistency, and semantic understanding of the proverbs in relation to
their traditional forms and established meanings in Bessarabian popular culture.

Given that idioms are short, semantically dense, and highly figurative linguistic con-
structions, a simple visual or subjective comparison would have been insufficient. There-
fore, the analysis was conducted using text comparison algorithms capable of capturing
both formal similarity (at the character and word level) and semantic proximity (meaning,
intention, message).

The chosen approach is multi-algorithmic, as no single algorithm can capture all
dimensions of a proverb: the exact form, syntactic structure, vocabulary used, and,
especially, the figurative meaning. By combining several methods, the results obtained

become more robust and their interpretation more credible.

4.1. Algorithms used

Several established algorithms in the field of Natural Language Processing (NLP) were
used, each with a well-defined role in the comparative analysis:

String-based algorithms (such as Levenshtein, Jaro-Winkler, or SequenceMatcher)
were used to evaluate similarity at the character level and textual order. These are
particularly useful for identifying minor variations, spelling differences, or reformulations
very close to the original.

Word-based algorithms (Jaccard, Word Overlap) allowed measuring vocabulary overlap
while ignoring word order. This approach is relevant for proverbs, where meaning can be
preserved even if the phrase structure is modified.

Vector and statistical methods, such as Cosine Similarity using TF-IDF, were used to
evaluate the relative importance of terms in each idiom, reducing the influence of very
frequent words, and highlighting key concepts.

Deep semantic similarity algorithms, based on pre-trained neural models (Sentence

Transformers), completed the analysis. These allow for comparing the actual meaning
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of texts, even when there is no obvious lexical overlap, being essential for interpreting
figurative meanings of idioms and paraphrases.
By using these algorithms in combination, the analysis is not limited to ”how similar the

texts are,” but responds more deeply to the question: do they convey the same meaning?

4.2. Results comparison and metrics interpretation

To evaluate the performance of Al models in completing, explaining and translating
proverbs, the results were compared using an extensive set of quantitative metrics, grouped
into thematic categories:

Proverb completion accuracy (Figure 2): It analyzes how correctly the original proverb
is reproduced. The exact match indicator represents cases where the model generated the
established form of the proverb identically. The fact that ChatGPT, Grok, and Gemini
obtain the same number of exact matches suggests a similar level of familiarity with the

canonical forms.

& Accuracy Metrics Breakdown

LT

Figure 2. Accuracy Metrics

Textual similarity metrics: For non-identical reproductions, Normalized Levenshtein
measures necessary modifications, Jaccard calculates word set overlap (reflecting syn-
onym usage), and Sequence Matcher/LCS ratio analyzes the continuity of sequences to
indicate how much of the original structure is preserved. Jaro-Winkler is more lenient
with minor differences and favors prefix matches.

Semantic similarity: Essential for idioms, cosine similarity with TF-IDF evaluates the
statistical proximity of important terms, while the semantic score (SentenceTransformer)
measures the actual proximity of meaning. High values here indicate that models largely
succeed in preserving the central idea of the proverb.

Length and style statistics: Metrics such as average word count and character count

show the stylistic consistency of the completions.
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Explanation quality (Figure 3): The consistency score reflects how well the explanation
aligns with the idiom’s meaning. Complexity metrics (length, number of sentences,
readability) show the explanatory style: some models are concise, others more elaborate.
A low word overlap score is a positive result here, as a good explanation interprets rather

than repeats the idiom.

“+ Consistentd Explicatii M Complexitate Text

= Explanation Quality Comparison

Figure 3. Explanation Quality

Inter-LLM and cross-comparisons (Figure 4): It analyzes convergence between models
(e.g., ChatGPT vs. Gemini). High semantic scores versus lower lexical scores indicate

agreement on meaning rather than wording

B Inter-LLM Translation Similarity
COk L0H

ChatQeT vs Grok

ChatGPT vs Gemini 05122 T2

Grok i Gewmind

Figure 4. Cross-Comparisons

The comparative analysis of the results generated by the ChatGPT, Grok and Gemini
models highlights that all three tools demonstrate a solid capacity to work with Bessarabian
idioms, both at the formal and semantic level.

However, the differences between them (Figure 5) become visible when the results are

viewed in detail, through the prism of the used metrics.
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I Radar Comparison - All Metrics

Figure 5. Radar Comparison

5. CONCLUSIONS

The exploration of Bessarabian idioms through Large Language Models (LLMs) con-
firms that current Al architectures have reached a threshold where they can effectively
bridge the gap between traditional cultural heritage and digital innovation. This research
demonstrates that while semantic non-compositionality remains a fundamental challenge
in computational linguistics, modern models possess the necessary depth to navigate
figurative meanings that cannot be derived from literal components.

Ultimately, the results indicate that LLMs are no longer merely experimental tools
but have become core technologies capable of preserving and interpreting the “unsalted”
nuances of natural communication. This research lays the groundwork for future interac-
tive educational experiences that leverage the synergy between Bessarabian folklore and
Generative Al.
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Abstract. We research T- quasigroups with AD identity and Schweitzer identity. The
necessary and sufficient condition has been determined that in the T- quasigroup G of
the form x - y = ¢(x) + ¢ (y), AD identity and the Schweitzer identity are true. We
have used the concept of a special direct product of an topological Abelian group G and
proved that a binary operation can be defined on the set G X G, such that the new algebraic
structure is a non-associative topological quasigroups obeying medial, semimedial and
AD laws.
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Keywords: T-quasigroup, AG-quasigroup, AD-quasigroup, Schweitzer quasigroup, me-

dial, semimedial quasigroup, topological quasigroup.

Asupra metodelor de constructie a quasigrupurilor AD

Rezumat. Lucrarea este dedicata studiului 7- quasigrupurilor cuidentitate AD siiden-
titate Schweitzer. A fost determinata condifia necesara si suficientd cain T- quasigrupul
G de forma x -y = ¢(x) + ¥ (y), identitatea AD si identitatea Schweitzer si fie adevarate.
A fost utilizat conceptul de produs direct special al unui grup abelian topologic G si s-a
demonstrat ca o operatie binard poate fi definita pe multimea G X G, astfel Incat noua
structura algebrica sa fie un quasigrup topologic neasociativ care este medial, semimedial
si AD.

Cuvinte-cheie: T-quasigrup, AG-quasigrup, AD-quasigrup, quasigrup Schweitzer, qu-

asigrup medial, quasigrup semimedial, quasigrup topologic.

1. INTRODUCTION

In this paper we study T-quasigroups with AD identity (or Abel-Grassmann’s right
invertive groupoid identity) a - bc = ¢ - ba and Schweitzer identity xy - xz = zy.

A T-quasigroup is a specific category of quasigroups (G, -) that can be expressed in
terms of automorphisms of an abelian group (G, +), using the relation x - y = ¢(x) +
W (y) + a, where ¢ and y are automorphisms, and « is a fixed element.

We will say that the isotope (G, -) is generated by the automorphisms ¢, ¢ and a fixed
element a € G of the Abelian group (G, +), and, we write (G, ) = g(G, +, ¢, ¥, a).
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It is shown that if G is a T-quasigroup, then G is AD-quasigroup if and only if for
any of its T- forms (G, +, ¢, ), ¢(x) = ¥*(x).

At the same time it is proven that in T-quasigroup (G,-) of the form (G, +, ¢, ¥)
Schweitzer identity is true if and only if ¢*(y) + Y@ (y) = 0, (¥ (x)) = ¥ (x), ¥*(z) =
®(2).

Based on the demonstrated statements, examples of AD and Sweitzer quasigroups are
constructed.

A new construction method of medial, semimedial and AD topological quasigroups
has been proposed.

The authors have used the concept of a special direct product of an topological Abelian
group G and proved that a binary operation can be defined on the set G X G, such that
the new algebraic structure is a non-associative topological quasigroups obeying medial,
semimedial and AD laws.

The results established are related to the results of L. Chiriac and N. Josu in [1, 2] and
to the research papers [3, 4, 7, 8, 9, 10].

2. Basic NoTioNs

In this section we recall some fundamental definitions and notations [5, 6, 11].

A non-empty set G is said to be a groupoid with respect to a binary operation denoted
by {-}, if for every ordered pair (a, b) of elements of G there is a unique element ab € G.

A quasigroup is a binary algebraic structure in which one-sided multiplication is a
bijection in that all equations of the form ax = b and ya = b have unique solutions.

A groupoid G is called a primitive groupoid with divisions, if there exist two binary
operation/ : G XG — G,r : GXG — G such that [(a,b) -a = b,a -r(a,b) = b for
all a,b € G. Thus, a primitive groupoid with divisions is a universal algebra with three
binary operations.

A primitive groupoid G with divisions is called a quasigroup if the equations ax = b
and ya = b have unique solutions. In a quasigroup G the divisions /, r are unique. If the
multiplication operation in a quasigroup (G, -) with a topology is continuous, then G is
called a semitopoligical quasigroup. If in a semitopological quasigroup G the divisions /
and r are continuous, then G is called a topological quasigroup.

An element e € G is called an identity if ex = xe = x every x € G. A quasigroup
(G, -) with an identity element e € G is called a loop.

A groupoid (G, ) is called medial if it satisfies the law xy - zt = xz - yt for all
x,¥,2,t € G. A groupoid (G, -) is called paramedial if it satisfies the law xy - zt = ty - zx
forallx,y,z,t € G.
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A groupoid (G, -) is called bicommutative if it satisfies the law xy - zt = ¢z - yx for all
x,y,2,t €G.

A groupoid (G, -) is called a groupoid Abel-Grassmann or AG-groupoid if it satisfies
the left invertive law (ab) - ¢ = (¢b) -aforall a,b,c € G.

An Abel-Grassmann’s right invertive groupoid (also known as a right almost semigroup
or RA-semigroup) is a groupoid that satisfies the right invertive law a(bc) = c(ba). This
structure is the dual of the AG-groupoid (or left invertive law). We will use a right
invertive groupoid as AD groupoid.

A groupoid (G, ) is called AD-groupoid if it satisfies the law a - bc = ¢ - ba for all
a,b,ceG.

A Schweitzer quasigroup (G, -) is a quasigroup that satisfies the Schweitzer identity
(xy) - (xz) = zy for all elements x, y,z € G.

A Neumann quasigroup (G, -) is a quasigroup that satisfies the Neumann identity
x(yz-yx) =z forall elements x,y,z € G.

Left semi-medial identity in a groupoid (G, -) has the following form: xx - zt = xy - xz
for all x,y,z,t € G. R.H. Bruck [15] used this identity to define commutative Moufang

loops in the class of loops.

3. T-QUASIGROUPS WITH AD AND SWEITZER IDENTITIES

In this section we study some aspects of charaterization of abelian groups isotopic to

T-quasigroups.

Definition 3.1. Quasigroup (G,-) is a T-quasigroup if and only if there exists an
abelian group (G, +), its automorphisms ¢ and ¥, and a fixed element a € G such that

x-y=@x)+y(y)+aforallx,yegG.

Under the conditions of Definition 3.1 we shall say that the isotope (G, -) is generated
by the automorphisms ¢, ¢ and a fixed element a € G of the abelian group (G, +), and,
we write (G, ) = g(G, +, o, ¥, a).

We study the problem formulated below.

Problem 3.1. Let (Q, ) be a T-quasigroup. Under which conditions the Q is a quasi-
group (of its T-forms (Q,+, ¢, ¥,a)) satisfying the identities P; of some algebraic

structure, wherei = 1,2, ..., k?

In [12, 13], V. Shcherbacov and his students studied T-quasigroups with Schroder
identity, Stein 2-nd and 3-rd identity.
We examine the T-quasigroups with AD and Schweitzer identities.

130



Chiriac L., Josu N., and Lupashco N.

Theorem 3.1. Let (G, -) be a T-quasigroup. Then (G, -) is AD-quasigroup if and only
if for any of its T-forms (G, +, ¢, ¥), ¢(x) = ¥ (x)>

Proof. We rewrite the identity of the AD-quasigroup

X-yz=2-Yyx, (1)
in the following form:
e(x) + ¥ (y2) = ¢(2) + ¥ (yx). (2)
From (2) we have
o(xX) + ¥ (e(y) +¥(2) = @(2) +¥(p(y) + ¥ (x)). (3)
o(x) +Yo(y) + ¥ (2) = ¢(2) + Ye(y) + ¥ (x). (4)
@(x) + Y% (2) = p(2) + Y (x). (5)

If we substitute x = 0 in equality (5), then we obtain

v (2) = ¢(2). (6)

If in equality (5) z = 0, then we obtain

() = ¢ (x). (7)

Converse. Substituting the expression x - y = ¢(x) + (y) in identity (1), then we get
(4). Substituting equalities (6) and (7) in (4), we obtain that identity (4) is true. In this
way, in this case, we have that identity (1) is true. The proof is complete. O

Example 3.1. Examine the group Z7 of residues modulo 17. Define the quasigroup
(G,-). We define the binary operation x - y = 16x + 4y(modl17) for all x,y € G. Then
(G,-) is an AD — quasigroup. Check. Let x - yz = 7 - yx. Then 16x + 4(16y + 4z) =
16z +4(16y + 4x)(mod17), 16x + 64y + 16z = 16z + 64y + 16x(modl17), 0 = 0(mod17).

Example 3.2. Examine the group Zj7 of residues modulo 27. Define the quasigroup
(G, ), where binary operation x -y = 25x + 5y(mod27) for all x,y € G. Then (G, ")
is an AD — quasigroup. Check. Let x - yz = z - yx. Then 25x + 5(25y + 5z) =
257+5(25y+5x) (mod27), 25x+ 125y +25z = 252+ 125y +25x(mod27), 0 = 0(mod27).

Using Theorem 3.1 from [7], we can construct the example of AG-quasigroups. A
T-quasigroup (G,-) is an AG-quasigroup if and only if the following condition holds
for its automorphisms:¢?(x) = ¥ (x) forallx € G
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Example 3.3. Examine the group Z37 of residues modulo 37. Define the quasigroup
(G,+). We define the binary operation x - y = 6x + 36y(mod37) for all x,y € G. Then
(G,-) isan AG-quasigroup. Check. Let (x-y)-z = (z-y)-x. Then 6(6x +36y) + 36z =
6(62+36y) +36x(mod37), 36x + 108y +36z = 362+ 108y +36x(mod37), 0 = 0(mod37).

Example 3.4. Denote by Z,, = Z/pZ = {0, 1, ..., p — 1} the cyclic group of order p. Let
(G, +) = (Zs, +), ¢(x) = 4x, y(x) = 2x. Thenx -y = 4x +2y and ¢(x) = y*(x). Hence,
(G,) = g(G,+,9,¥) isan AD-quasigroup. Below we have constructed the Cayley table
for AD-quasigroup (G, -)

(ylol1]2]3]4
0lof[2]4]1]3
1[4]1]3]0]2
2 [3]of2]4]1
3l2f4]1]3]0
411)3]0]2]4

In this case, (G, -) = g(G, +, 4x, 2x) is an AD-quasigroup, but it is not AG-quasigroup.
For example (2-4) -3 # (3-4) - 2.

Example 3.5. Let (G, +) = (Zs,+), o(x) = 3x, ¥(x) = 2x. Then x -y = 3x + 2y and
@0(x) # Y2(x). Hence, (G,-) = g(G,+, ¢,V) is not an AD-quasigroup. Below we have
constructed the Cayley table for quasigroup (G, -), where a- (bc) = c¢- (ba) does not hold
in (G, ). Forexample, 3-(4-2) +2-(4-3). At the same time, (G, -) = g(G, +, 3x,2x)
is not AG-quasigroup, for example,(3-4) -2 # (2-4) - 3.

(ylol1]2]3]4
olol2l4]1]3
130241
2 (1(3]0]2]4
304/1]3]0]2
4 1204]1]3]0

Theorem 3.2. Let (G,-) be a T-quasigroup. Then (G, -) is Schweitzer quasigroup if
and only if for any of its T-forms (G,+,¢,¥), 9*(y) + ¥e(y) = 0, (¥ (x)) = ¢(x),
¥ (2) = ¢(2).
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Proof. The identity of the Schweitzer quasigroup

(yx) - (yz) = zx,

we rewrite in the following form:

e(yx) +¥(y2) = ¢(2) + ¥ (x).

From (2) we have

o(p(¥) +¥(x)) + ¥ (e(y) +¥(2)) = ¢(2) + ¥ (x),

¢ () + eu(x) +Ye(y) + 3 (2) = 9(2) + ¥ (x).

If we substitute x = z = 0 in equality (11), then we obtain

¢*(y) +ve(y) =0.

Similarly, if we substitute z = y = 0 in equality (11), then we obtain

(Y (x) = ¢ (x).

If in equality (11) x = y = 0, then we get

v (2) = ¢(2).

(8)

9)

(10)

(11)

(12)

(13)

(14)

Converse. Substituting the expression x - y = ¢(x) + ¥ (y) in identity (8), we get (11).
Substituting equalities (12), (13) and (14) in (11), we obtain that the identity (11) is

true. In this way, in this case, identity (8) is true. The proof is complete.

Remark 3.1. We can rewrite Theorem 3.3 in the next form.

O

Theorem 3.3. Let G be a T-quasigroup. Then G is Schweitzer quasigroup if and only

if for any of its T-forms (G, +, 0, ), ¥*> =€, ¢ =, &+ ¢(g) = 0.

Example 3.6. Denote by Z,, = Z/pZ = {0, 1, ..., p — 1} the cyclic group of order p. Let

(G,+) = (Z7,+), according to Theorem 3.3, (x) = x, Yy (x) = —x. Thenx -y =x—y

and ¢(x) = x = —y(x), x> = x -x = 0. Hence, (G,-) = g(G,+, ¢, ) is an Schweitzer
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quasigroup. Below we have constructed the Cayley table for Schweitzer quasigroup

(G, ). This quasigroup is also AD-quasigroup.

(lol1]2]3]4]5]6
010/6/5/4(3[2]1
1[1]0]6[5[4]3]2
2 1211lole6l5]4]3
3(3/2]1]ol6]5]4
4 [4]3]2]1]0]6]5
s|slal3]2]1]0]6
6 |6/5[4]3]2]1]0

Remark 3.2. In[14], N. Diduric and V. Shcherbacov proved that any Neumann quasigroup
(Q, ) can be presented in the form x -y = x — y, where (Q,+) is an abelian group.
Automorphism group of Neumann quasigroup coincides with the group Aut(Q, +). Any

Schweizer quasigroup is a Neumann quasigroup and vice versa.

4. ON A METHOD OF CONSTRUCTING MEDIAL, SEMIMEDIAL AND AD

TOPOLOGICAL QUASIGROUPS

In Section 4 we examined:

Problem 4.1. Let (G, +) be a commutative topological group. Under which conditions
on the set G X G can one define a binary operation (o) such that, (G X G,0) is a

nonassociative topological quasigroups obeying certain laws?

We prove a new method of constructing non-associative medial, semimedial, non-

paramedial and AD topological quasigroup.

Theorem 4.1. Let (G, +, T) be a commutative topological group where G is not a single-
ton. For (x1,y1) and (x2,y2) in G X G define
(x1,y1) © (x2,y2) = (X2 + y2 + y1, =X = y1 — x2)
Then (G X G, o, 1), relative to the product topology 1, is a medial, Moufang and AD
non-associative topological quasigroup. Moreover, if (G, ) is T;-space, then (GXG, 1g)

is T;-space too, wherei =1,2,3,3.5.

Proof. 1. We will prove that (G X G, o) is a quasigroup. To this end, we will show that the
equations y o a = b and a o x = b have unique solutions in (G X G, o). Lety = (y1, y2),
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x = (x1,x2),a = (aj,az) and b = (by, by). Since y o a = b we have
(y1,¥2) o (a1,a2) = (b1, b2). (15)
According to the conditions of Theorem 4.1
(y1,¥2) o (a1,a2) = (a1 + az + y2,=y1 = y2 — a1). (16)
From (15) and (16) we get

ap+ax+y2=b (17)
and
—y1—ai—y2 = b. (18)
From (17) and (18) we obtain
y2=by—a;—as. (19)
and
y1 =az—by—bs. (20)

Hence, y; = a, — b1 — by and y, = b| —a; — a; are solutions of the equation yoa = b.
It is easy to show that any other solutions of that equation coincide with y; and y5.

In this case
[((a1,a2), (b1,b2)) = (ax = by — by, by —a — a»)

and
[((a1,a2), (b1,b2)) o (ay,a2) = (b, b2).
We will show that the equation a o x = b have unique solutions in (G X G, o). Let

x = (x1,x2),a = (ay,az) and b = (by, by). Since a o x = b we have
(a1, az) o (x1,x2) = (b1, by). (21)
According to the conditions of Theorem 4.1
(ar,az) o (x1,x2) = (x1 + x2 + az, —a; — az — x1). (22)

From (21) and (22) we get

X1 +x2+ar = b (23)
and
—a] —az —x1 = bs. (24)
From (23) and (24) we obtain
X2 =b; +by+a. (25)
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and
X1 =—a) —ay — bz. (26)

Hence, x| = —a; —ax— by and xo = by + by +a) are solutions of the equation aox = b.
It is easy to show that any other solutions of that equation coincide with x; and x,. Then
X1 = —aj; — by —ap and xp = by + by + a; are unique solutions.

In this case
r((ai,az), (b1,b2)) = (—a1 — by —az, by + by + ay)
and (ay, az) or((ay,az), (b1,b2)) = (b1, b3). Thus (G X G, o) is a quasigroup.
2. We will prove that associativity

((x1,y1) © (x2,y2)) © (x3,¥3) = (x1,y1) © ((x2,y2) © (x3,y3)) (27)

does not hold in (G X G, o).
Indeed, for the first side of the law (27), we obtain

((x1,y1) © (x2,¥2)) © (x3,¥3) = (X2 + y2 + y1, —x1 — y1 — x2) © (x3,3) =
= (X3+y3—X1 —y1 = X2, —=X2 = Y2 = Y1 + X1 + Y1 + X2 — X3). (28)
= (X3 +y3 = X1 — y1 — X2, —y2 + X1 — X3). (29)
Similarly, for the second side of the law (27), we have
(x1,¥1) o ((x2,y2) © (x3,y3)) = (x1,¥1) © (X3 + y3+ y2,—X2 — y2 — X3) =

= (y3+y1 = X2, =X1 = Y1 = Y2 = Y3 — X3). (30)
From (29) and (30), it is clear that associativity does not hold in (G X G, o).

3. We will show that (G X G, o) is medial quasigroup, that is, the property xy - zt =
= xz - yt holds.
Letx = (x1,y1),y = (x2,¥2),2 = (x3,y3),1 = (x4, y4), then

((x1,y1)0(x2, y2)) o ((x3, y3) 0 (x4, y4)) = ((x1, y1)o(x3,y3)) o ((x2, y2)o (x4, y7)). (31)
According to the Theorem, for the first side of the law (31), we have
((x1,y1) © (x2,y2)) © ((x3,y3) © (x4, y4)) =
= (2 +y2+y5,—x1—y1—x2)) o ((x4 + y4 +y3, —¥3 = y3 —x4)) =

= (Ya—Xx3—X2—X1 = Y1,—Y2+ X1 — X4 — Y4 —)3). (32)

Similarly, for the other side of the law (31), we get

((x1,y1) © (x3,3)) © ((x2,y2) © (x4, y4)) =
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= (3 +y3+y,—x1—y1—x3) 0 (X4 +y4+y2,—X2 — Y2 —X4) =

= (Y4 —X3 = X2 = X1 = Y1, —Y2 +X] — X4 = Y4 — Y3). (33)

From (32) and (33), we obtain that both sides are equal and (G X G, o) is a medial
quasigroup.
Similarly, it is shown that (G X G, o) is a semimedial(commutative Moufang), non-

paramedial quasigroup.

4. Similarly, we will show that AD identity a - bc = ¢ - ba is fulfilled in (G X G, o).
Letx = (x1,y1),y = (x2,2),2 = (x3,¥3). Then
(x1,y1) © ((x2,¥2) © (x3,¥3)) = (x3,y3) 0 ((x2, y2)) © (x1,¥1)). (34)

Indeed, according to the Theorem for the first side of the law (34), we have
(x1, 1) © ((x2,y2) 0 (x3,y3)) =

(x1,y1) 0o ((x3 +y3 +y2,—X2 — y2 — X3)) =

(y3—x24+y1,=X1 = Y1 —X3 = Y3 — y2). (35)

Similarly, for the other side of the law (34) we get
(x3,y3) © ((x2,y2) o (x1,y1)) =
(x3,y3) 0 (X1 + y1 + Y2, X2 = y2 — X1) =

(y3—=x2+y1,=X1 —y1 —X3 = y3 — y2). (36)

From (35) and (36), we obtain that both sides are equal and (G X G, o) is an AD
quasigroup.

Multiplication (o) and divisions /(a, b) and r(a, b) are jointly continuous relative to
the product topology.

Consequently, (G X G, o, 7g) is a non-associative, medial, semimedial and AD topo-
logical quasigroup.

If (G, 1) is T;-space, then according to Theorem 2.3.11 in [6], a product of T;-spaces

is a T;-spaces, where i = 1, 2,3, 3.5. The proof is complete. O
In [7] was proved the following Theorem.

Theorem 4.2. Let (G, +, T) be a commutative topological group where G is not a single-
ton. For (x1,y1) and (x2,y2) in G X G define

(x1,¥1) 0 (x2,¥2) = (=x1 —x2,¥1 + ¥2)
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Then (G X G,o,7g), relative to the product topology 1g, is a medial, semimedial,
paramedial, bicommutative, Manin, Cote and G A non-associative topological quasi-
group. Moreover, if (G, 1) is T; — space, then (G X G,15) is T; — space too, where
i=1,2,3,3.5.

The following Theorem was proved in [2].
Theorem 4.3. Let (G, +, T) be a commutative topological group where G is not a single-
ton. For (x1,y1) and (x2,y2) in G X G define

(x1,y1) © (x2,y2) = (=x1 = y1 + y2, =x2 = y2 + x1).
Then (G X G, o, 1), relative to the product topology 1, is a non-associative, medial,
AG and AD-topological quasigroup. Moreover, if (G, 1) is T; — space, then (G X G, 15)

is T; — space too, wherei = 1,2,3,3.5.

Example 4.1. Let G = {0, 1,2}. We define the binary operation” + .

(+)|o]1]2
0 [0[1]2

11210
2 [2]o]1

Then (G, +) is a commutative group. Define a binary operation (o) on the set G X G
by (x1,y1) © (x2,y2)=(x2 + y2 + y1,—x1 — y1 — x2) for all x1,y1,x2,y2 € G X G. If we
label the elements as follows (0,0) < 0, (0,1) < 1, (0,2) < 2, (1,0) & 3,(1,1) < 4,
(1,2) < 5,(2,0) < 6,(2,1) & 7, (2,2) < 8, then, we obtain:

o lolt]2]3]4]5]6]7]8
0o lol[3le|s|sl2]7]1]4
1 [s]sl2]7]1]4]0]3]6
2 [711]4]ol3]6]5]8]2
3 (2]s5(8l4l7]1]6]0]3
4 |4]7]1]6]0]3]2]5]8
slelol[3]2]s5]8l4|7]1
6 |1]4]7]3]6l0l8]2]5
7 [3]l6lo]s|2|5]1]4]7
s [sl2]s]il4]7]3]6]0

Then (G X G, o) is a medial, semimedial, non-paramedial, AD non-associative quasi-

group.
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Maximal multiplicity of the line at infinity in a sextic
polynomial differential system

Vapim REPESCO

Abstract. We investigate planar polynomial differential systems of degree six having
an invariant straight line at infinity with high algebraic multiplicity in the sense of the
Poincaré compactification. By analyzing the determinant associated with the invariant
line at infinity, we show that the maximal multiplicity attainable in this class is 16. The
computations involved are extremely large, and only representative cases are presented.
The obtained results support the conjecture that the bound M, (n) = 3n — 2 is sharp for
polynomial differential systems of degree n > 2.

2020 Mathematics Subject Classification: 37G05.

Keywords: planar polynomial differential systems, invariant straight line at infinity,

algebraic multiplicity, Poincaré transformation.

Multiplicitatea maximala a dreptei de la infinit Intr-un sistem
diferential polinomial de gradul sase

Rezumat. In aceastd lucrare investigim sisteme diferentiale polinomiale plane de gradul
sase care admit o dreapta invariantd la infinit cu multiplicitate algebricd mare, 1n sensul
compactificdrii lui Poincaré. Prin analiza determinantului asociat dreptei invariante de la
infinit, ardtdm cd multiplicitatea maxima ce poate fi atinsa 1n aceastd clasa este 16. Cal-
culele implicate sunt extrem de voluminoase, fiind prezentate doar cazuri reprezentative.
Rezultatele obtinute sustin conjectura conform careia limita Mo, (n) = 3n —2 este optima
pentru sisteme diferentiale polinomiale de grad n > 2.

Cuvinte-cheie: sisteme diferentiale polinomiale, dreaptd invariantd la infinit, multiplici-

tate algebrica, transformare Poincaré.

1. INTRODUCTION

We consider the real planar polynomial differential system

dx

i P(X, y)’

4 (1)
i O(x, ),
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where P, Q € R[x, y], gcd(P,Q) = 1, and let

0 0
X= P(x,y)a—x + Q(x,y)a

be the associated polynomial vector field. The degree of system (1) is defined as n =
max{deg P,deg Q}.

Definition 1.1. An algebraic curve f(x,y) = 0, f € Clx,y], is called an invariant
algebraic curve of system (1) if there exists a polynomial K (x,y) € C[x, y] such that

X(f) = f(x. y)K(x,y). 2)

Invariant algebraic curves play an important role in the qualitative theory of polynomial
differential systems [1], [2], [3], [4]. The problem of determining the maximal number
of invariant straight lines of a polynomial differential system has been studied in [5].

Polynomial differential systems having an invariant straight line of maximal multiplicity
were studied in [6], [7], [8], and polynomial differential systems with a center-focus critical
point having an invariant straight line of maximal multiplicity were investigated in [9],
[10], [11], [12]. Invariant straight lines are also used in the construction of Darboux first
integrals; see, for example, [13], [14], [15].

In this paper, we use the notion of algebraic multiplicity introduced in [16].

Definition 1.2. Let C,, [x] be the C-vector space of polynomials in C[x] of degree at most
m. Then it has dimension R = ("7™). Let vi,va,...,vg be a base of Cy,[x]. If k is the

greatest positive integer such that the k-th power of f divides det Mg, where

Vi \%) e VR
My = X (v1) X(v2) ... X(vp) ’
XET(vy) X1y L0 xR (vp)

then the invariant algebraic curve f of degree m of the vector field X has algebraic
multiplicity k.

In [7], it was proved that for planar polynomial differential systems of degree n > 2,

the maximal algebraic multiplicity M, (n) of an affine invariant straight line satisfies
3n—-2<M,(n) <3n-1.

Moreover, for cubic systems the maximal multiplicity of a real straight line, including the
line at infinity, is equal to seven. Following the notation introduced in [7], we denote by

M, (n) the maximal multiplicity of the invariant straight line at infinity.
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The aim of this paper is to study planar polynomial differential systems of degree six

6 n
£= 0 ) i’y

=0 i=0
n6 ln (3)

= Z Z bin-ix'y"!

n=0 i=0

of the form

where ai,j, bi,j e R.
The main contribution of this paper is the identification and classification, up to orbital
equivalence, of planar polynomial differential systems of degree six whose invariant

straight line at infinity has maximal algebraic multiplicity.

2. OBTAINING SYSTEMS WITH MAXIMAL MULTIPLICITY

For system (3), we apply the Poincaré transformation x — % y % followed by the

substitution y +— x and z — y. In this way, we obtain the system

6 n
%= Z Z (ai,n—i xn—t+1y6—n + bi,n—i xn—tyé—n) ,

n=0 i=0

6
y=y Z i Qi n—i xn—iy6—n‘

n=0 i=0

4)

where the coefficients coincide with those of system (3). The invariant straight line y = 0
of system (4) represents the invariant straight line located at infinity of system (3).

Therefore, in order to obtain an invariant line at infinity of maximal multiplicity, it is
necessary to impose that the polynomial det Mg admits y as a factor of maximal possible
power. In this case, taking vi = 1, v, = x, and v3 = y, we obtain the matrix Mg from
Definition 1.2:

1 X y 1 X y
Mp=| X(1) X&) X(y |=]|0 P 0
X2(1) X2(x) X2(y) 0 PEL+0% P+ 052

Computing the determinant of this matrix, we obtain

0 40 oP
detMRzp(PE Qay) Q(Pax ) yZA(x)y (5)

Thus, y is a factor of the polynomial (5), which shows that the line at infinity is invariant.

The highest power of y appearing in (5) is 18, and therefore we can conclude that

Mo (6) < 18.
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In order for the line at infinity of system (3) to have maximal multiplicity, we require that
all the polynomials A; (x) vanish, that is, all coefficients of these polynomials with respect
to x are equal to zero. From the condition A;(x) = 0, we obtain that the multiplicity of
the line at infinity is equal to 2, and so on.

Despite extensive computational efforts, some cases could not be fully resolved due to
their extreme algebraic complexity. In particular, the corresponding polynomial systems
require up to 4.5 GB of memory, and even on a workstation equipped with an Intel Core
17-14700K processor and 32 GB of RAM, the computations could not be completed
after more than 100 hours of continuous runtime. Consequently, several cases have been

omitted.
Despite these limitations, three polynomial differential systems attaining maximal
multiplicity were identified. The first of these systems is presented below.

11
ag o (a6,0b1,0 — ai,0be,0
g= 20 ( 432b5 ) (432x ag. 0196 - 2592x5ya2’0b2’0 + 432x5a5,0a2,0bg)0 + 6480x4y2ag,0bg’0—

~2160x*yas oag \bg o + 180x*as yag \bS \ — 8640x7y al (bg  +4320x7y?as oag \be o — 1207 ya3 gag obg o+
+40x3 as’oa(,,obé,O + 648Ox2y4a2 Obg 0~ 4320x2y3a5,0ag Obé ot 1080x2y2a§ 0a6 0b6 0~ 120x2 yols 0a6 0b6 ot
+5x7ag \bS ) — 2592xy ag \be.o + 2160xy*as pal \be o — 720xy’ a3 yag \bg o + 120xy*a3 yag b \—
—IOxyag’Oaﬁ,Obg’o + 432xa1,0a6,0b6’0 - 432y* a5,0a6,0b(,,0 + 180y “5,0“6,017?:,0 - 4Oy3a;0ag,0bg’0+
+5y*as yag obe o+ 2160yag \bi1.obg o — 2592yar oag \bg o +432a¢ 4bo.obg o — 12as0ag \bi.obg o+
+72a1’0a5,0ag,0b2’0 + 432y6aé00)

“61?0 (as,0b1,0 — a1,0b6,0) *
= 7
432h6,0

(432x ag \bd \ —2592x yag by o +432x° as gag (bl | + 6480x*y*af (b )~

-2160x*yas oag \bg o + 180x*as yag \bS \ - 8640x>y al (b o +4320x°y?as gag \be ) — 1207 ya3 gag obg o+
+40x7 a3 jas obg o +6480x>y ag \be - 4320x°y  as pag by o + 1080x°y2 a3 gag obe o — 120x”ya3 yag obe o+

5x%ag \bg - 2592xy’ag ybeo +2160xy as gag \bg o — 120xy’ a3 gag (b o + 120xy*as yag be o=

—10xya? yas by o +432xag \biobg o — 432y’ as oag obe.o + 180y* a3 yaf be o — 40> a3 gag oy o+

+5y*a3 yag obe o + 1728yag ob1.obg o — 2160yar oag obg o +432a¢ 4bo.obg o + 432y6ag00)

where the nondegeneracy conditions ae ¢be 0 (a6,0b1,o - a1,0b6,0) # 0 arise naturally in
the process of solving the corresponding system of algebraic equations. After performing

the time rescaling

5
4323 7

t =
10
ag g (as0b1,0 — ai0bep)*
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and the change of variables

a5 0b60 72 4

108a 10,2 5“60 60(6‘1601700—0501710)+asob60,
6.0

2
X = —6a6,0b6,0x + 6a6,0y + —

b0 o (129643 4b1.0 = a 4o

y=- Sacs x - 11—8192 o (a4 go.0 + 6480a 41 0~
ds, ob Z) 0
=7776a1,0a8 ybs0) v + 12as,003 ob1.0bS ot
the system is transformed into
X =X,
-5Y + 101’862 X©.
By rescaling the OY-axis using the transformation X = x, ¥ = %%0 y, we obtain the
system
X =X,
{ y = =5y +x5. 2

The other two systems are omitted, as they are equivalent, up to affine transformations
and time rescaling, to system (6). Consequently, up to this point, we have obtained a
single system whose invariant straight line at infinity has multiplicity 16. Since some

cases could not be fully resolved, we formulate the following conjecture:

Conjecture 2.1. Let X be a real planar polynomial differential system of degree six. Then

the maximal algebraic multiplicity of the invariant straight line at infinity is
M (6) = 16.

Moreover, up to affine changes of coordinates and time rescaling, there exists a unique

system attaining this maximal multiplicity, which can be reduced to the normal form (6).

3. THE GENERAL CASE

From system (6) and from the polynomial systems with maximal multiplicity at infinity

studied in [17], we observe that some of these systems have the form

X =ux, )
y=(1-n)y+x",

where n is the degree of the system.
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Applying the Poincaré transformation x %, Yy %, followed by the substitution

y — x and z — Yy, system (7) is transformed into
. -1
X=nxy" " -1,
o 8)
y=y.

The polynomial det Mg associated with system (8), which determines the multiplicity

of the invariant straight line at infinity for system (7), is given by
det Mg = n(n — 1)xy>"=2.

This implies that any planar polynomial differential system may admit the invariant line

at infinity with multiplicity at least equal to 3n — 2. Therefore, in general, we obtain that
My (n) >3n-2.

As shown in [17] for the cases n € {2, 3,4, 5}, this value indeed represents the maximal
multiplicity, that is,

My(n)=3n-2, ne{2,3,4,5}.

This suggests that the bound M, (n) = 3n — 2 is sharp for all n > 2, although a complete

proof for arbitrary degree remains open.

Conjecture 3.1. For any planar polynomial differential system of degree n > 2, the
maximal algebraic multiplicity of the invariant straight line at infinity, in the sense of the

Poincaré compactification, is given by

My (n) =3n-2.

4. CONCLUSIONS

In this paper, we studied planar polynomial differential systems of degree six admitting
an invariant straight line at infinity of maximal algebraic multiplicity. Using the Poincaré
compactification and the associated determinant criterion, we provide strong evidence
that the maximal multiplicity of the invariant straight line at infinity for sextic systems
is equal to 16 and formulate a conjecture asserting the uniqueness of the normal form
attaining this value. Moreover, by considering a general family of polynomial systems,
we showed that the multiplicity 3n — 2 of the invariant straight line at infinity can be
attained for any degree n > 2. This result confirms and extends previous classifications
for quadratic, cubic, quartic, and quintic systems, and places the sextic case into a unified

theoretical framework.

145



MAXIMAL MULTIPLICITY OF THE LINE AT INFINITY IN A SEXTIC
POLYNOMIAL DIFFERENTIAL SYSTEM

Acknowledgements. This work was supported by the National Agency for Research and
Development of the Republic of Moldova under project number ”25.80012.5007.76SE Qualitative

and algebraic investigation of differential models”.

REFERENCES

[1] Pora, M., SBirski, K. Conditions for the existence of a homogeneous linear partial integral of a
differential system. Differencial nye Uravnenia, 1987, no. 23, pp. 1324-1331 (in Russian).

[2] Smeirskir, K. Conditions of the existence of an invariant straight line of the quadratic system in the case
of centre or focus. Mat. Issled. Kishinev, 1989, vol. 106, pp. 114—118 (in Russian).

[3] Koow, R. Cubic systems with four real line invariants. Math. Proc. Camb. Phil. Soc., 1995, vol. 118,
no. 1, pp. 7-19.

[4] LiiBrE, J., Vurpg, N. Planar cubic polynomial differential systems with the maximum number of
invariant straight lines. Rocky Mountain J. Math., 2006, vol. 36, no. 4, pp. 1301-1373.

[5] ArtEs,J., GRUNBAUM, B., LLIBRE, J. On the number of invariant straight lines for polynomial differential
systems. Pacific Journal of Mathematics, 1998, vol. 184, no. 2, pp. 207-230.

[6] SuBX, A. Quadratic differential systems with the line at infinity of maximal multiplicity. in: Materialele
conferingei stiintifice internationale “Stiingd si Educatie: Noi Aborddri §i Perspective”, 24-25 martie
2023. Chisinau, UPSC, 2023, pp. 306-310.

[7] SuBA, A., Vacaras, O. Cubic differential systems with an invariant straight line of maximal multiplicity.
Annals of the University of Craiova. Mathematics and Computer Science Series, 2015, vol. 42 no. 2,
pp. 427-449.

[8] SuBA, A., Vacaras, O. Quartic differential systems with an invariant straight line of maximal multi-
plicity. Bulletin of Academy of Sciences of the Republic of Moldova, Mathematics, 2018, vol. 86, no. 1,
pp. 76-91.

[9] SuBA, A. Centers of cubic differential systems with the line at infinity of maximal multiplicity. Acta et
Commentationes. Exact and Natural Sciences, 2022, vol. 14, no. 2, pp. 38—46.

[10] SuBA, A., Vacaras, O. Quartic differential systems with a non-degenerate monodromic critical point
and multiple line at infinity. Acta et Commentationes, Exact and Natural Sciences, 2023, vol. 16, no. 2,
pp. 25-34.

[11] Vacaras, O. Center problem for quartic differential systems with an affine invariant straight line of
maximal multiplicity. Acta et Commentationes, Exact and Natural Sciences, 2024, vol. 18, no. 2, pp.
38-54.

[12] Vacaras, O., Cozma, D. The problem of the center for quartic differential systems with an affine
invariant straight line and the line at infinity of maximal multiplicity. Annals of the University of
Craiova, Mathematics and Computer Science Series, 2025, vol. 52, no. 2, pp. 582-593.

[13] LLiBRE, J., XIANG, Z. On the Darboux integrability of polynomial differential systems. Qual. Theory
Dyn. Syst., 2012, vol. 11, pp. 129-144.

[14] Cozma, D. Darboux integrability of a cubic differential system with two parallel invariant straight lines.
Carpathian J. Math., 2022, vol. 38, no. 1, pp. 129-137.

[15] Cozma, D. Integrability of cubic systems with invariant straight lines and invariant conics, Stiinta,
Chisinau, 2013.

146



Repesco V.

[16] CHRISTOPHER, C., LLIBRE, J., PEREIRA, J. Multiplicity of invariant algebraic curves in polynomial vector
fields. Pacific Journal of Mathematics, 2007, vol. 329, no. 1, pp. 63-117.

[17] Repesco, V. Qualitative analysis of polynomial differential systems with the line at infinity of maximal
multiplicity: exploring linear, quadratic, cubic, quartic, and quintic cases. Acta et Commentationes,
Exact and Natural Sciences, 2023, vol. 16, no. 2, pp. 111-117.

Received: October 28, 2025 Accepted: December 30, 2025

Y

(Vadim Repegco) “loN CREANGA™ STATE PEDAGOGICAL UNIVERSITY OF CHISINAU, 5 GH. IABLOCIKIN ST.,
REepPuBLIC OF MoLDOVA

E-mail address: repesco.vadim@upsc.md

147



Acta et Commentationes, Exact and Natural Sciences ISSN: 2537-6284

Volume 20(2), 2025, Pages 148-155 E-ISSN: 2587-3644
CZU: 512.57 DOI: 10.36120/2587-3644.v20i2.148-155

About some commutative operations with classes of
subcategories
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Abstract. Two operations on the class of subcategories of some categories are defined
and conditions are indicated when these operations are commutative. Examples of factor-
ization structures are given, whose subcategory classes satisfy the necessary conditions
for these operations applied to them to be commutative.
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Keywords: the reflective, coreflective subcategories, the pair of conjugate subcate-

gories, the factorization structures, category of locally convex topological vector spaces.

Despre unele operatii comutative cu clase de subcategorii

Rezumat. Sunt definite doua operatii asupra claselor de subcategorii ale unor categorii
si sunt indicate conditiile in care aceste operatii sunt comutative. Sunt date exemple de
structuri de factorizare, ale caror clase de subcategorii indeplinesc conditiile necesare
pentru ca aceste operatii aplicate asupra lor sa fie comutative.

Cuvinte-cheie: subcategorii reflective, coreflective, perechi de subcategorii conjugate,

structuri de factorizare, categoria spatiilor local convexe topologice vectoriale.

1. INTRODUCTION

In this section introduces the notation and basic concepts that will be used throughout
the paper. We recall standard definitions of subobjects and factor objects determined
by classes of morphisms, as well as the associated classes of reflective and coreflective
subcategories. Furthermore, we introduce pairs of conjugate subcategories and several
notions of stability with respect to subobjects and factor objects, together with their
corresponding dual notions.

Notations: Let C be a subcategory and I a class of monomorphisms. Then S7(C) is
the subcategory of all 7 -subobjects of objects in C. Dual: Qg(C).

Let R be the class of non-zero reflective subcategories, K - the class of non-zero
coreflective subcategories of category C>V of locally convex topological vector spaces,
R € R, K € K and the corresponding functors  : C;V — Rand k : &V — K.
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Letbe eR = {e € Epi|r(e) € Iso}, uK = {m € Monolk(m) € Iso}. Both uK and
&R are classes of bimorphisms (see [1,2]).

e:X >YeceR o rX =f-e foramorphism f;

m:X —YeuK < kY =m- f for amorphism f.

Definition 1.1. ([1]) Let R € R and K € K be. The pair (K,R) is called a pair of
conjugate subcategories if eR = uK. These classes eR (or uK) form the class Bic of

bicomplete classes.

Let & € Epi. Then V(&) is the class of reflective subcategories closed with respect to
&-factorobjects. Dual notion: V¢ (M).

V#(8B) is the class of reflective subcategories of V(8) closed with respect to B-
subobjects. Dual notion: V ¢(8B). V}(B) =V (B)NV(B).

R%(8B) is the class of reflective subcategories closed with respect to $B-subobjects.
Dual notion: Rf(8). R}(B) =R*(B) NRs(B).

V(B,E) =R(B)NV(E).

V9(8B,E) =R (B) N V(&E).

Vi(8,8) =R (B) N V(E).

V}(B, E)=V(B,ENVs(B,E).

Dual notions: K(B), K*(8), K;(8B), K3(B), VM), V' (B, M), V (8, M),
VH(BM).

2. COMMUTATIVE OPERATIONS WITH SUBCATEGORY CLASSES

In this section we investigate the commutativity of the operators (Sy) and (Qg) acting
on classes of subcategories. Under appropriate stability assumptions on the injection class
(7) and the projection class (&) arising from left and right factorization structures, we
show that the formation of subobjects and factor objects commutes, that is, (QgS7 (C) =
S7rQg(C)). Several consequences for reflective and coreflective subcategories are then

derived.

Theorem 2.1. Let (P, I) a left factorization structure with injection class I stable on
the right, (E, M) a right factorization structure with projection class & stable on the lefft,
and C € CyV. Then

QsS7(C) =8706(0).

Proof. = QgS7r(C) c Sr0&(C). Let Z € |QsS7(C)| be. There is then an object
A € ||C|| and the morfismsi: X > A€ T, e: X > Z€&.
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i

S

Q
~

~N €--mm————

Figure 1. The puschout square built on the morphisms i and e.

Let be
i"~e=e i (1)
the puschout square built on the morphisms i and e. Then ¢’ € & and i’ € 7 and
Z € |SrQ¢g(0)l.
& S8706(C) € QS (C). Dual demonstration. m|

Corollary 2.1. [. Let (P, I) a left factorization structure with stable injection class on
the right, (€, M) a right factorization structure with stable projection class on the lefft,
ReRand K e K Then

a) QsS1(R) = S106(R), b) QsS1(K) = S106(K).

2. Let (E,, M,) = (the class of universal epimorphisms, the class of exact monomor-
phisms) = (the class of surjective morphisms, the class of topological inclusions);

(&Ep, M) = (the class of exact epimorphisms, the class of universal monomorphisms)
(see [3,4]). Then:

a) Qg Im,(R) = Im,Q¢,(R). D) Qs Iy, (R) = Im,Q¢, (R).

3.  SOME PROPERTIES OF OPERATIONS WITH SUBCATEGORY CLASSES

In this section we analyze structural properties of the operations defined on classes of
subcategories. In particular, we examine the behavior of the operators (Qg) and (Sg), if
B is a bicomplete class of morphisms, with respect to products, subobjects, and factoriza-
tions associated with classes of morphisms. Theorem 3.1 establishes the commutativity
of certain canonical diagrams associated with the operators (Qg) and (Sg), as well as
stability conditions with respect to products and subobjects. As applications, the sub-
sequent corollaries highlight consequences for reflective and coreflective subcategories

associated with left and right factorization structures.
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Theorem 3.1. Let B € Bic be. Then the following diagrams are commutative:

a)
R’ (B)
Qp
Sz
R S5 = QuSy RS (B)
\ /
R ,(B)
Figure 2. Commutativity of operations (Qg) and (Sg) on class R.
K (B)
b) &
K S5 7 QS K, (B)
x /
K,(B)

Figure 3. Commutativity of operations (Qg) and (Sg) on class K.

Proof. a) Qg(R) is closed in relation to the products. Indeed, let {A;|i € 7} be a
family of objects in Qg(R). Then there exist the objects 7; € |R| and the morphisms

b; : T; > A; € B,i € 1. The morphism

b=[]b::[[n—>]]A

belongs to class B and [ T; € |R]. So [[ A; € |Qs(R)].

Let’s verify that Qg (R) is closed with respect to (¢R)+-subobjects. Let A € |Qg(R)]
and m : X — (&R)* be. There are T € |R| and the morphism b : T — A € B. We

examine the pullback square:
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1
- TR —— D > v
:
I
m! m
:
v
T b A

Figure 4. The pullback square built on the morphisms b and m

b-m"=m-b

(1)

Then b’ € Band m’ € (eR)*. So P € R, and X € |Qg(R)|. Thus we have proven

that Qg (R) is a (¢R)-reflective subcategory.

Let’s verify that Sg(R) is a (eR)-reflective subcategory. Letbe X € [C;V], rX : X —

rX, his R - replica,
rX =pX. rf(

(2)

(BT, B)-factorization of morphism X and we will demonstrate that rf( X - X
is Sg(R)-replica of object X. Let Z € |[Sg(R)| and f : X — Z. Itexists T € |R]| and

b:Z —Te3B. Then

X
b
il X rX

h

I
I
1
I
I
|
I
v
4
Figure 5. r¥ is Sg(R)-replica of object X.

b-f=g-r%
or
X, X
b-f=g-b%X-r
for un morphism g. Because rf( 1 b, we deduce that
X
f=h-r
: X
Thus f is extended by r{.
b) Dual demonstration.
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Corollary 3.1. Let be B € Bic, (8, M) a right factorization structure with projection
class & stable on the left and R € R. Then the following diagram is commutative.

R (5) ——— = R
S B S B Q{
R —& R 3) G y(BE) —2 Vi(B.L)
Q; S 5 Qs
V(&) d V(BE)

Figure 6. Commutativity of operations (Qg), (Sg) and (Sg) on class R.

Corollary 3.2. Let be B € Bic, (&, M) a left factorization structure with bijection class
& stable on the right and K € K. Then the following diagram is commutative.

K*(B) K'.(B)
/ / \
K —Q K (B) V(BM) —25—— V(B M)
SM QB
— QB
V(M S V(BM)

Figure 7. Commutativity of operations (Qg), (Sg) and (S() on class K.

4. CONCLUSIONS

In this paper we have investigated the behavior of operations with classes of subcate-
gories generated by subobjects and factor objects in the category C,V of locally convex
topological vector spaces. The main emphasis was placed on the interaction between the
operators S; and Qg associated with left and right factorization structures, as well as on
their impact on reflective and coreflective subcategories.

First, we established sufficient stability conditions on the classes of monomorphisms

and epimorphisms under which the formation of 7 -subobjects and &-factor objects is
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commutative. Theorem 2.1 shows that, in the presence of  -right-stable injection classes

and &-left-stable projection classes, the equality

QeS7(C) =8106(0),

holds for arbitrary subcategories C. This result provides a categorical framework in which
subobject and factor object constructions can be interchanged without loss of general-
ity. As a consequence, several commutativity properties were derived for reflective and
coreflective subcategories, including important cases arising from classical factorization
structures in C>V, such as those determined by universal morphisms (M) and exact
morphisms (M,). These results clarify the role of bicomplete classes and conjugate pairs
of subcategories in the study of stability with respect to subobjects and factor objects.

In the second part of the paper, we analyzed structural properties of the operators Sg
and Qg for bicomplete classes 8. Theorem 3.1 shows that these operators give rise to
commutative canonical diagrams and preserve essential categorical constructions such
as products and suitable classes of subobjects. In particular, we proved that Qg (R)
and Sg(R) inherit reflectivity properties from R, while their dual counterparts preserve
coreflectivity. The obtained results unify and extend several known facts concerning
reflective and coreflective subcategories in categories with factorization structures. They
also provide a systematic approach to studying stability properties via bicomplete classes
and conjugate subcategories. Further research may focus on applications of these con-
structions to more general topological or functional-analytic categories, as well as on the

interaction with other categorical closure operators.

Open problems and perspectives. The results obtained in this paper naturally lead to
the following open problems:

Problem 4.1 (Generality of commutativity). To what extent does the commutativity
QsS7(C) = S70(C), remain valid in categories beyond C>V? In particular, can
analogous results be established in quasi-abelian, exact, or locally presentable categories

equipped with suitable factorization structures?

Problem 4.2 (Minimal stability assumptions). Are the stability conditions imposed on
the injection and projection classes in Theorem 2.1 necessary? Determine minimal or
alternative sets of assumptions on 7 and & ensuring the commutativity of the operators
Sr and Qg¢.

Problem 4.3 (Structure of bicomplete classes). Provide an intrinsic characterization
and, if possible, a classification of bicomplete classes of morphisms in categories of
topological or functional-analytic nature. How do such classes determine and reflect

conjugate pairs of reflective and coreflective subcategories?
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Problem 4.4 (Interaction with other categorical closures). Investigate the relationship
between the operators Sg, Qg and other categorical closure operators, such as torsion
theories, localizations, or reflective hulls. Under what conditions do these constructions
coincide or interact in a nontrivial way?
Problem 4.5 (Functorial behavior and invariance). Study the behavior of the construc-
tions introduced here under functorial changes of categories. In particular, determine
which properties of bicomplete classes and conjugate subcategories are preserved under
adjoint functors or equivalences of categories.
Problem 4.6 (Homological and topological applications). Explore potential connec-
tions between the presented framework and homological methods in topological vector
spaces. For instance, can the stability results be used to characterize classes of spaces
closed under exact sequences, limits, or colimits of a prescribed type?
Problem 4.7 (Concrete realizations in functional analysis). Identify concrete classes
of locally convex spaces for which the abstract results of this paper yield new closure
or stability properties with respect to subspaces, quotients, and products. In particular,
investigate applications to classical categories such as barreled, bornological, or nuclear
spaces.

These open problems indicate that the theory developed here opens several avenues for
further research, both at the abstract categorical level and in concrete functional-analytic

contexts.
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